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PREFACE TO THE SECOND PRINTING 


This second printing has been photographically produced from the first 
edition, so it has only been possible to make small changes. Fortunately 
these were mostly very minor but we should nonetheless like to draw the 
reader’s attention to the more important alterations we have made. 

The definition of Jt * on page 214 has been changed to make the remarks 
on page 226 correct. The original proof of theorem 10.4.2 was right but we 
have had to modify it to square with the new definition of .V/*. Also, the 
cardinal calculations in lemmas 10.2.2 and 10.3.3 are only correct under 
conditions more restrictive than those originally specified. This has meant 
amending the hypotheses in various theorems (mostly in chapter 10) which 
follow from them. 

We are very grateful to all those readers who have pointed out the mistakes 
in the first printing. We are particularly indebted to H. C. Doets and 
G. Fuhrken for their many penetrating observations and most of all we 
should like to thank Wilfrid Hodges for reading the book more carefully 
than we ever did and providing us with a rich source of criticisms and sug¬ 
gestions. The nature of this reprinting has prevented us from acting on all 
of the many suggestions received; and we alone are responsible for the errors 
that (we expect) remain. Readers are again encouraged to let us know of any 
they detect. 


Spring 1971 


John Bell 
Alan Slomson 




INTRODUCTION 


"A book should have either intelligibility or correctness; 
to combine the two is impossible” - Bertrand Russell [1901]. 


The aim of this book is to provide an elementary exposition of some of the 
basic concepts of model theory. Model theory, which can be described 
briefly as the study of the relationship between formal languages and abstract 
structures, covers a very wide field and it is not possible to compress it into 
one volume. We have chosen as our theme the ultraproduct construction, 
and for the most part we have restricted our attention to those areas of the 
subject where this construction is of use. 

We hope that this book will be of interest to undergraduates and practising 
mathematicians who would like to know about recent developments in the 
subject, but the intended audience is that of first year graduate students and 
our treatment has been chosen with them in mind. For example, in our 
experience very few undergraduates come into contact with any but the 
trivial parts of the theory of Boolean algebras and so our chapter on these is 
quite detailed. On the other hand most undergraduates will already have 
met propositional and predicate calculus and so our treatment of these, 
though self-contained, is fairly rapid. 

The only previous knowledge we assume is some acquaintance with the 
rudiments of set theory. These prerequisites are described in ch. 0. There are 
also places where we use illustrations whose understanding will require 
some knowledge of topology or abstract algebra, but the general develop¬ 
ment of the book does not depend on these asides. 

In ch. 1 we develop the notion of a Boolean algebra beginning with the 
idea of a partially ordered set, and we prove the results about Boolean 
algebras that we need later in the book. Ch. 2 is devoted to propositional 
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calculus and ch. 3 to predicate calculus. We give completeness proofs for the 
systems we introduce using the Boolean algebra methods of Rasiowa and 
Sikorski. 

Model theory proper begins in ch. 4, where we introduce the basic ideas 
and prove some of the fundamental results, including the Lowenheim- 
Skolem theorems in all directions. In ch. 5 we introduce the ultraproduct 
construction which occupies most of our attention for the rest of the book. 
After proving Los’s theorem, which is fundamental to everything else we do, 
we give some applications, beginning with a discussion of finite axiom- 
atizability and ending with a proof of the compactness theorem. We interrupt 
our development of model theory in ch. 6 to give a detailed discussion of 
some of the set theoretic properties of the ultraproduct construction. 

In ch. 7 we describe the various kinds of elementary classes. We obtain 
Keisler’s theorem which characterizes elementary equivalence in terms of 
the ultrapower construction and we use it to provide algebraic descriptions 
of the elementary classes. Kochen’s ultralimit theorem, which we prove in 
ch. 8, enables us to give similar characterizations which do not depend on 
the generalized continuum hypothesis (G.C.H.). Ch. 9 is devoted to com¬ 
pleteness and model completeness. We use ultraproducts to derive 
Abraham Robinson’s test for model completeness and then we give some 
applications to particular algebraic systems. 

Ch. 10 is used to describe the work of Jonsson and of Morley and Vaught 
on homogeneous universal models, and in ch. 11 we use some results of 
Keisler to connect this up with the ultraproduct construction via the notion 
of a saturated structure. 

We begin ch. 12 with a description of some classical results of Godel and 
Skolem in the light of the ultraproduct construction. This leads in a natural 
way to more recent results on two cardinal theorems and cardinal like 
models. 

The last two chapters are devoted to extensions of classical first order 
logic. In ch. 13 we describe some recent work on generalized quantifiers and 
in ch. 14 we discuss infinitary languages. Both chapters have as their major 
theme compactness results for these extended languages. Ch. 14 concludes 
with two applications of ultraproducts to questions about measurable 
cardinals. 

The book contains a number of exercises, particularly in the early chapters. 
These are, we hope, all very easy, and are designed to test the reader’s 
understanding of what has gone before, as well as to save us the chore of 
writing out long proofs of simple results. 
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The late Clifford Allen was once driven to make the following entry in his 
diary: 

“More intellectual ‘ticking off’ from B.[ertrand] R.[ussell] at dinner 
because I used the word ‘sentence’ when I should have used ‘phrase’. I’m 
dead sick of it.” 

Gilbert [1965], page 134. 

Although there is a temptation for mathematical writers and particularly 
logicians to be excessively pedantic, we hope that we will not cause Allen’s 
reaction in our readers. We have tried to avoid obscuring basically simple 
ideas under layers of precision. For example, we do not usually make the 
distinction between mention and use. It seems better to ignore this dis¬ 
tinction rather than distract the reader by drawing his attention to it. 

We are greatly indebted to all those logicians whose work we have tried 
to expound. We have attempted to give references for all results but we 
realize that, especially in the case of the better known results, there must be 
some omissions or misattributions for which we apologise in advance. 
Also it should be noted that in naming theorems we have been motivated 
more by the desire to make cross reference easy than by the desire to achieve 
historical accuracy. 

We also have a number of personal debts to various colleagues and 
friends who have made useful suggestions. In particular we owe a great deal 
to Dr J. N. Crossley. He asked us to give a course of lectures on model 
theory in Oxford in 1965-66 and these lectures are the original source of 
this book. But for his continual encouragement and advice this book would 
never have appeared. Whether he is to be praised or blamed for this we 
leave to our readers to judge, but we at any rate are extremely grateful. 

We should like to thank Jane Bridge and George Wilmers for their help 
with the proof reading. We are also grateful to our publishers, and especially 
their editor Mr W. P. Vlugt, for the care and skill with which the typescript 
has been turned into print. 

We leave it to the reader to decide on which horn (if any!) of Russell’s 
dilemma we have impaled ourselves. Although we have attempted to reduce 
mistakes, evasions and obscurities to a minimum we should be glad to have 
our attention drawn to any indiscretions the reader may discover in the text. 
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In this short chapter we list those topics, mostly taken from naive set theory, 
that we expect our readers to be already familiar with. We begin with two 
points of notation. 

The book is divided into chapters and the chapters into sections. When we 
want to refer to a theorem, exercise etc. within the same chapter we give the 
number of the section in which it occurs, followed by its number in that 
section. When we refer to a result from another chapter we precede these 
numbers by the chapter number. Thus theorem 5.4.1 is the first result of §4 
of ch. 5 and within ch. 5 is just referred to as theorem 4.1. We have given 
names to most of the theorems we need to refer to frequently and an index 
of named theorems is provided. 

References to the bibliography are given thus: Godel [1931]. The name 
of the author is followed by the year of original publication in square 
brackets. In cases where the same author has published more than one 
item that we need to refer to in the same year, the second item is distinguished 
by adding T after the date, and so on. 

We expect our readers to be familiar with the basic elements of naive set 
theory. The best account of this subject is Rotman and Kneebone [1966] 
and the contents of this work coincide almost exactly with what we assume. 
More advanced accounts include Fraenkel [1966], Sierpinski [1965], 
Kuratowski and Mostowski [1967] and, in German, Bachmann [1967]. 
Here we just mention some of the less elementary points. 

We assume that the reader is familiar with the axiom of choice and its 
Various equivalent formulations, in particular, that it is equivalent to 
Hausdorff’s maximal principle, to Zorn’s lemma, to the well-ordering prin¬ 
ciple and to the fact that all infinite cardinals are alephs. (In the absence of 
the axiom of choice, by an infinite set we mean a set into which the natural 
numbers can be mapped one-one.) For proofs of these equivalences consult 
Rubin and Rubin [1963]. 

We conceive of ordinals in such a way that each ordinal is the set of all 
smaller ordinals, and the finite ordinals as being identical with the natural 
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numbers. The order type of the natural numbers is co and, by the previous 
remark, is the set of all natural numbers. 

An ordinal is a successor ordinal if it is of the form £ + 1, otherwise it is 
a limit ordinal. Note that f + l =£u {£}, and that if £,£ are ordinals, £<£ 
is equivalent to £e£. We write £<C or £e£ according to which seems more 
natural in the context. 

We regard cardinals as being identical with initial ordinals. So to is also 
the cardinal of the natural numbers. This ambiguity will cause no confusion, 
but often, when it seems more natural, we use N 0 for the cardinal of the 
natural numbers and N for the set of natural numbers. 

If a is a cardinal, a + is the least cardinal greater than a. A cardinal is a 
successor cardinal if it is of the form a + , otherwise it is a limit cardinal. Note 
that all (infinite) cardinals are limit ordinals. 

An increasing sequence :£</?> of ordinals is said to be cofinal in the 
ordinal a if for each ordinal 3 < a, there is some £ < p such that 3 < The 
cofinality of a, written cf(a), is the least ordinal /? such that there is an in¬ 
creasing sequence <y^:£</?> of ordinals each less than a, which is cofinal 
in a. The cofinality of a is always a cardinal and cf(cf(a)) = cf(a). 

An ordinal a is said to be regular if cf(a)=a. It is singular if cf(a)<a. 
Clearly there is no other possibility. It follows that if a is a cardinal, a. is 
singular iff any set of cardinal a can be written as the union of fewer than a 
sets each of cardinal less than a. All successor cardinals are regular and 
hence all singular cardinals are limit cardinals. A regular limit cardinal is 
called an inaccessible cardinal. Thus N 0 is an inaccessible cardinal. It is not 
possible to prove the existence of any other inaccessibles in ZF set theory. 
Note that some writers define inaccessibles so as to exclude N 0 . 

If a and /? are cardinals, a? denotes the result of cardinal exponentiation 
and never the result of ordinal exponentiation. Thus 2“ is the cardinal of the 
set of all subsets of a set of cardinal a. If A and B are sets, A B is the set of 
all functions defined on B with values in A. Since cardinals are sets, this 
notation can be ambiguous, but this should never lead to confusion. If £ is 
an ordinal and A is a set, a termed sequence of elements of A is a member 
of the set A Such a sequence / will often be written as 

/=</<: £<{>• 

A cardinal a is said to be a strong limit cardinal if [1 < a implies 2 11 < a. 
Regular strong limit cardinals are called strongly inaccessible cardinals. 
The limit cardinal hypothesis, abbreviated as L.C.H., is the hypothesis that 
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all singular cardinals are strong limit cardinals. The generalized continuum 
hypothesis, abbreviated as G.C.H., is the hypothesis that, for each infinite 
cardinal a, 


2 =a 


The G.C.H. is equivalent to the hypothesis, that for each ordinal £ 

2 x < = X 4+1 . 

The beths, or beth numbers, where £ is an ordinal, are defined recursively 
as follows: 

=1 0 = K 0 , 

if ^ = £ +1 is a successor ordinal 

1 = 2 f > 

and if 8 is a limit ordinal is the least cardinal greater than all the cardinals 
3 with i <S. A beth number is thus a cardinal which is equal to for some 
The G.C.H. implies that = for each ordinal and so the G.C.H. 
also implies that all (infinite) cardinals are beth numbers since we already 
know, as a consequence of the axiom of choice that all cardinals are alephs. 
If a and /? are cardinals then 

«"' = Z 

3<P 

where the sum is taken over all cardinals <5 < /J. 

If f ; A —* B is a function from a set A to a set B, A and Y^B, then 

f\_X] = {J(x):xeX} and /" 1 [Y] = (x:/(x)e T} . 

If A 1 is a set we denote its cardinal by card (A'), and its power set by :9{X). 
Thus 

0>(X)={A:A<=X}. 

If a is a cardinal, .S’ a (X) is the set of all subsets of X of cardinal less than a 
and 5 a (A r ) is the set of all complements of the sets in S«(X). Thus 

Ye5 a (A") iff Y ^ X and card (X—Y)<cc. 

Finally notice that in common with most contemporary mathematical 
writers we use the very convenient abbreviation ‘iff’ for ‘if and only if’. 
However ‘off’ means just off, whenever it occurs. 
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BOOLEAN ALGEBRAS 


In this book we shall be interested in Boolean algebras for two reasons. 
First, as we show in subsequent chapters, the structure of classical logic is 
essentially that of a Boolean algebra and so we can use theorems about 
Boolean algebras to deduce consequences about propositional and predicate 
logic. Second, the ultraproduct construction, which gets a great deal of 
attention in this book, makes use of ultrafilters in power set Boolean algebras 
and so we shall need to know something about them. In this chapter we 
explain what a Boolean algebra is and we prove the theorems about them 
that we shall need later on. 

§1. Lattices 

We begin with the notion of a partially ordered set which is an ordered 
pair <X, ^ ) where X is a non-empty set and < is a binary relation on X 
with the following properties: 

(a) . Reflexivity: for all xeX , 

(b) . Antisymmetry: for all x,yeX, if x^y and y^x, then x=y , 

(c) . Transitivity: for all x,y,zeX, if x^y and >’^z, then x^z. 

A partially ordered set ^ ) is said to be totally ordered if, in addition, 
< has the following property: 

(d) . Dichotomy: for all x,yeX, either x^y or y^x. 

Examples 

1.1. Let X be any set. We denote the power set of X , i.e. the set of all subsets 
of X , by &(X). If c is the relation of set inclusion, then <^(X), is a 
partially ordered set. 

1.2. Let N be the set of natural numbers and let < be the usual ordering 
of the natural numbers. Then <(A, < ) is a totally ordered set. 

1.3. Again let Abe the set of natural numbers. We define the relation | on N 
by m\n iff m divides n. Then <A,|> is a partially ordered set. 
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Exercises 

1.4. In what circumstances is the partially ordered set (0*(X),^y of ex¬ 
ample 1.1 totally ordered? 

1.5. Let ^ be a binary relation on a non-empty set X. Define < by x<y 
iff* x^y and x^y. Find a set of conditions on < necessary and sufficient 
for <X, ^ > to be a totally ordered set. 

If <X, < > is a totally ordered set and < is the relation defined as in exercise 

1.5. then < is called the strict ordering of X induced by <. Very often we 
shall think of totally ordered sets as consisting of sets equipped with a 
strict ordering. There is no essential difference between these two points 
of view but sometimes one is more convenient than the other. 

For the rest of this chapter we will not mention the order relation ^ 
explicitly unless we need to do so to avoid ambiguity. So we shall talk about 
‘the partially ordered set X ’ where the order relation on X is supposed to 
be ^ unless we say otherwise. If x < y we often use intuitive language and 
say y is greater than x’. 

If A" is a partially ordered set, a chain in X is a subset of X which is totally 
ordered by the order relation on X. 

If A is a subset of the partially ordered set X , an upper bound for A in X 
is an element of X greater than all the elements of A. So xeX is an upper 
bound for A in Ziff* a ^x for all aeA. Similarly xeX is a lower bound for A 
in X if for all aeA, x^a. 

xeX is called the supremum (or least upper bound) of A if x is an upper 
bound for A in X and is a lower bound for the set of all upper bounds for 
A in X. Thus xeX is the supremum of A iff* for all aeA, a ^ x and given any 
other upper bound, say y, for A in X, x^y. Similarly xeX is said to be the 
infimum (or greatest lower bound ) of A if it is a lower bound for A and 
greater than any other lower bound for A in X. 

We denote the supremum of A, if it exists, by sup(y4) and the infimum of 
A, if it exists, by inf(^). If A = {a t :iel} is an indexed collection of elements 
in X we often write V,* € j d i for sup(^4) and A ie i a i f° r inf04). If A is the 
two element set {x,y}, then we write x vy for sup (.4) and x a y for inf(v4). 
xv y is called the join of x and y, and x a y is called the meet of x and y. 

A lattice is a partially ordered set in which each two element subset has 
both a supremum and an infimum. Thus in a lattice L for any x,yeL both 
xvy and x a y exist 

Example 1.6. The partially ordered set <^( X ),^> of example 1.1 is a 
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lattice for any set X. In this case for any A,Be0*(X), the supremum of 
{A,B} is just AvB, the union of A and B , and its infimum is AnB , the 
intersection of A and B. 

Exercises 

1.7. Show that each totally ordered set is a lattice. 

1.8. Prove that each finite non-empty subset of a lattice has both a supremum 
and an infimum. 

Let m be an infinite cardinal. An m-complete lattice is a lattice in which each set 
of elements of cardinal < m has both an infimum and a supremum. A lattice 
is <m-complete if each set of elements of cardinal <tn has both an infimum 
and a supremum. A lattice is complete if it is m-complete for each infinite 
cardinal m. The previous exercise shows that each lattice is < K 0 -complete. 

Exercises 

1.9. Find an example of a partially ordered set that is not a lattice. 

1.10. Prove that in any lattice L, for any x,y,zeL the following identities 
hold: 

Lj. x v y — y v x xAy = yAx. 

L 2 . x v (y vz) = (x vy) vz x a (y az) = (x a y) az. 

L 3 . (xvy)Ay=y (xAy)vy=y. 

1.11. If X and Y are finite subsets of a lattice L show that 

inf(X)Ainf(y) = inf(Xu 7). 

Clearly, if a partially ordered set has an upper bound then it is unique. In 
particular this is true for a lattice and we call the unique upper bound of a 
lattice, if it exists, the maximum of the lattice and denote it by 1. Similarly 
if a lattice has a lower bound this lower bound is unique. We call it the 
minimum of the lattice and denote it by 0. 

The maximum element of a lattice must be carefully distinguished from 
a maximal element of a lattice. An element x of a lattice is said to be maximal 
if there is no element of the lattice strictly greater than x. We remark here 
that Zorn’s lemma states that if X is a partially ordered set in which each 
chain has an upper bound then X contains a maximal element. We shall be 
using this form of the axiom of choice later on. A partially ordered set does 
not necessarily have a unique maximal element; the next lemma tells us that 
the situation for lattices is different. 
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Lemma 1.12. If the lattice L contains a maximat element then this maximal 
element is unique. 

Proof. Suppose that x and y are both maximal elements of L. Then 
x^xvy and y^xvy so that, since x and y are maximal, x=xvy and 
y = xvy. Thus x =y and the lemma follows. 


A lattice L is said to be complemented if it has a maximum element 1, 
a minimum element 0, and for each xeL there is an element yeL satisfying: 

L 4 . xv y= 1 and xa>> = 0. 

Such an element y is called a complement of x. In a complemented lattice 
each element does not necessarily have a unique complement. Consider, 
for example, the lattice whose underlying set is X= {0 ,a,b,c, 1} and whose order 
relation ^ is given by: 

for all x, yeX , x^y iff x = 0 or y= 1 or x=y. 

Then, since in this lattice av b — bv c = cv a = 1 and a Ab = b a c — c a a = 0 9 
each one of the elements a 9 b 9 c is a complement of the other two. 

The extra condition we impose on a complemented lattice to ensure the 
uniqueness of complements is distributivity. A lattice L is said to be dis¬ 
tributive if for all x 9 y 9 zeL the following identities hold: 

L 5 . (xvj)az=(xaz)v(}'az), 

(x a y) v z = (x v z) a (y v z). 

Exercise 1.13. Show that in a complemented lattice L, for all xgL 9 x a 1 =x, 
xv1 = 1,xa0=0, and xv0 = x. 

Lemma 1.14. In a distributive complemented lattice each element has a unique 
complement . 

Proof. Suppose that L is a distributive complemented lattice and that y 
and z are both complements of the element x of L. So x vj>= 1 and x az=0. 
Therefore, using the results of exercise 1.13, 

y = y V 0 = yv(xAz) 

— (y v *) a (y v z) , since L is distributive, 

= 1 a (yvz) 

— y v z. 

Similarly z — yvz 9 and hence y = z. This completes the proof. 
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Exercise 1.15. Prove that if the first identity of L s holds in a lattice L for 
any elements x,y,z of the lattice, then so also does the second identity, and 
vice versa. 

In a distributive complemented lattice the unique complement of an element 
x is denoted by x*. 

Exercise 1.16. Show that in a distributive complemented lattice, for each 
element x of the lattice (x*)* = x. 

We are now ready for the chief definition of this chapter. A Boolean algebra 
is a complemented distributive lattice with at least two elements.* 

We have chosen to introduce the notion of a Boolean algebra by building 
up its structure gradually starting with a partially ordered set. Alternatively 
we could have defined a Boolean algebra & to be an algebraic structure, say 

^ = <£, v, a,*, 0,1), 

satisfying L l ~L 5 . This explains why the term ‘algebra’ is used. If we had 
introduced Boolean algebras in this way, we could define the relation < on 
B by x^ y iff x vy = y. 

Exercise 1.17. Suppose ^ — {B, v , a ,*,0,1> is a structure satisfying Y l -L s . 
Let < be defined as above. Show that < B , < ) is a complemented distributive 
lattice. 

Examples 

1.18. Let 2 be the set whose only elements are the cardinals 0,1 with the 
partial ordering ^ defined by 0<0, 0 < 1, and 1 < 1. Clearly 2 is a Boolean 
algebra. It is also a complete lattice. 

1.19. The partially ordered set <^(2f),c> of example 1.1 is also a Boolean 
algebra. In this case the maximum element is the set X, and the minimum 
element is the empty set 0, and complementation corresponds to set theoretic 
complementation. A Boolean algebra of the form <^(X),c> is called a 
power set Boolean algebra . 

1.20. Let A" be a set. A subset A of X is said to be cofinite if X— A is finite. 
Let Z(X) be the set of all finite subsets and all cofinite subsets of X. Then 
<Z(X),^> is a Boolean algebra. If X is of cardinal K 0 then Z{X) also has 
cardinal X 0 . Since for any set Y,£P(Y) is either finite or uncountable, 
Z(X) cannot be isomorphic to a power set Boolean algebra. 

* Thus we insist that 0 =£ 1 in any Boolean algebra. 
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1.21. A subset of a topological space is said to be clopen if it is both open 
and closed. The family of clopen subsets of a topological space Tis a Boolean 
algebra, called the characteristic algebra of T. Of course if T is a connected 
space, the characteristic algebra of T is isomorphic to the Boolean algebra 2 
of example 1.18. 

Exercise 1.22. Let Abe the set of natural numbers. We define the relation 
~ on 0*{N) by 

A~B iff (A — B) u (B — A) is finite. 

It is easily seen that ~ is an equivalence relation on 0>(N). If A<^N\zt A~ 
be the equivalence class to which A belongs under this relation and let 
X={A~:A<=N}. 

We define the relation ^ on X by 

A~ iff A — B is finite. 

Show that this is an unambiguous definition and that <JF,<> is a Boolean 
algebra. 

§2. Filters 

A filter in a lattice L is a non-empty subset F of L which satisfies: 

(a) , for all x,yeF, xa yeF, 

(b) . for all xeF and yeL , if x^y then yeF. 

An ideal in a lattice L is a non-empty subset / of L which satisfies: 

(a) , for all x,yel, xvyel, 

(b) . for all xel and yeL, if y^x then yel. 

It is clear that if a lattice L has a maximum element 1 then each filter in L contains 
it. Similarly the minimum of L, if it exists, is an element of each ideal in L. 

Examples 

2.1. The lattice L itself is both a filter and an ideal. 

2.2. If 1 is the maximum of L and 0 the minimum of L then {1} is a filter 
and {0} is an ideal in L. 

2.3. For each xeL, the set {y:x^ y) is a filter, called the principal filter gen¬ 
erated by x. Similarly { y:y ^ x} is an ideal, the principal ideal generated by x. 

Exercise 2.4. Show that in a finite lattice each filter and each ideal is 
principal, i.e. generated by some element of the lattice. 
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A filter F in a lattice L is said to be proper if F is a proper subset of L, that 
is if F^L. Clearly if L has a minimum 0, F is proper iff 0$F. Similarly an 
ideal I of a lattice is proper if /^L, and in a lattice with a maximum 1, 
/ is proper iff 1 £/. From now on by ‘filter’ and ‘ideal’ we will mean ‘proper 
filter’ and ‘proper ideal’ unless we say otherwise. 

Duality, It can be seen that if in L 1 - L 5 we interchange a and v , and 0 
and 1, the identities are transformed into new identities which also hold in 
all Boolean algebras. In fact, as we have set out Lj-Ls the two identities of 
each pair become interchanged under this transformation. The statement 
obtained from making this transformation is called the dual of the original 
statement. It follows that the dual of any true statement about Boolean 
algebras expressed in terms of a , v, 0 and 1 is also a true statement about 
Boolean algebras. When the statement also contains mention of ideals and 
filters we obtain its dual by also interchanging ‘ideal’ and ‘filter’, and ‘ < ’ 
and ^ . (We write y^x for x< y,) As an example consider the following 
lemma. 

Lemma 2.5. In a Boolean algebra x a y* = 0 iff x^ y. 

Proof. Suppose x a y* = 0. Then x = x a 1 = x a (y v y *) = 
(xAy)v(xA^*) = (xAy)vO = xAj< y. 

Conversely if x < y, then x a y=x and soxa/ = (xaj)aj* = 
x a (y a y*)=x a 0=0. 

Now by duality we can immediately deduce that in a Boolean algebra x v y* = 1 

In future, when we have proved a theorem about Boolean algebras, we 
will assume that we have also established its dual. 

A set A of elements of a Boolean algebra is said to have the finite inter - 
section property (henceforth abbreviated as fip') if the infimum of any 
finite subset of A is not equal to 0. The importance of this property is that 
it is precisely those subsets of a Boolean algebra that have the fip that can 
be extended to filters, as we now see. 


Exercises 

2.6. Show that if A has the fip, then for any element x of the Boolean algebra 
either A u {x} or A u {x*} has the fip. 

2.7. Let {Ap.isl} be a chain of subsets of a Boolean algebra (i.e. a collection 
of subsets totally ordered by set inclusion). Show that if each A t has the fip 
then so has the union. 
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If A is a set of elements of a Boolean algebra B , we let A 0 be the set of those 
elements of B greater than some element of A. That is 

A 0 = {xeB:for some aeA, a<x} . 

We let A c be the set of the infimums of all the finite subsets of A. That is 
A c = {inf (Xy.XeS^A)}. 

(Recall that 5 , co (^) is the set of all finite subsets of A.) 

A base for a filter F is a set A such that A° = F. A sub-base for a filter is 
a set A such that A c is a base for F. If A is a sub-base for F then F= (A c )°, 
and we say that A generates F. Note that A ^A C ^{A C )°. 

Lemma 2.8. For any subset A of a Boolean algebra, the set (A c )° is a (not 
necessarily proper) filter. Any filter containing A contains (^ c )°- (^0° is 
proper iff A has the ftp. 

Proof. Note first that xe(^4 c )° iff for some XeS (a (A ), inf(X)<x. 
Suppose x,y e (A c )°. Then for some X.YeS^ ( A ), inf (7) ^ x and inf (T) ^ y. 
XuYeS 0i {A) and by exercise 1.11, inf(Zu T) = inf(A r ) Ainf(7), but 
inf(X) Ainf(7)<xA y and so xaj;g(/) 0 . Trivially if xg(/)° and x^y 
then ye(A c )°. So (A c )° is a filter. 

Suppose Fis an filter and A^F. Let xe(^4 c )°. Then for some Z6*S w (y4), 
inf(Z)<x. Since Jcf and F is a filter inf {X)eF. Hence, again using the 
fact that F is a filter, xeF. Thus {A C )°^F. 

If A does not have the fip for some Xe {A ), inf (X) = 0. Therefore 0 e (A c )° 
and so (. A c )° is not proper. Now suppose ( A c )° is not proper. Then for some 
XgS (0 (A), inf(7)<0 and so inf(Z) = 0. Thus A does not have the fip. 
This completes the proof. 

From this lemma it follows that a subset A of a Boolean algebra can be 
extended to a (proper) filter iff it has the fip. 

§3. Ultrafilters 

Filters in a Boolean algebra B are subsets of B with certain properties. As 
subsets they can be partially ordered by set inclusion. Filters which are 
maximal with respect to this ordering are called ultrafilters . Thus an ultra¬ 
filter is a filter F which has no proper extension which are also (proper) 
filters. Ultrafilters can also be characterized in another way, as shown by the 
next lemma. 
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Lemma 3.1. If F is a filter in a Boolean algebra B , F is an ultrafilter iff for 
each xeB either xeF or x*eF, but not both. 

Proof. Note first that if for some xeB both x and x* are in F, then 
0 = x a x*eF and so F is not proper. 

Now suppose that for each xeB either x or x* is in F. Let G be a filter 
properly containing F. Then there is some x in G — F. Since x<£F, x*eF^G. 
This shows that G is not proper. Hence F is a maximal proper filter, i.e. an 
ultrafilter. 

Conversely suppose that F is an ultrafilter and x<£F. Let G be the filter 
generated by F u {x}. Since F is an ultrafilter G is not proper. Therefore 
Fu{x} does not have the fip and so for some XeS (a (F), inf(X)Ax = 0. 
Hence inf(A")^x*. Inf (A") is in F and therefore we can conclude that 
x*eF, thus completing the proof. 

Example 3.2. Let be the Boolean algebra of example 1.19. 

Then for each xeA", the set {Ae^(X):xeA} is an ultrafilter. We call this 
ultrafilter the principal ultrafilter generated by x. An ultrafilter is principal if 
it is generated by some element of the Boolean algebra. 

Exercise 3.3. If X is any set, show that an ultrafilter in (&(X), s > is princi¬ 
pal iff it contains a finite set. Hence deduce that if X is finite all ultrafilters 
in are principal. (Hint: see ch. 6, §1 for a proof of this.) 

We now use the axiom of choice (in the form of Zorn’s lemma) to establish 
the existence of an extremely rich class of ultrafilters in an arbitrary Boolean 
algebra. 

Theorem 3.4. The ultrafilter theorem 

Every filter in a Boolean algebra can be extended to an ultrafilter. 

Proof. Let F be a filter in a Boolean algebra B. Let J* be the set of all 
filters in B which contain F. Since Fe^, is not empty. 

can be partially ordered by set inclusion. We will show that with respect 
to this ordering chains in dF have upper bounds. 

Let {Di'.iel} be a chain in and let Z> = {J ieI A* If x,yeD, then 
for some ijef xeD t and ytDj. Since @ is a chain either D^Dj or Dj^D i9 
say Di^Dj, Then x,yeDj and so because Dj is a filter x a yeDj^D. If 
zeB and x ^z, then zeDj^D. Since 0for any iel, it follows that 0 <£D. 
These remarks show that D is a filter. F^D and so DetF. D is an upper 
bound for Q) in J r . 
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We can therefore deduce from Zorn’s lemma that contains a maximal 
element G. G is the required ultrafilter which is an extension of F. 

Corollary 3.5. Each set of elements of a Boolean algebra having the fip can 
be extended to an ultrafilter. 

Proof. This is an immediate consequence of lemma 2.8 and the ultrafilter 
theorem. 

Corollary 3.6. Each non-zero element of a Boolean algebra is contained in 
some ultrafilter. 

Proof. If x^O, {x} has the fip and so can be extended to an ultrafilter. 

Corollary 3.7. If x, y are distinct elements of a Boolean algebra there is an 
ultrafilter containing one but not the other. 

Proof. If x^y then either not x^y or not y^x. Say not x^j.Hence, by 
lemma 2.5, x a Therefore {x,y*} has the fip and so can be extended to 

an ultrafilter .Fin B. Since y*eF , y$F. 

We use corollary 3.5 a great deal subsequently when we want to extend a 
subset A of a Boolean algebra to an ultrafilter. The corollary shows that 
to do this we need only prove that A has the fip. To do this we must first 
show that O^A.lt will not in general then be sufficient to show that the meet 
of any two (rather than of any finite number of) elements of A is not 0. 
But if we can show that the meet of any two elements of A is in A then we 
will have shown that A has the fip, for it will immediately follow that the 
meet of any finite number of elements of A is in A and hence is not 0. 
This is what we shall in fact do on most occasions when we make use of 
this corollary. An important example is given below. 

Lemma 3.8. If X is an infinite set then the Boolean algebra (^(X), 
contains a non-principal ultrafilter. 

Proof. The set of all cofinite subsets of X has the finite inter¬ 
section property. Certainly all sets in are non-empty. If X u X 2 eS oy (X), 

then 

X-(X i nX 2 ) = (X-X 1 ) u(X-X 2 ) 


is finite. Thus X x nX 2 e S 0} (X). By the remarks above this proves that 
S c0 (X) has the finite intersection property. It therefore follows from co¬ 
rollary 3.5 to the ultrafilter theorem that S a) {X) can be extended to an 
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ultrafilter F. This ultrafilter contains no finite sets and therefore, by exercise 
3.3, must be non-principal. 

Exercise 3.9. Construct a subset A of a Boolean algebra having the 
following properties: 0 $A, the meet of any two elements of A is not 0, 
but A does not have the fip. 

§4. Homomorphisms and quotient algebras 

If B is a Boolean algebra, a subalgebra of B is a non-empty subset of B 
which is closed under the operations of meet, join and complementation. 
Suppose B' is a subalgebra of B. Then there is some xeB'. Since B' is closed 
under complementation, x*eB'. Therefore, because B f is closed under 
meets and joins, 1 =xvx*eB\ and 0 = xa x*eB'. Thus a subalgebra B ' 
of B contains both 0 and 1. It can easily be seen that the subset {0,1} of B 
is a subalgebra of B. We have already seen that {0} is an ideal and {1} is a 
filter. This observation is generalized by the following exercise. 

Exercise 4.1. Let B be a Boolean algebra and let F be a filter in B. Let 
1= {x*:xeF}. Show that / is an ideal, B' = FuI is a subalgebra of B and 
that F is an ultrafilter in B'. 

If B x , B 2 are two Boolean algebras a homomorphism of B i into B 2 is a map 
/ of B l into B 2 which preserves the algebraic operations, i.e. such that for 
all x, yeB l : 

(a) . f(x/\y)=f(x)Af(y), 

(b) . f(xvy)=f(x)vf(y), 
and 

(c) . /(**)=/(*)*• 

Exercise 4.2. If/is a homomorphism of B x into B 2 prove that 

(a) . /maps the maximum of B x onto the maximum of B 2 , and the minimum 

of B x onto the minimum of B 2 . 

(b) . x^y implies f(x / (y), for any x, yeB 1 

(c) . f\_B i] is a subalgebra of B 2 , where/ [i^] is the image of B l under/ 

that is, the set of all those elements of B 2 onto which some element 
of B 1 is mapped by /. 

If/is a one-one map we say that/is an isomorphism between B t and/[2?j]. 
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If/is also an onto map, i.e. if f\_B x ] =B 2 , then/is an isomorphism between 
B 1 and B 2 . If there is an isomorphism between B 1 and B 2 we say that B 1 and 
B 2 are isomorphic and we write B 1 ~B 2 . 

Let F be a filter in a Boolean algebra B. We define the relation ^ F on B by 

x~ F y iff for some /eF, xa/=j;a/. 


Lemma 4.3. ~ F is an equivalence relation on B. 

Proof. Since Fis a filter, Fis not empty and so ~ F is trivially reflexive. 
Clearly ~ F is symmetric, so it remains only to show that ~ F is a transitive 
relation. 

Suppose x~ F y and y~ F z. Then for some fgeF, x a/= y Af and 
y Ag=z Ag. Since F is a filter /a geF and using the fact that a is an as¬ 
sociative and commutative operation x a (/a g) = (y a/) a g = (y a g) a /= 
z A (/ A #)• Hence x ~ F z and our proof is completed. 


Lemma 4.4. ~ F isa congruence relation on B. That is if x ~ F x andy~ F y' then 


and 


x a y~ F x a y ', 
xv y~ F x' v y' 9 


x*~ F x'*. 

Proof. Suppose xa/=x a/, and yAg = y f Ag, with / geF. It is easily 
checked that it follows from these relations that 

(x Ay) a(/ a g) = (x' a /) a(/ a g) 

and 

(xvy)A(f a g) = (x'vy')A(f A g), 
whence, since/ a geF, 

XAy~ F x'Ay' and xvy~ F x'vy'. 

Also we have 

/ =/ A (X V X*) = (/ A X) V (/ A X*) = (/ A x') V (/ A X*) , 

and so 

X f * A f = x f * A [(/ A x) v (/ A X*)] 

= [x'* A (/ A X')] V [(x r * A X*) A /] 

= (x'* AX*) A / . 


Similarly x*a/=(x'*ax*)a/ and therefore x* ^ f x'*. 
This completes the proof. 
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Exercise 4.5. Let xOy be an abbreviation for (x v y*) a (x* v y). Show 
that 

(a) . x~ F y iff xOyeF, 
and 

(b) . xOy~\ iff x—y. 

We let \x\ be the equivalence class to which the element x of B belongs 
under the equivalence relation Lemma 4.4 shows that B/F= {\x\ :xeB} 
can be given the structure of a Boolean algebra if we define for each x,yeB 

\x\A\y\ = \xAy\, 

\x\v\y\ = \xv y\, 

|x|* = |x*| • 

The set B/F with this structure is called the quotient algebra of B modulo F. 
The map h:B-+B/F which sends x onto |x| is clearly a homomorphism. 
It is called the canonical homomorphism of B onto B/F. 

Exercise 4.6. Show that |x| = 1 in B/F iff xeF. 

We have thus seen that associated with each filter in B there is a homomor¬ 
phism. The next lemma shows that the converse is also true. 

Lemma 4.7. Letf:B 1 ^B 2 be a homomorphism between two Boolean algebras . 
The set F— {xgB x \f(x)=\}isa filter and f [2^] is isomorphic to B 1 /F. 

Proof. The verification that F is a filter is straightforward and is left to 
the reader. 

To prove the second part we first note that, for any x,yeB u 
\x\ = \y\ iff x~ F y K> w.r 

iff xOyeF, by exercise 4.5 

iff / (x O y) — 1, by the definition of F, 

iff / (x) Of ( y) = 1, since / is a homomorphism 
iff /(x) =/(.y), by exercise 4.5 

where |x| is the image of x under the canonical homomorphism Ir.B^BfiF. 
Therefore the map g from BJF o nto /[i?i] defined by 

is well-defined and is one-one. 

It is easy to see that g is a homomorphism of i^/Fonto/ [2?j]. Therefore 
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We call the filter F the shell of the homomorphism /. The dual notion to 
that of a shell is that of the kernel of a homomorphism /, which is defined to 
be the set {x : f ( x ) = 0}. It can be seen that the kernel of a homomorphism is an 
ideal. Lemma 4.7 is usually stated in its dual form, that is, in terms of ideals. In 
this case the term ‘kernel’ is well known. The nomenclature ‘shell’ was suggest¬ 
ed to us by R. J. Baxter and arises from the obvious botanical analogy. 

Lemma 4.8. A homomorphism is one-one iff its shell is {1}. 

Proof. Let f:B 1 -+B 2 be a homomorphism between two Boolean al¬ 
gebras with shell {1}. Suppose f (x)=f (y). Then f (xvy*)=f (x)vf (y*) = 
=/ (*) v/ (y)* =f (x) v/ (x)* = 1. Similarly / (x* v y) = 1 and so / (x O y) — 1. 
It follows that xOj;=l and so, by exercise 4.5, x = y. This shows that /is 
one-one. The converse is trivial. 

A filter F in a Boolean algebra is said to be prime if whenever x v yeF then 
either xeF or yeF. 

Theorem 4.9. The following conditions on a filter F in a Boolean algebra B 
are equivalent: 

(a) . B/F~ 2 (where 2 is defined as in example 1.18/ 

(b) . F is an ultrafilter 

(c) . F is prime 

(d) . for any xeB , either x or x* is in F. 

Proof, (b)o(d). This is just lemma 3.1. 

(d)=>(a). Let |x| be the image of x under the canonical homomorphism of 
B onto B/F and suppose |x| ^ 1. Then by exercise 4.6, x$F, hence assuming (d) 
x*eF. So |x|* = |x*| = 1. Thus |x| = |x|** = 0. This shows that 

BjF={ 0,1}-2. 

(a) =>(d). If x£F then |x| ^ 1 and so, assuming (a), |x| =0 whence |x*| = 1 
and therefore x*eF. 

(b) =>(c). Suppose xv yeF, but x<£F. Let G be the filter generated 
by jFu {x}. Since, assuming (b), F is maximal, G is not proper and hence 
for some zeF , z ax = 0. Since z, xvyeF , z a (x v_y) = (z ax) v (z a y) = 
=0 v (z a y) = z a yeF. But z a y^y and since Fis a filter, yeF. 

(c) =>(d). For any xeB, x v x* = 1 eF and so, assuming (c) either xeF or 
x*eF. 

We conclude this section with a result that we need later to prove the 
completeness of predicate calculus. 
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Let {A n :n<w} be a countable collection of subsets of a Boolean algebra 
each having an infimum. Say 

for n<co a n = in f(A n ). [n] 

An ultrafilter F in B is said to preserve the meets [ff] iff 

for n<(D h(a n ) = inf{h(a):aeA „}, 

where h is the canonical homomorphism of Z? onto B/F~ 2. 

Theorem 4.10. Tarski’s lemma 

If x t^O there is an ultrafilter F containing x which preserves the meets [II]. 

Proof. We define by recursion a sequence {b n :n<co} such that for each 
n<a>, b n eA n and {x,a 0 vZ>*, • a„vb*} has the ftp. 

Suppose m<a>, and for n<m we have found b n to satisfy these conditions. 
If m= 0, let y = x, and if m> 0 let 

y=x a (a 0 v bt) a - a (a m _, v />*_,). 

In either case y / 0. 

Suppose that for each beA m , y A(a m v b*) = 0. Since 
y A ( a m V **) = (y A V (j; A 6*) 

it follows that = 0 and ja 6* = 0 for each beA m . Therefore y^b for 
each beA m and so y^a m ~\nf{Af). Hence y = yAa m = 0, contradicting our 
hypothesis. Therefore there is some b m eA m with 

y A ( a rn V 6 m *)^0 . 

Hence for n ^m, we can find b n so as to satisfy the desired conditions. 
Therefore we can find such a b n for all n < a). It follows from these conditions 
that the set 

{x,fl 0 v6 0 *,...,fl„vVv..} 

has the fip and so can be extended to an ultrafilter F in B. We show that F 
preserves the meets [n]. 

Let h be the canonical homomorphism of B onto BjF. Since a n v b n *eF, 
h ( a n ) v h (£„)* = h (a n v b n *) = 1 and so h (< a n ) ^ h (b n ), whence 

inf {/i (b):be A n } ^ h (a n ). (1) 

Since a n = 'mf(A n \ a n ^b for each beA n and so h(a n )^h(b) for each beA n . 
Therefore 

h (a„) ^ inf {A (6): b e A n } . (2) 
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We can conclude from (1) and (2) that 

h(a n ) = mf{h(b):beA n } 
and so F preserves the meets [II]. 

Exercise 4.11. We use the notation of exercise 1.22. Let B be the Boolean 
algebra <^(A r ), £ > and let F be the filter of cofinite subsets of N. Show that 


§5. Filters in topology 

In this section we discuss the role of filters in topology and in the next we 
prove Stone’s representation theorem for Boolean algebras. Both these 
sections presuppose some knowledge of the elements of point set topology. 
However nothing later in the book depends on them and they can be omitted 
by the reader if he chooses. 

If F is a filter in the power set Boolean algebra we say that F 

is a filter on X. Similarly an ultrafilter on X is an ultrafilter in (^(I),c) t 
Let A" be a topological space. If A is a subspace of X we denote its closure 
by A. For each point xeX the family N x of neighbourhoods of x is a filter 
on X, the neighbourhood filter of x. 

Lemma 5.1. Let F be a filter on X. The following conditions are equivalent: 

(a) , xe f] {A:AeF}. 

(b) . for all AeF and UeN x , A n C/*0. 

(c) . there is a proper filter containing FuN x . 

Proof. Clearly (b) and (c) are equivalent. If x is in the closure of each 
,4eFthen every neighbourhood of x meets each A in Fand so (a) implies (b). 
The converse is similar. 

A point x which satisfies the conditions in lemma 5.1 is said to be adherent 
to the filter F, or an adherent point of F. A filter F on X is said to converge 
to a point x if N X ^F. Condition (b) of lemma 5.1 shows that a point is 
adherent to every filter convergent to it. For ultrafilters these concepts are, 
in fact, equivalent. 

Lemma 5.2. An ultrafilter converges to precisely its adherent points. 

Proof. We have already remarked that an ultrafilter converges only to 
its adherent points. Now suppose x is an adherent point of an ultrafilter F. 
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Then by (c) of lemma 5.1, FkjN x is contained in some filter G. Since Fis 
an ultrafilter F=G and so N x ^F f that is, F converges to x. 

We are now able to characterize several important topological notions in 
terms of the convergence of filters. 

Lemma 5.3. A space X is Hausdorjf iff each filter on X converges to at most 
one point , or, equivalently , iff each ultrafilter has at most one adherent point . 

Proof. X is Hausdorff iff for each distinct pair of elements x,yeX, there 
is some UeN x and VeN y with Un F=0. Thus no filter contains both N x 
and N y and so each filter converges to at most one point. 

Lemma 5.4. A space X is compact iff each filter on X has at least one adherent 
point. 

Proof. Let F be a filter on a compact space X. The family F= {A :AgF} 
has the fip and therefore, since X is compact p| F is not empty. Each xe (°| F 
is an adherent point of F. 

For the converse, suppose that F is a family of closed subsets of a space X 
which has the fip and suppose that each filter on X has at least one adherent 
point. F can be extended to a filter G. Since G has an adherent point, 
fy^C\{A\AeG}<^(^{A:AeF} = fi\F. Thus X is compact. 

Corollary 5.5. A space X is compact iff each ultrafilter on X converges to 
at least one point. 

Proof. Assume X is compact. Then each filter and so each ultrafilter has at 
least one adherent point. Hence each ultrafilter converges to at least one point. 

Conversely suppose that each ultrafilter converges to some point and let F 
be a filter on X. F can be extended to an ultrafilter G. G converges to some 
point x which is an adherent point of G and hence of F. Thus every filter has 
an adherent point and therefore X is compact. 

§6. The Stone representation theorem 

We know that not every Boolean algebra is isomorphic to a power set 
Boolean algebra. For example, as we noted earlier in example 1.20, the 
algebra of finite and cofinite subsets of a countable set is itself countable 
and so cannot be isomorphic to &*(X) for any set X. However all is not lost; 
Stone’s theorem, which we prove below, asserts that every Boolean algebra 
is isomorphic to a subalgebra of a power set Boolean algebra. 
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Let B be a Boolean algebra and let S(B) be the set of all ultrafilters in B. 
If X ^S(B) we denote its complement in S(B), S(B)—X, by cX. 

Theorem 6.1. The Stone representation theorem 

B is isomorphic to a subset of &S(B) considered as a power set Boolean algebra. 

Proof. We define the map u:B-^^S(B) as follows: for each xeB, u(x ) 
is the set of all ultrafilters in B which contain x. We show that u is an iso¬ 
morphism between B and w[F]. 

Suppose x,yeB and x^y. By corollary 3.7 there is an ultrafilter con¬ 
taining one of these elements but not the other. Therefore u(x)^u(y) and 
so u is one-one. 

For any x, yeB and any filter Fin B, x a yeFiff xeF and yeF; it follows 
that u(xa y) = u(x)nu(y). For any ultrafilter U , xeU iff x*£f7, and 
therefore w(x*) = cw(x). 

These remarks show that u is an isomorphism as claimed. 

We can go further than this last theorem. To do so we need first some 
topological preliminaries. A Boolean space is a compact Hausdorff space 
with a base of open and closed sets. Recall that we call a set which is both 
open and closed a clopen set. Thus a Boolean space is a compact Hausdorff 
space with a base of clopen sets. The elements of this base, being closed 
subsets of a compact space, are themselves compact. 

A subspace of a topological space is connected if it is not the union of two 
non-empty disjoint open sets. A component of a topological space is a 
maximal connected subspace. The topological space X is said to be totally 
disconnected if each of the components of X contains just one point. 

Lemma 6.2. A Boolean space is totally disconnected. 

Proof. Let I be a Boolean space and suppose that A is a subspace 
of X containing two distinct points x and y. We show that A is not 
connected. 

Since X is a Hausdorff space with a base of clopen sets, there is a clopen 
set U such that xe U and y$ U. Then 

A = (AnU)v(A-U) 

and hence is not connected. 

Example 6.3. The set of all ordinals up to and including a given ordinal a, 
i.e. the set is a Boolean space under the order topology (i.e. the 
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topology which has a sub-base consisting of the open ended intervals 
{{:{</?} and 

Further examples will be given below. 

We have already remarked that given a topological space X , the clopen 
subsets of X form a Boolean algebra with respect to the partial ordering of 
set inclusion. We call this Boolean algebra the characteristic algebra of X 
and denote it by C(X). C(X) is a subalgebra of the Boolean algebra 
(0*(X),^). In addition if X is a Boolean space then C(X) forms a base 
for the topology of X. The next results shows that in this case C(X) is 
uniquely characterized by these two properties. 

Lemma 6.4. Let X be a Boolean space and let stf be a subalgebra of <f? {X), c > 
which is a base for the topology of X. Then <s/ = C(X). 

Proof. The elements of sY are open subsets of X since they form a base 
for the topology. Since srf is a subalgebra of ^(X\^y it is closed under 
the formation of complements and hence the sets in srf are also closed. 
Thus jtf<=C(X). 

Now suppose YeC(X). Y is open and sY is a base for the topology of X. 
Hence for each ye Y there is some A y esY with 

yeA y ^Y. 

{A y :yeY} forms an open cover of Y. Y is a closed subset of a compact 
space and is therefore compact. It follows that this open cover has a finite 
subcover, say {A y .:\ ^i^n}. Thus 

Y =A yi Kj-KjA yn . 

But sY, being a subalgebra, is closed under finite unions. Therefore Ye<z/, 
and our proof that s/=C(X) is completed. 

Now suppose B is a Boolean algebra. The set S(B) of all ultrafilters in B 
can be given a topology in the following way. We take as a base for the 
topology the collection 

u [£] = {u(x):xe£} 

of subsets of S(B), where as before 

u {x) = {UeS(B):xeU}. 

Not surprisingly we now have 
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Theorem 6.5. The Stone space S(B) of a Boolean algebra B is a Boolean 
space and the map u is an isomorphism of B onto the characteristic algebra 
C(S(B)) of S (B). 

Proof. S(B) is a Hausdorff space. For suppose U,VeS(B) and U=£V. 
Then for some xeB, xeU but x$ V and so x*eV. Then Ueu(x) and Veu(x *) 
and u(x ), u(x*) are disjoint open subsets of S(B). 

S(B ) is also a compact space. To show this it is sufficient to show that 
every cover of S (B) by members of its base has a finite subcover. Suppose 
{«(*,):/£/} is such a cover which has no finite subcover. Then for each 
finite subset 7 0 of /, 

U u(x,)#S(B) 

I 6 / o 

and hence 

0 "(*;*) = “( A x,*)/0=u(0). 

i el o 16 Jo 

Therefore 

A x**0. 

i e I o 

Thus has the fip and so can be extended to an ultrafilter U in B. 

Since, for each ief xfeU, 

v $ U M . 

iel 

But this contradicts the fact that {u(x^):isl} covers S(B). Therefore we can 
conclude that S (B) is compact. 

Since u(x) = S(B) — u(x*), each element of the base is clopen. Therefore 
S(B) is a Boolean space. 

By lemma 6.4, and the proof of theorem 6.1, u is an isomorphism of B 
onto C (S (B)) = u [i?]. 

There is an interesting result dual to Stone’s; it asserts in a topological 
framework what Stone’s result asserts algebraically. 

Theorem 6.6. Each Boolean space is homeomorphic to the Stone space of 
its characteristic algebra . 

Proof. Let Xbe a Boolean space. We show that the map v:X-+S(C(X)) 
defined by 

v(x)={AeC(X):xeA} 

is a homeomorphism. 

For each AeC(X), either xeA or xecA , and so f(x) is an ultrafilter in 
C(X), that is, i;(x)g5(C(T)). 
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v is a one-one map; since if x,y are distinct elements of X, because X is 
a Hausdorff space, there are disjoint elements A,A' of C(X) containing x 
and y respectively. Therefore v(x)^v(y). 

v maps X onto S(C(X)); for suppose U is an ultrafilter in C(X). Then, in 
particular, U has the fip and so can be extended to an ultrafilter in ( X ), <= ). 
Since X is compact this ultrafilter converges to some point xeX which is 
an adherent point of the ultrafilter. Therefore xe (~){A:AeU} = f){A:AeU} 
and so U^v(x). Hence, because U is an ultrafilter, U=v(x). This shows 
that v is onto. 

Finally, because v is onto, for each A in C(X), 

{UeS(C(X)):AeU} = {v(x):xeA}, 

so that v maps the base C(X) for the topology of X onto the base C(5’(C(X))) 
for the topology of ^(Cpf)). It follows that v is a homeomorphism. 

This last theorem shows that, in a sense, S and C are ‘inverse’ operations, 
and thus that there is a one-one correspondence between Boolean algebras 
on the one hand and Boolean spaces on the other. 

§7. Atomless Boolean algebras and Cantor spaces 

In ch. 9 we are going to prove a metamathematical result about atomless 
Boolean algebras, so in this section we explain what these are and we prove 
the algebraic result concerning them that we shall need later. 

Let B be a Boolean algebra. An element xeB is said to be an atom if 
xAO and whenever y^x, then either y = 0 or y = x. Thus x is an atom if 
there is no element of B between 0 and x, that is, if x is a minimal non-zero 
element of B. 

Exercises 

7.1. Show that xeB is an atom iff the principal filter generated by x is an 
ultrafilter. 

7.2. Show that xeB is an atom iff there is exactly one ultrafilter in B which 
contains x. 

A Boolean algebra B is said to be atomic if given any non-zero element 
yeB , there is some atom xe B with x ^ y. For example, all power set Boolean 
algebras are atomic. In this case the atoms are just the one element sets. 

Exercise 7.3. Suppose that B is a finite Boolean algebra. Prove that 
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B is atomic and is isomorphic to the power set Boolean algebra 
<^( A ),£>, where A is the set of atoms of B. (Hint: define (j>:B~^^{A ) by 
<t>(y)= {xe^4:x^y} and show that <j> is an isomorphism.) 

A Boolean algebra is said to be atomless if it contains no atoms. One 
example of an atomless Boolean algebra is given in example 1.22. Another 
is given below. 

We now ask the question: suppose that we know that the Boolean 
algebra B is atomless, what does this tell us about the Stone space S(B) 
of B1 The answer is provided by exercise 7.2 which informs us that x is an 
atom iff w(x), the set of all ultrafilters containing x, has just one element. 
Thus B is atomless iff none of the basic open sets of S{B) contains just one 
element and clearly this holds iff no open set in S(B) has just one point in it. 
A topological space is said to be perfect if none of its one element subsets 
is open, or equivalently, if all its points are limit points. We have therefore 
just seen that 

Lemma 7.4. A Boolean algebra B is atomless iff the Stone space of B is 
perfect. 

An easily proved result about perfect spaces that we shall need is 
Lemma 7.5. If X is a perfect Hausdorff space , then no non-empty finite subset 
of X is open. 

Proof. Suppose that X has a non-empty finite open subset. Let 
G — {x 0 -,...,x„} be a non-empty finite open subset of X of least cardinal. 
Since X is perfect 1. Because X is a Hausdorff space for each i<n , there 
is an open subset 17, of X which contains x t but not x„. Then 

{x 0 .x,.,} = Cn(l/ 0 u-u [/„_,) 

is an open non-empty set containing fewer elements than G. This contra¬ 
diction proves the lemma. 

(Notice that this result is also true for perfect T x -spaces.) 

A Cantor space is a perfect compact Hausdorff space with a countable 
base of clopen sets. Thus a Cantor space is a perfect Boolean space with a 
countable base. The chief result of this section is 

Theorem 7.6. If X is a Cantor space then X is homeomorphic to the space 
2 0> with the product topology. 

Proof, A" has a countable base of clopen sets. Let << U n , V n ) :neco) be 
an enumeration of all pairs of elements of this base that are disjoint. 
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By the previous lemma all non-empty open subsets of X are infinite and 
therefore it is easily seen that we can define, by recursion, for each keco and 
each / e2 k , a non-empty clopen subset 


of X such that 

(a) . X—X 0 uX l and, in general, 

X f{0) f(k - 1)0 ^ X f(0)-f(k -1)1= X f(0)-f(k- 1)> 

(b) . X /(0) -f(k-1)0 nX f{0) -f(k-1)1 = 
and 

(c) . if U=U k nX f( oy.^k-t) and V=V k nX f(0) ... f(k _ l) are both non-empty 

then 

U— X f(0) f(k-1)0 an< i V- X f(0)—f(k-l)l* 

Now, for each / eT* 9 let 

^/= fl ^/(o>.../(*-i)« 

keco 

X f is the intersection of a collection of closed subsets of a compact space 
with the finite intersection property. It follows that X f is not empty. We 
show that there is just one element in X f . 

Suppose not, and that a,b are distinct elements of X f . X is a Hausdorff 
space and so we can find disjoint elements U a , V b of the base with aeU a and 
be V h . For some nea), 

<u a ,v b y=<u n ,v n >. 

Also 

aeU = 14 n X f(o)...f(n— i) 

and 

beV=V b n X f(0) • 

Therefore, by (c), 


U — X n0) ~f(n-1)0 an< i X f(0)-»f(n-l)l • 

Hence, by (b), if/(«) = 0, then 


b$ X f(0)...f(n) 

and if/(/i)=l, then 
But since 


in either case this is a contradiction. 

Thus for each /e2 w there is a unique element, say x f9 in Xy. It is clear 
from (a) that for each xeX there is some f eX° such that x = x f . So if we 
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define the map 0:Z->2 a> by 

<£(*/)=/> 

then </> is a one-one map of X onto 2 W . To show that 4> is continuous it will 
be sufficient to show that the inverse image of an arbitrary element of some 
sub-base for the topology of 2 W is open in X. 2 W has a sub-base consisting of 
all the sets 

B ki ={fe2":f(k) = i}, 

with keco and /e{0,l}. 

For each ke co, and /e{0,l}, let 

Yki = U - 1 )£ • 

/ e 2 k 

Then Y ki is open and 

x f eY ki iff f(k) = i iff feB ki . 

Hence Y ki = cj) ~ 1 (B ki ), which is therefore open. 

This shows that (j) is continuous. A one-one continuous mapping of a 
compact Hausdorff space onto another compact Hausdorff space is a 
homeomorphism, and so our proof is completed. 

As a consequence we obtain the following algebraic result: 

Corollary 7.7. Any two coun table atomless Boolean algebras are isomorphic . 

Proof. Suppose B 0 and B x are countable atomless Boolean algebras. 
Then their Stone spaces are perfect Boolean spaces with countable bases, 
and so by the previous.theorem they are homeomorphic. The characteristic 
algebras of these Stone spaces are therefore isomorphic, and so it follows 
from theorem 6.6 that B 0 and B x are isomorphic. 

It is well known that the topological space 2 W with the product topology 
is homeomorphic to the Cantor discontinuum (also called Cantor's ternary 
set). (See, e.g. Kelley [1955] page 165.) This explains our terminology. It 
also shows that all countable atomless Boolean algebras are isomorphic to 
the Boolean algebra of clopen subsets of the Cantor discontinuum. This is 
our second example of an atomless Boolean algebra. 

A Boolean algebra B is said to be dense if given any distinct elements x,y 
of B with y, there is an element z of B distinct from x and y with x<z 
and z < y. 

Exercise 7.8. Show that a Boolean algebra is dense iff it is atomless. 
Thus corollary 7.7 can be restated as: any two countable dense Boolean 
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algebras are isomorphic. This result should be compared with that of exercise 
9.1.4. 

Finally we remark that the results of this section show that if B is a coun¬ 
table atomless Boolean algebra then B contains precisely 2**° distinct 
ultrafilters. This situation should be contrasted with that obtaining in 
theorem 6.1.5. 

§8. Historical and bibliographical remarks 

Boolean algebra is named after the English mathematician George Boole 
(1815-1864). Bertrand Russell once remarked that Boole discovered pure 
mathematics. This is an exaggeration, but it is true that Boole was one of the 
first to view mathematics as the study of abstract structure rather than as the 
science of magnitude. His The Mathematical Analysis of Logic , being an 
essay towards a calculus of deductive reasoning (Boole [1847]), was really the 
first successful attempt to apply mathematical techniques to logic. This 
short book is still in print and is well worth reading. 

In recent years Boolean algebras have been studied a great deal by 
mathematicians and they have come to be of importance in digital computing. 
Of the many elementary textbooks dealing with Boolean algebras we 
mention only Goodstein [1963]. More advanced works are Birkhoff [1967], 
Halmos [1963] and Sikorski [1964]. 

The system of axioms L 1 ~L 5 is due to Huntington [1904] where the 
equivalence between complemented distributive lattices and Boolean algebras 
was first worked out. The ultrafilter theorem is due to Tarski [1930]. 
Usually it is stated in terms of ideals and is then known as the prime ideal 
theorem. Tarski’s lemma was first proved by Rasiowa and Sikorski [1951] 
using topological methods. The simple proof we have given is due to Tarski 
(see Feferman [1952]). 

The Stone representation theorem was first proved by Stone [1936] and 
theorem 6.2 by Stone [1937]. The introduction of filters and ultrafilters into 
topology is due to Cartan [1937] and [1937i]. 
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In this chapter we formulate the propositional calculus and we prove 
completeness and compactness theorems for it. Although no previous 
knowledge of propositional logic is necessary for an understanding of this 
chapter, our treatment is fairly brisk and touches only on the essentials. The 
reader desiring a more detailed survey should consult other textbooks. 

§1. The system SC 

It is clear that the argument: 

Either today is Wednesday or my name is Napoleon Bonaparte. 

It is not the case that today is Wednesday. 

Therefore my name is Napoleon Bonaparte. 
is logically valid and that its logical validity does not at all depend on the 
meaning of the words in italics or capitals. If we replaced them by any other 
two sentences we would still have a valid argument. The validity of the 
argument depends only on the logical words such as or and not that are 
used and not on the internal structure of the sentences they connect. 

Propositional calculus is designed to formalize that part of logic where the 
validity of the argument depends only on how sentences are strung together 
and not on their internal structure. The system SC we use to formalize this 
part of logic is described in the following pages. 

We begin by saying what the basic symbols of SC are. These fall into 
three categories: 

(a). Propositional variables. The propositional variables of SC are the 
elements of the infinite set 


P = {Pn-nec »}. 

(b). Logical connectives. These are 


“1 (read ‘not’) and a (read ‘and’). 
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(c). Punctuation symbols. These are 

( (left hand bracket) and ) (right hand bracket). 

A string of symbols is just a finite sequence of basic symbols. For example 

)pii(p 2 

n(p 1 Ap 2 ) 

((np,p 2 A 

are all strings. We single out a subset of the strings. The elements of this 
subset are called formulas. Intuitively these are those strings which can be 
interpreted meaningfully and unambiguously when we interpret the propo¬ 
sitional variables in them as propositions. 

(Philosophically minded readers will note that we have blurred the dis¬ 
tinction between sentences and propositions. This distinction is important, 
but not for the purposes of this book. The calculus we are describing is 
sometimes thought of as a calculus of sentences instead of as a calculus of 
propositions. In this case it is often called the sentential calculus. This 
explains our use of ‘SC’ for the system. We use it because we want to be able 
to Use ‘PC’ for the predicate calculus.) 

The set of formulas is defined recursively as follows: 

(1) . A string consisting of a single propositional variable by itself is a 

formula. 

(2) . If <j) and \j/ are formulas, so too are “1 <j> and (</> a i/j). 

(3) . A string is a formula only if it follows from a finite number of appli¬ 
cations of rules (1) and (2) that it is a formula. 

We let F be the set of formulas of SC. Thus F is the smallest set of strings 
which contains all the propositional variables by themselves, and whenever 
it contains and xj/ also contains 1 4> and (</> a ij/). For example, the following 
strings are all formulas: 

(a) . nCPoAHpx) 

(b) . KnpoMp,) 

(C). n(-!(p 0 A np,)A -| n(n(P! a hp 2 )a n n(p 0 a np 2 ))). 

For reasons of economy we have chosen to take only ~l and a as basic 
logical connectives. In practice however we also use other connectives such 
as disjunction and implication. We introduce these as abbreviatory devices 
in the way explained below. An alternative procedure would have been to 
take these new symbols as basic symbols in addition to “1 and a. If we 
had done this we could have shown that they were superfluous by showing 
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that any formula involving them is equivalent, in a sense to be made precise 
later, to a formula containing only the connectives H and a . 

The new connectives we introduce as abbreviatory devices are 

v (read ‘or’), 

-> (read ‘implies’ or ‘only if’) 

and 

«-> (read ‘iff’). 

They are used in the following way: 

(<j) v i/s) abbreviates n ( “1 </> a “1 ijj) , 

(0->^) abbreviates “i($a "1 if/), 

and 

(<) abbreviates ((</>-h^) a (^-m£)) , 
that is, in full, 

In order to make formulas easier to read, we often omit brackets or use 
brackets of a different shape. Thus the formulas (a),(b) and (c) above will 
usually appear as 
(a'). Po^Pi 

(b'). Po^Pi 

(c'). [p 0 ->P l ]-+[(p i ->p 2 )-+(Po^P2)] 
which are easier to read than the originals. 

The intuitive interpretation of formulas of SC will be clear from our 
earlier remarks, but now we want to make this more precise. We have an 
interpretation of a particular formula when we have interpreted the propo¬ 
sitional variables occurring in it as particular propositions. But since what 
we are interested in is whether a formula is true or false under a given inter¬ 
pretation, all we really need to know is whether the proposition assigned to 
a particular propositional variable is true or false. Thus we can regard an 
interpretation as an assignment of the truth values true and false to the 
propositional variables. Formally it is convenient to represent these truth 
values by the elements 1 and 0 of the two element Boolean algebra 2. We 
are now ready for the formal definition. 

A realization of SC is a map of P , the set of propositional variables of SC, 
into the two element Boolean algebra 2. Given a realization / of SC we 
extend it to F\ the set of all formulas of SC, by the following recursive 
definition: 
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For any formulas 0,0, if/(0) and /(0) have already been defined, then 
/(<£ A'/') = /(<£) a/OA) 

and 

/(-i </>)=/(</>)*. 

It follows from this definition that, for example, 

/(<£ v <A)=/( n (-10 A1«)=(/(<A)* A m*)*=m V /(<A). 

Note that on the right hand side of these expressions the symbols ‘ a ‘ v ’ 
are the meet and join operators of the Boolean algebra 2, whereas on the 
left hand side they are symbols of SC. We continue to use them in this 
ambiguous way since it will always be clear from the context which is 
intended. 

If the realization j\ extended in the way just described, maps the formula 0 
onto 1, the maximum of 2, we say that f satisfies 0 and we write/>0. Thus 

ft<t> ^ /(</>)=i. 

A formula 0 is said to be satisfiable if it is satisfied by some realization. A 
formula which is satisfied by all realizations is called a tautology or a valid 
formula. A set I of formulas is said to be satisfiable if there is a realization 
which simultaneously satisfies all the formulas in I. 

Exercises 

1.1. Show that the relation/N0 can be defined recursively as follows: 

(a) , for p n eP, f¥p n iff /(/>„)= 1, 

(b) ./N~l<A iff not/><A, 

(c) . / f= 0 a 0 iff / h 0 and/h0. 

1.2. Show that 0 is a tautology iff “10 is not satisfiable. 

1.3. Show that 

/(<A->-iA)=/(n <A v ii/)=f(4>)* 

and hence that 

/(0->0) = 0 iff /(0)= 1 and /(0) = 0. 

1.4. Let I = be a finite set of formulas. Prove that if every 

realization which satisfies I u {0} also satisfies 0, then(0! a a 0„)->(0->0) 
is a tautology. 

As we have already remarked, intuitively,/(0) = 1 says that ‘0 is true’ and 
f (0) = 0 says that ‘0 is false’. Exercise 1.1 shows that, for example, 0 a0 
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is ‘true’ iff both (j) and ij/ are ‘true’; this agrees with our intuitive idea that 
‘ a ’ represents ‘and’. It can therefore be seen that our definition of ‘tautology’ 
is essentially the same as the usual definition by truth tables. 

Suppose is a formula and that p 0 ,...,p n _ l are the only propositional 
variables that occur in 0. Clearly if f,g are realizations of SC such that for 
i<n,f(p i )—g(p i ), then also f (<t>)=g {<!>)• Thus (j) determines a function, 
say v#, from 2" into 2. v$ is the function given by 

)=/( 0 ), 

where /is any realization of SC which for \<n maps p t onto the element t t 
of 2. The logical connectives “1 and a together form a complete set of 
connectives in the sense that for each new, n=$= 0, given any function i>:2"->2 
there is a formula (j) built up from the propositional variables i 

using just the connectives ~1 and a such that v = v 4> . 

Exercise 1.5. Verify this last assertion. 

It also follows from this that the formula 0 is a tautology iff v# takes just 
the value 1. Since v# is a function of just a finite number of variables we can 
check in an effective manner whether it takes the value 0 or not. Thus we 
have a decision procedure for determining whether or not an arbitrary 
formula of SC is a tautology. In the case of predicate calculus, considered 
in the next chapter, no such decision procedure is available and we have to 
use an axiom system in order to generate those formulas true under all 
interpretations. By the remarks just made such an axiomatization is not 
necessary in the case of propositional calculus, but none the less it is inter¬ 
esting to consider axiomatizations for propositional calculus especially as 
it enables us to introduce most of the basic ideas involved in a particularly 
simple setting. This we now do. 

We select a certain subset of the collection of tautologies whose elements 
will be our basic valid formulas or axioms, and we use rules of inference to 
enable us to derive new valid formulas from the axioms. Our axiomatization 
will be adequate if all valid formulas are derivable in this way. 

As axioms we take all formulas of one of the forms 
SCI. 

SC2. |>-»(^-► *)]-► [(<!) -»iA) 

SC3. ( i </> —► 11/^)—►(•A —*- 
SC4a. (4>a'/'W- 
SC4b. (Vai/O-h/a 
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SC5. [x^<£]^[(x^tA)-Kx-»[>A>/'])]. 

SC6a. <£-►(</> v^). 

SC6b. ip -+(</> v ip ). 

SC7. [^-»x]-»[(^-»x)-»([> v £]-►*)] • 
where <j>, i// and y are any formulas of SC. The reason for this particular 
choice of axioms will become apparent in the sequel. 

The only rule of inference that we have is modus ponens: i p is an immedi¬ 
ate consequence of (p and (p->\p, where (p and ip are any formulas of SC. 
A proof of a formula (p is a finite sequence <p u ...,<p n of formulas such that 
(p n ~<P and for each kt^n, <p k is either an axiom or for some ij<k is an 
immediate consequence of (p t and (pj according to the rule modus ponens. 
A formula (p is said to be provable if there exists a proof of it. If <p is provable 
we write h <p. 

Lemma 1.6. For each formula (p of SC, h (p-xp. 

Proof. Consider the sequence of formulas 

</>]-><£) 

(<£-»[>-»$])-»(<£-><£) 

The first formula is an axiom of the form SC2, the second an axiom of the 
form SCI, the third is an immediate consequence of the first two, the fourth 
is an axiom of the form SCI and the fifth is an immediate consequence of 
the third and fourth formulas. Thus the sequence is a proof of <p-+(p. 

In future, as is usual, instead of exhibiting a sequence of formulas and then 
adding an explanation of why the sequence is a proof we will give each 
formula a number and put annotations at the side explaining how each line 
arises. 

Lemma 1.7. For any formulas (p,\p and x of SC 
Proof. Consider the following sequence: 

axiom SC2. 


axiom SCI. 
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3. modus ponens 1,2. 

^'([('A _> z)- > [ < / > - > ( , /' ->, z)]]^[('/' _> z)^'[(^- >, A) _> (^'^z)]])» axiom SC2. 

modus ponens 3,4. 

6. [</>->(^—►/)], axiom SCI. 

7. modus ponens 5,6. 
By the annotations this sequence is a proof of the last formula. 

In order to shorten proofs, when we have shown that a given formula is 
provable and we want to use this formula in a later proof instead of repeating 
the proof we just give a reference to a place where it can be found. We do 
this in the next lemma. 

Lemma 1.8. For any formulas <; p,4f of SC, 

i--i<M4>-►•A)- 

Proof. We have the following proof sequence: 

1. axiom SC3. 

lemma 1.7. 

3. ^ ”3 40] -* [ ~1 $ ($ -► •/')] > modus ponens 1,2. 

4. 1 $->(~1 if /-► axiom SCI. 

5. modus ponens 3,4. 

It must be remembered that we are using the connectives -> and v as 
abbreviatory devices. Thus lemma 1.6 tells us that 

I- ~\((f> a ~\<j)) 

for any formula cf>. In particular, writing ~l</> for <f>, 

~](-\<f> a n^), 

hence 

\-4>v ~\(f). 

Exercise 1.9. Show that for any formulas </>,i^,0 and x- 

(a) . \-{(f) A0), 

(b) . b <f>—* (\jj—*((f> At/')], 

(c) . b [(<£a jOvOA a/)]-►[(<£ viA)az], 

(d) . b(x^d)^[($- + O/'-»-x))-*( < £ _> ( , /' -> 0))]> 
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(e) . K0 v^)-Kx->[(0a*)v(^ax)]), 

(f) . h *•>:)]—► [(<^> a , 

(g) . h[(^V^)Ax]^[(</)Az)v(^Ax)]. 

Let r be a set of formulas of SC. A proof of the formula 0 from the assump¬ 
tions Z is a finite sequence of formulas 0 1? ...,0 n such that 0 = 0„ and for all 
k^n,(j) k is either an axiom, one of the formulas in Z, or for some i,j<k is 
an immediate consequence of 0 f and 0y. If there is a proof of 0 from the 
assumptions Z we write Z We allow the case in which Z is infinite, but 
the next result shows that this adds nothing new. 

Theorem 1.10. The finiteness theorem for propositional calculus 
If Zh(j>, there is some finite subset Z 0 of Z such that Z 0 b 0. 

Proof. Let 0 1 ,...,0„ be a proof of 0 from the assumptions Z. Let Tq be 
the set of those formulas of Z occurring in this proof. Z 0 is finite and 
0i,...,0„ is a proof of 0 from the assumptions T 0 . 

Let Taut be the set of tautologies of SC and let Prov be the set of provable 
formulas. We now investigate the relationship between these two sets of 
formulas. 

Theorem 1.11. Every provable formula of SC is a tautology . 

Proof. The proof is by induction on the length of proofs. We show that 
each axiom is a tautology and that if 0 and 0->0 are tautologies then so 
also is 0. It will follow that a proof consists of a sequence of tautologies and, 
in particular, that every provable formula is a tautology. 

We first show that any instance of the axiom schema 

SCI. 0->(0-*0) 

is a tautology. Let /be any realization of SC. Then 

=/( _ i0)v/(ni/')v/(<^) 

=/(<£)* v/(«A)*v/(0) 

= i v/OA)* 

= i. 

Thus for any formulas 0,0 the formula 0->(0->0) is a tautology. The 
other axiom schemas can be checked in a similar way. We leave this as an 
exercise for the reader. 
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Now suppose that <j) and are tautologies and that /is any realization 
of SC. It follows that/(</>)= and so 

m=tm a f(m v/w 

= [/(<£) V/(<A)] A [/(<£)* V /O)] 

= [1v/W]a/(^->^) 

= 1 Al 

= 1 . 

Therefore ij/ is also a tautology. This completes the proof. 

Corollary 1.12. There is no formula 4> such that both (j) and ~](j) are 
provable. 

Proof. A realization / satisfies iff* it does not satisfy “I (f>. Therefore <£ 
and “1 (f) cannot both be tautologies. The result is now an immediate 
consequence of the previous theorem. 

Exercises 

1.13. Show that -*((</>-► ~l4 >)and all instances of the schemas 

SC2-SC7 are tautologies. 

1.14. Prove that if Th</> then any realization which satisfies each formula 
of I also satisfies </>. 

Theorem 1.11 shows that Prov^Taut. The next two sections are devoted 
to determining whether the converse inclusion also holds. 

§2. The Lindenbaum algebra 

We are now ready to apply our knowledge of Boolean algebras to the study 
of propositional calculus. To do this we must first impose the structure of a 
Boolean algebra on the set F of formulas of SC. The natural first idea is to 
define the relation on F by 

iff* h(j)-+ll/. 

But although is reflexive and transitive, it fails to be a partial ordering 
because it is not an antisymmetric relation. To see this, notice that by 
exercise 1.9(a), if 0,^ are any two distinct formulas from F 

(j) A(f) and ij/ A(j)^.(j) Aij/, 

but <j) axJ/ and ifr a 4> are distinct formulas. However, in an obvious sense. 
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they are equivalent, so we can overcome this difficulty by first defining the 
relation = on F by 


0 = i j/ iff I-0->0 and b0-»0. 

By lemma 1.6, = is a reflexive relation. It is clearly a symmetric relation 
and it is an immediate consequence of lemma 1.7 that it is a transitive 
relation. Thus = is an equivalence relation on F. 

Exercise 2.1. Show that if 0 = 0' and 0 = 0', then 

H0-+0 iff b 0'—>0'. 

If 0 is a formula in F, we let |0| be the equivalence class under the relation 
= to which it belongs. Thus 


We let 


|0| = {0gF:0^0}. 
F/= ={|0|:0eF}. 


Now we can define the relation ^ on F/ = by 


101 ^ 101 iff F 0—>0 - 

Exercise 2.1 shows that this is an unambiguous definition. 

That we have now overcome our earlier difficulty is shown by: 

Theorem 2.2. ,s/=<F/ =, ^ ) is a complemented distributive lattice, that is, 
a Boolean algebra. In this Boolean algebra: 

|0| = 1 iff\r<f> and |0|=O z#>n0. 

Proof. By lemma 1.6, ^ is a reflexive relation; by definition it is an 
antisymmetric relation and lemma 1.7 shows that it is a transitive relation. 
Thus < is a partial ordering of F/ = . 

Let {|0|, |0|} be any two element subset of F/ = . We show that (0 a 0[ is 
its infimum. By SC4a and SC4b 

b (0 a 0)—>0 and b (0 a 0)—>0 

whence |0 a 0|^|0| and |0 a0|<|0|. So |0a 0| is a lower bound for 
{|0|,|0|}. Suppose \x\ is a lower bound for {101,101}- Then b*->0 and 
b£->0. Hence by SC5 and two applications of modus ponens, b£->(0 a 0). 
This shows that |0 a 0| is the greatest lower bound, i.e. the infimum of 
{|0|,|0|}. Similarly |0v0| is the supremum of {101,101}- We have now 
shown that ^ is a lattice. 
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By exercise 1.9(c) and (g) for any formulas 0,0,/ 

1(0 v 0) a x\ = 1(0 a /) v (0 a *)|, 
hence, by the remarks above, 

(101 V |0|) A |xl =(101 A \X\) V(|0[ A |/|), 

and, by exercise 1.1.15, this shows that Jt/ is a distributive lattice. 

By SCI, if b0, then for any formula 0, b0->0 and so |0|^|0|. Hence 
|0| = 1, the maximum element of stf. Similarly, using lemma 1.8, if b "10, 
then |0| =0, the minimum element of s/. Conversely if |0| = 1, then for any 
formula 0, |0|<|0| and so b0->0. Therefore choosing 0 so that b0, by 
modus ponens b 0. Similarly, if |0|=O then b “10. 

Finally notice that we have already remarked that for any formula 0, 

b0v~]0 and b"l(0 a ”10), 

hence 

|0| v | “i0| = 1 and 101 a | “l0| =0. 

This shows that is a complemented lattice, and that the complement 
of |0| is |“10|. 

We have now shown that a/ is a complemented distributive lattice, that is, 
a Boolean algebra, and our proof is completed. 

Since, by corollary 1.12, not every formula of F is provable, contains at 
least two elements. We call sf the Lindenbaum algebra of SC. 

§3. The completeness of propositional calculus 

We are now going to show that all tautologies are provable. Together with 
theorem 1.11 this will imply that 

Taut = Prov 

and hence that our axiom system does just what we want it to do. In other 
words it will show that our axiomatization is complete. 

Lemma 3.1. Let h be a homomorphism of the Lindenbaum algebra stf into 
the Boolean algebra 2. If f is defined on P by f ( p n ) = h (\p n \), then f is a real¬ 
ization of SC such that for each formula 0 of F 

/(0) = *( 101). 

Proof. The proof is by induction on the number of logical connectives 
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in (j). By hypothesis it is true for propositional variables standing by them¬ 
selves. Suppose it is true for the formulas </> and i//. Then since h is a homo¬ 
morphism 

/(<£ A •A) = /( < / > ) A /(l^) = /l(|</>|) A /l(|l^|) = /l(|^)| A = /)(!</> A 

and 

/(-i </>)=/(<£)* =h m*-=h (101*):= h(n 4 >\), 

and hence the result is true for all formulas. 

The realization /is called the realization induced by h. 

Now we observe that there is a natural correspondence between ultra¬ 
filters in the Boolean algebra stf and realizations of SC. If U is an ultrafilter 
in then, by theorem 1.4.9, the quotient algebra s/IU is isomorphic to 
the two element Boolean algebra 2. Thus corresponding to U we obtain the 
realization f v of SC induced by the canonical homomorphism of stf into 
stfjU. On the other hand if/is a realization of SC let 

u f ={\m{<t>)= i}. 

Exercise 3.2. Show that U f as defined above is an ultrafilter in stf . 

This exercise shows that corresponding to each realization of SC we obtain 
an ultrafilter in st. This correspondence is the essential idea in the proof of 
the theorem that follows. 

Theorem 3.3. The completeness theorem for propositional calculus 
Each tautology of SC is provable. 

Proof. Suppose that </> is an unprovable formula of SC. Then in the 
Lindenbaum algebra^/, |0| # 1 and so | H</>| ^0. Therefore, by corollary 1.3.6 
to the ultrafilter theorem, there is an ultrafilter Uin stf which contains | 

By theorem 1.4.9, 2. Let / be the realization of SC induced by the 

canonical homomorphism h of stf into stfjU. Since | “l</>|e U, h(\ ~\(j)\)= 1 
and so /( = 1. It follows that / (</>) = 0 and so </> is not a tautology. 

This concludes the proof. 

Theorem 3.4. The deduction theorem for propositional calculus 
Let I be a set of formulas of SC and let (j),^ be any formulas of SC. If 
X u {(j)} h ij/, then X I- </>-h/ 

Proof. Suppose Xu {(j)} h i/c By the finiteness theorem there is some finite 
subset {</>!,...,</>„} of X such that 

w {<^> s- . 
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Therefore, by exercise 1.14, every realization satisfying {0 1? ...,</>„} u{0} 
also satisfies ij/. Hence, by exercise 1.4, 

(4>l A ••• A <£„)->■(</>->■ l/,) 

is a tautology and so, by the completeness theorem, is provable. Clearly 
therefore 

{<£l,I- 

and hence 

The deduction theorem is usually proved syntactically by giving a procedure 
for converting a proof of ij/ from the assumptions X u {</>} into a proof of 
from the assumptions X. In some ways a syntactical proof is preferable 
since it gives more information than a semantic proof. Thus an analysis of 
the usual syntactic proof of the deduction theorem (see e.g. Mendelson 
[1964] page 32) shows that given any system of propositional calculus, 
whose only rule of inference is modus ponens, then the deduction theorem 
holds for the system iff all formulas of the forms of the axiom schemas SCI 
and SC2 are provable in the system. 

In order to prove the completeness theorem we needed to show that 
certain formulas are provable. It will be evident by now that we chose our 
axioms so as to make this easy. In fact it is possible to show that the axiom 
schemas SC1-SC3 alone form a complete axiomatization for SC (see 
Church [1956] pages 118-128). Therefore it is possible to prove all the 
axioms of the forms SC4-SC7 from the axioms of the forms SC1-SC3. We 
have refrained from doing this since finding proofs of formulas in SC is 
somewhat tedious and the proofs when they are found are apt to be long, 
even for quite simple formulas. This can be seen by examining the proofs of 
lemmas 1.7 or 1.8 or by trying to solve exercise 1.9. It should however be 
noted that we made things rather difficult for ourselves by postponing the 
proof of the deduction theorem until we could give a semantic proof of it. 
The use of this theorem, as well as of other derived rules, makes it much 
easier to prove that particular formulas are provable. We do not pursue this 
point since now that we know that the completeness theorem holds an even 
easier method is available to us for doing this. 


§4, The compactness of propositional calculus 

A set X of formulas of SC is said to be consistent if there is no formula </> 
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such that both <j> and 1 (f> are provable from the assumptions E. Corollary 
1.12 shows that the empty set of formulas is consistent. We say that a single 
formula 0 is consistent if the set {</>} is consistent. 

Lemma 4.1. If E is a set of formulas and $ is any formula then Eu {</>} is 
consistent iff not E f “l 0. 

Proof. If 2T~10 then obviously Ev {< j >}\--\< f >; but clearly {</>} l-</> 
and therefore E u {</>} is not consistent. 

Suppose that E u {</>} is not consistent. Say E u {<p} 1- 1 ]/ and E u {</>} h n t//. 
Then, by the deduction theorem, E\-(p-nl/ and E\~4>^~]\j/. By exercise 1.13 

is a tautology and hence, by the completeness theorem, provable. Therefore, 
using modus ponens twice, 1 1- "1 <£. 

It follows from this lemma that 0 is consistent iff ~]( f ) is not provable. The 
completeness theorem is equivalent to the statement that “1 <j> is not provable 
iff (j> is satisfiable. Thus the completeness theorem can be restated as 
A formula </) is consistent iff it is satisfiable. 

Clearly a finite set {<£ 1 ,of formulas is consistent iff the single formula 
($1 a ... a <£„) is consistent. So the completeness theorem can also be stated as 
A finite set of formulas is consistent iff it is satisfiable. 

We now consider the question as to whether this remains true if we replace 
‘finite’ by ‘infinite’. That it does is a consequence of the next result. 

Theorem 4.2. The compactness theorem for propositional calculus 
Let I be a set of formulas of SC. Then I is satisfiable iff every finite subset of 
I is satisfiable. 

Proof. Clearly if I is satisfiable then so also is each finite subset of I. 
For the converse suppose that each finite subset of I is satisfiable. Sup¬ 
pose n<co and that we have found a map / of {pp.iKn} into 2 such that 
for each finite subset I 0 of I there is a realization which satisfies I 0 and 
agrees with/on the set {pp.iKn}. (In the case n= 0 this is equivalent to our 
hypothesis that each finite subset of I is satisfiable.) Then we show that / 
can be extended to the set {ppA^n} so that this same property holds. 

Suppose that this property does not hold if we put/ (p„)= 0. Then it must 
be the case that there is some finite subset I 0 of I which is not satisfied by 
any realization which agrees with / on {pp.i<n} and in which p n gets the 
value 0. Let l x be any finite subset of I. Then 2' 2 = I' 0 u2' 1 is a finite subset 
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of Z and so, by hypothesis, is satisfied by a realization which agrees with/ 
on {/? f :/<«}. By the choice of Z 0 in this realization p n must be mapped 
onto 1. Therefore Z 1 is satisfied by a realization which agrees with / on 
{p t :i<n} and in which p n gets the value 1. 

It follows that we can define, by recursion on n , a realization/ of SC such 
that for each n<a>, every finite subset of Z is satisfied by a realization which 
agrees with / on {pp.iKn}. 

f satisfies Z. For suppose (fteZ, then by choosing n large enough so that 
all the propositional variables of (ft occur in { pp.icn }, it can be seen that/ 
satisfies (ft. 

This completes the proof. 

Let a be an infinite cardinal. If we had formulated SC so that it had 
{pf£< a} as its set of propositional variables the compactness theorem 
would still hold and we could prove it in essentially the same way. We also 
have the following topological proof: 

We give the set {0,1} the discrete topology. Since each formula (ft contains 
only finitely many propositional variables the set (ft °f those realizations 
which satisfy (ft is open in {0,1 } p ' with the product topology, where 
p' = {p^:£< a}. Since those realizations which satisfy (ft are precisely those 
which do not satisfy ~\<ft, 0 is also closed. Let T— {<ft:(fteZ}. By hypothesis 
T has the finite intersection property, and {0,1 } p ' being the product of 
compact spaces is also compact. Therefore P {(ftufteZ} is not empty. But 
Pi {(ft:(fteZ} is the set of those realizations which satisfy Z. 

The fact that the compactness theorem is equivalent to the compactness of 
the space {0,1 } p explains how it gets its name. The syntactic analogue of 
the compactness theorem is a straightforward consequence of the finiteness 
theorem. 

Theorem 4.3. A set Z of formulas is consistent iff each finite subset of Z is 
consistent . 

Proof. Suppose Z has an inconsistent finite subset Z 0 . Any formula 
provable from the assumptions Z 0 is also provable from the assumptions Z 
and therefore Z is also inconsistent. 

Conversely suppose that Z is not consistent. Then for some formula 
(ft, Zb<ft and Zb ~l<ft. By the finiteness theorem there are finite subsets Z l9 Z 2 
of Z such that Z 1 b<ft and Z 2 b~](ft. Then Z 0 — Z l u Z 2 is an inconsistent finite 
subset of Z since both (ft and ~](ft are provable from the assumptions Z 0 . 
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Together the last two theorems yield the following extension of the com¬ 
pleteness theorem. 

Theorem 4.4. The generalized completeness theorem for propositional 

CALCULUS 

I is a consistent set of sentences of SC iff I is satisfiable. 

Proof. By theorem 4.3, I is consistent iff each finite subset of 1 is con¬ 
sistent, and by the completeness theorem this holds iff each finite subset of 
E is satisfiable. The compactness theorem says that this is true iff I is 
satisfiable and so our proof is finished. 

As an application of the compactness theorem for propositional calculus we 
give the following amusing example. 

Theorem 4.5. Let B be an infinite set of boys each of whom has at most a 
finite number of girl friends . If for each integer k, any k of the boys haw 
between them at least k girl friends, then it is possible for each boy to marry 
one of his girl friends without any of them committing bigamy . 

Proof. We shall need to use the following lemma dealing with the finite 
case. 

Lemma. If C is a set of m boys and for each k^m, any k of the boys have at 
least k girl friends between them, then it is possible for each boy to marry one 
of his girl friends without any of them committing bigamy. 

Proof of lemma. The proof is by induction on m. The result is obvious 
in case m= 1. We assume it holds whenever m<n and that there are n boys 
in C. There are two cases to consider: 

(a) . If k<n , any k boys have at least k+ 1 girl friends between them. 

(b) . For some k<n , there is a set S of k boys who have exactly k girl 

friends between them. 

In case (a) we marry one of the boys to any one of his girl friends. We can 
then apply the induction hypothesis to the remaining boys and girls. 

In case (b) we use the induction hypothesis to marry each boy in S to a 
girl friend so that bigamy is not committed. We claim that for l^n — k, any / 
of the remaining boys have between them at least / girl friends among the 
remaining girls. For if T were a set of / remaining boys having fewer than 
/ girl friends left, then S u T would be a set of k+l boys having fewer than 
k+l girl friends altogether, contradicting the original hypothesis. It follows 
that we can again apply the induction hypothesis to the remaining boys and 
girls. This p *oves the lemma. 

We are now ready to prove the main theorem. Let 2?={6 f :/e/} and let 
G={gy. jeJ } be the collection of all girl friends of the boys in B. We let L 
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be the propositional language whose propositional variables are the elements 
of the set 

{Pi/.iel and jeJ}. 

Let Z be the set of formulas of L consisting of: 

(1) . For each /eJ, the formula 

Puo' v **‘ v J>uV’ 

where g jo ' 9 — 9 g jk ' are all the girl friends of b { . 

(2) . For each iel and each distinct pair jj' of elements of J, the formula 

~l(Pu A Pu)- 

(3) . For each jeJ and each distinct pair /,/' of elements of /, the formula 

Let Z 0 be a finite subset of Z. We show that Z 0 is satisfiable. Let C be the set 
of all those boys b x such that for some jeJ the propositional variable p {J 
occurs in some formula of Z 0 . C is a finite set of boys to which the hypothesis 
of the lemma applies. Hence each boy in C can marry one of his girl friends 
without bigamy being committed. We assign p ij the value 1 iff b t marries gj 
under this arrangement, and 0 otherwise. It is clear that the realization so 
defined satisfies Z 0 . 

We can therefore conclude from the compactness theorem that there is 
some realization, say /, satisfying Z. We now marry b t to g j iff / (/? fi ) = 1. 
Since Z contains all the formulas of (1) each boy marries one of his girl 
friends. Bigamy is not committed because Z contains all the formulas of 
(2) and (3). 

This completes the proof of the theorem. 

It should be noted that the theorem is false if we drop the restriction that 
each boy has only a finite number of girl friends (which is, after all, a 
plausible assumption). We leave it to the reader to construct a counter¬ 
example in this case. (This is connected with the fact that the compactness 
theorem fails for propositional languages with infinitely long formulas. 
This is discussed further in ch. 14.) 

Exercise 4.6. It is easy to see that a partial ordering on a finite set can be 
extended to a total ordering. Use the compactness theorem to show that this 
result is also true for infinite sets. 
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Exercise 4.7. A graph is an ordered pair < G,R > where R is a symmetric 
relation on G. Distinct elements g,g' of G are said to be connected in the 
graph if (g,g'}eR. A graph is k-chromatic if G can be partitioned into k 
disjoint sets so that connected points are not in the same set. Use the 
compactness theorem to show that a graph is /achromatic iff all its finite 
subgraphs are k~ chromatic. 

§5. Historical and bibliographical remarks. 

For a general account of the history of modern logic the reader is referred 
to the comprehensive work of William and Martha Kneale [1962] and 
for a survey of the early literature to the historical notes in Church [1956] 
pages 155-166. 

The algebra stf is called the Lindenbaum algebra of SC in memory of the 
Polish mathematician Adolf Lindenbaum who was killed by the Nazis in 
the summer of 1941. Lindenbaum and Tarski developed the idea of the 
algebra independently around 1935; Lindenbaum’s results were not publish¬ 
ed. The justice of calling s# after Lindenbaum is discussed in Rasiowa and 
Sikorski [1963] (footnote to page 245). 

The completeness of propositional calculus was first proved by Post [1921] 
using conjunctive normal forms. Another proof was given by Kalmar 
[1934-35]. Kalmar’s method is the one used in most of the standard text¬ 
books. 

The proofs of Post and Kalmar both provide explicit recipes for con¬ 
structing a proof of a given tautology. The proof that we have given, which 
is due to Rasiowa and Sikorski [1951], does not have this character, and 
since it depends on the ultrafilter theorem is not a constructive proof. How¬ 
ever when we come to consider the predicate calculus in the next chapter 
we shall see that although there is an analogous completeness theorem this 
result cannot be proved constructively. In this case the Boolean algebra 
proof has a great advantage in terms of elegance and the way it highlights 
the algebraic nature of the result. The use of Boolean methods to prove the 
completeness of propositional calculus serves not only as an introduction 
to the ideas involved but also helps to show the similarities, and the differ¬ 
ences, between the two cases. 

The proof of the compactness theorem for propositional calculus is based 
on a combinatorial lemma of R. Rado [1949]. We have taken theorem 4.5 
from Halmos and Vaughan [1950] where the history of the result is de¬ 
scribed. 



CHAPTER 3 


PREDICATE CALCULUS 


In this chapter we formulate the predicate calculus with equality and we 
prove that the axiom system that we give is complete. No previous know¬ 
ledge of predicate logic is necessary for an understanding of this chapter 
but, since we assume that most readers will already have met most of the 
ideas involved, our treatment will be brisk and will touch only on the 
essentials. 

§1. The language L 

The logician De Morgan once gave the following example of an argument, 
which is undoubtably logically valid, but which cannot be expressed in 
propositional calculus, that is, in the system described in the previous 
chapter: 

All horses are animals. 

Therefore all horses’ heads are animals’ heads. 

In order to cope with valid arguments of this sort involving relations we 
now introduce the language L of predicate calculus with equality. 

The basic symbols of L fall into six categories as follows: 

(a) . Individual variables . The individual variables of L are the elements of 

the countable set 

{v n : n ecu) . 

Usually we shall call the elements of this set just variables. 

(b) . Predicate letters. The predicate letters of L are the elements of the 

countable set 

{P n :nea>}. 

Associated with each predicate letter P n there is a non-negative 
integer S(n) called the degree of P n . 
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(c). Equality symbol L has the equality symbol 


which is sometimes also called the identity symbol. 

(d) . Logical connectives . The logical connectives of L are 

"1 (read ‘not’) and a (read ‘and’) 

(e) . Quantifier symbol L has the single quantifier symbol 

3 (read ‘there exists’) 

(/). Punctuation symbols . The punctuation symbols of L are 

( ) , 

By a logical symbol we mean a logical connective or a quantifier symbol. 
A string is a finite sequence of symbols of L. We again single out a subset 
of the strings, the formulas of L. We do this in two stages. An atomic formula 
is a string which is either of the form 

*=y, 

where x,y are two variables (not necessarily distinct), or of the form 

P n (x u ...,x m ) 

where x 1 ,...,x 3(n) are any S(n) variables of L. We are now able to give the 
following recursive definition of a formula : 

(1) . An atomic formula is a formula. 

(2) . If are formulas and x is a variable, then "l$, (</> a^) and (3x)</> 

are also formulas. 

(3) . A string is a formula only if it follows from a finite number of 

applications of rules (1) and (2) that it is a formula. 

We let F be the set of formulas of L. Thus F is the smallest set of strings 
which contains all the atomic formulas and whenever it contains (j) and \j/ 
also contains ((f) a \j/) and (3x) <£, where x is any variable. 

It should be noted that which strings are formulas depends on the values 
of the function S . So we obtain a different language for each function S 
defined on the set of natural numbers with natural numbers as values. We 
could indicate the dependence of the language L on S by using to denote 
this language. However this would cause an unnecessary complication in 
the notation and so we prefer to be deliberately ambiguous and use just L. 
As was the case with propositional calculus we now introduce some new 
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logical symbols as abbreviatory devices. We introduce the connectives 

v (‘or’), 

—► ('implies’) 

and 

- (‘iff’) 

which are used in the same way as in propositional calculus. That is, 

(0 v {)/) abbreviates n (“1 (j> a 1 \j /), 
abbreviates "](</> a 

and 

abbreviates (l(0 a 1 1 /^) a n(i /'a “I</>)). 

We also introduce the new quantifier symbol 

V (Tor all’) 

which is used in the following way: 

(Vx) (j) abbreviates ~l(3x)“l (j). 

Again we omit brackets or use brackets of a different shape when this makes 
formulas easier to read. 

It is clear from these definitions that if (j) and ij/ are formulas and x is any 
variable then (<£ v x//), (<t>-+xp), (c p and (Vx) (j) are also formulas. 

Let x be a variable. By the x-quantifier we mean the string 

(3*). 

We define the scope of an occurrence of the x-quantifier in a formula re¬ 
cursively as follows. In each case we underline the occurrence of the x- 
quantifier whose scope is being defined: 

(a) . The scope of (3x) in (3 x)<j> is (3x)<£. 

(b) . The scope of (3x) in “1 X (3x) Y is the same as its scope in X (3x) Y. 

(c) . The scope of (3x) in X(3x)YaxI/ or xj/ a X(3x)Y is the same as its 

scope in X (3x) Y. 

(d) . The scope of (3x) in (3 y)X(3x) Y is the same as its scope in F(3x) F. 
Here X and Y are any (possibly empty) strings, (j) and xjj are any formulas and 
y is any variable. Thus, for example, in the formula 

n (3v 0 )[(3tJ 1 )[(3i> 2 ) P (Vi ,v 2 ) a P (v 1 ,t> 0 )] v~[P (tfo^o)] 
the scope of the ^-quantifier is 

( 3 »o)[(3»i)[(3t> 2 ) p ( v u v 2 ) A P(v!,v o y] V , 
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that of the ^-quantifier is 

( 3 »i)[(3p 2 )P(»i,» 2 ) a jP(^i,Vo)] . 

and that of the ^-quantifier is 

(3 v 2 )P(v 1 ,v 2 ). 

An occurrence of the variable x in a formula is said to be a bound occurrence 
if it occurs in the scope of an x-quantifier. Otherwise it is said to be a free 
occurrence of the variable. Thus given any formula 4> and any occurrence 
of the variable x in <£, by seeing how </> is built up from atomic formulas we 
can tell whether the occurrence of x is bound or free. Any particular oc¬ 
currence is either free or bound, but not both, however a variable x can 
have both free and bound occurrences in the same formula. 

Exercises 

1.1. In the formula 

( 3 ”l)[(Vtf 2 )|>i = V 2 ->P l (v 2 ,V 3 )] V [t>, = V 4 A P 2 (v 2 ,t> 4 )]] , 

which occurrences of variables are free and which are bound? 

1.2. Show that the following definition of free occurrences of variables is 
equivalent to that given above: 

(a) . All occurrences of variables in atomic formulas are free occurrences. 

(b) . The free occurrences of x in 10 correspond to the free occurrences 

of x in cj ). 

(c) . The free occurrences of x in 4 > a \ j / correspond to the free occurrences 

of x in ( j ) and the free occurrences of x in ij /. 

(d) . The free occurrences of x in (3 y)(j> correspond to the free occurrences 

of x in 0 if y is a different variable to x, while if y is the same as x 
then x has no free occurrences in (3 y)4>. 

Suppose that (f) is a formula which has no free occurrence of the variable x. 
Then we say that the first occurrence of the x-quantifier in the formula 
(3x)<?!> is a vacuous occurrence of that quantifier. It should be noted that 
our formation rules allow vacuous occurrences of quantifiers. Thus accord¬ 
ing to our rules both 

(3v 0 )P l (v 1 ,v 2 ) and (3t> 0 )(3;; 0 )/> (o 0 , yi ) 

are (well-formed) formulas (provided, of course, that P, is a predicate letter 
of degree 2). 

A formula in which no variable occurs free is called a sentence. If the 
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formula (j> contains the variable a' free, then, in a sense which will be made 
more precise later on, 4> ‘says something’ about x and we often indicate this 
situation by writing (j> as (j>(x). We denote the result of replacing all free 
occurrences of x in (j> (a ) by occurrences of the variable y by cj> ( v). i p (>') will 
not necessarily say the same thing about y as <p (x) says about x. Compare, 
for example, the following pairs of formulas: 


<H V o) 


H v i) 


Pi (v 0 ,v 2 ) 

P 2 (v o^i) 


Pi (v u v 2 ) 

P 2 (v l.»l) 

( 3 « , l)[ P 3(»l)- , ’ P 4(»l)] 


Only in the first case does <£(u,) say the same thing about v 2 as 4>(v 0 ) does 
about v 0 . We see from these examples that for this to be the case we must 
have that 

(a) . v x does not occur free in 4> (v 0 ), and 

(b) . v 0 does not have any free occurrences in </> (u 0 ) which are in the scope 

of a Vy -quantifier. 

If (b) holds we say that v t is free for v 0 in (j) (v 0 ). It is evident that, in general, 
y is free for * in 0 if whenever all free occurrences of * in 0 are replaced by 
occurrences of y then the new occurrences of y that result from this substi¬ 
tution are all free occurrences. 

Exercise 1.3. In which of the following formulas is v x free for i> 0 ? 

(a) . ( 3v 2 )P(v 0 ,v 2 ); 

(b) . (Vv 0 )(3v 2 )P(v 0 ,v 2 ); 

(c) . (3y,)(3u 0 ) / > (u 0 ,t> 1 ) a P(v u v 0 ); 

(d) . (Vtii)[(3d 0 )/ > (v 0 ,v t ) a P (»!,«„)] ; 

(e) . 

§ 2. Interpretations of L 

We saw in the previous chapter that, essentially, interpretations of formulas 
of propositional calculus consist of assignments of the truth values true and 
false to the propositional variables occurring in them. In the case of predicate 
calculus the situation is more complicated. In order to interpret formulas 
of L we have to specify firstly over which set of objects we take the variables 
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to be ranging and secondly how the predicate letters are to be interpreted. 
Both choices will affect the truth of a formula under a given interpretation. 
Consider, for example, the sentence <7, namely 

(Vr 0 ) M (v 0 ). 

If we interpret M as the predicate is a European’, then a is true if we 
interpret the variables as ranging over all Englishmen and false if we interpret 
the variables as ranging over all algebraists. While if we interpret the variables 
as ranging over all algebraists then a is false if we interpret M as the predi¬ 
cate ‘... is an Englishman’ and true if we interpret M as ‘... is a mathema¬ 
tician’. Thus an interpretation of L will consist of a set over which we 
consider the variables to range, and predicates or relations defined on this 
set as interpretations of the predicate letters. 

By a relational structure we shall mean such an interpretation. That is, a 
relational structure is an ordered pair 

where A, the domain of 31, is a non-empty set and for neca R n is a finitary, 
say A(«)-ary, relation on A. We reserve upper case German letters to denote 
relational structures and we use the corresponding Roman letter, with the 
necessary subscripts, to denote the domain of the given relational structure. 
The relational structure 31 will count as an interpretation of the language L 
if the degrees of the relations R n correspond to the degrees of the predicate 
letters P n . That is, if for neco, 5{n) = X(ri). In this case we say that the re¬ 
lational structure 31 is a realization of the language L and that L is appropriate 
for the structure 31. We call the relation R n the value of P n in the realization 31. 
If one was asked whether 

x<9 

was a true formula of arithmetic the natural response would be: ‘it all 
depends on the value of x\ We see from this that if </>(r) is a formula con¬ 
taining a free occurrence of the variable v then before we can say whether 
or not this formula is ‘true’ of the realization 31 we have to interpret v as 
referring to some specific element of A. It is most convenient to do this by 
giving a simultaneous interpretation to all the variables of L whenever they 
occur free in formulas. This is done by specifying a sequence 

x = <x 0 ,x 1 ,...,x„,...> 

of elements of A. x is called a valuation of the variables of L. The valuation 
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x tells us to interpret free occurrences of the variable v n as referring to the 
element x n of A. If x is a valuation, and aeA, x(n/a) is the valuation which 
assigns the same values to the variables as does x except that it assigns the 
value a to v n . Thus if x is as above, then 

x(nla) = (x 0 ,x i ,...,x n _ u a,x n+l9 ...>. 

Notice that the value assigned to v n by x(n/a) is independent of the value 
assigned to v n by x. 

We are now able to give a precise definition, due to Tarski, of whether a 
formula is true of a given realization of L under a given valuation of the free 
variables. We define the relation x satisfies $ in 21, which we write as 
2If=*$, recursively as follows: 

(a) . 2lf=*t; w = v n iff x m is the same element as x„. 

(b) . W\= x P n (v h ,...,v id( J iff 

(c) . 21N* “I$ iff not 211=*$. 

(d) . 2 II=*$a$ iff 2lN*$and2IN*$. 

(e) . 21 h*(3i;„)$ iff for some aeA, 21 t=* (l , /fl )$. 

Exercises 

2.1. Let $ be a formula of L, 21 be a realization of L and x a valuation. Show 
that 2lh*(Vr /J )</> iff for all aeA , 21 N* ( „ /fl) $. 

2.2. Let $ be a formula of L, 21 be a realization of L, and let x,y be valu¬ 
ations such that whenever v„ occurs free in 4 >, x n = y n . Prove that 211=*$ iff 

Because of the result given by this last exercise we shall often write 
211= $[x 0 ,...,x„] instead of 211=*$ whenever the free variables of $ occur 
among v 0 ,...,v n . Thus we write 21 N $ [x 0 ,...,x„] whenever any valuation 
which assigns the value x f , for i^n, satisfies $ in 21. In particular if o is 
a sentence, that is a formula without any free variables that require inter¬ 
pretation, then if 21 N*o- for some valuation x, then 21 f=*<r for all valuations x. 
In this case we just write 211= <r and we say that a is true or valid in 21 and 
that 21 is a model of o. If 1 is a set of sentences of L we say that a realization 
21 is a model of I if 21 is a model of each sentence in 1. In this case we write 
2li=r. 

A sentence a is said to be universally valid if it is valid in all realizations. 
Thus, roughly speaking, a sentence is universally valid if it is true under any 
interpretation. We shall want to qualify this last remark slightly later on. 
The notion of a universally valid sentence of predicate calculus is therefore 
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analogous to that of a tautology of propositional calculus. In the case of 
propositional calculus we saw that in order to determine whether or not a 
given formula is a tautology we need only check a finite number of reali¬ 
zations and thus that we had a decision procedure for determining whether 
or not a formula is a tautology. The situation is different for predicate 
calculus. 

Although we show subsequently that in order to decide whether a sentence 
of predicate calculus is universally valid it is not necessary to check all 
realizations, it will, in general, still be necessary to check an infinite number 
of them. Also, given any particular realization there is not necessarily a 
decision procedure for deciding whether an arbitrary sentence is true in it. 
Therefore the method of checking realizations does not provide a decision 
procedure for universal validity. Indeed it has been shown by Church [1936] 
that there is no decision procedure for determining whether or not an 
arbitrary sentence of predicate calculus is universally valid. In other words, 
the set of universally valid sentences of predicate calculus is not recursive. 
We do not give a proof of this result since it is outside the scope of the book. 

Given this situation there is considerable interest in trying to find an 
axiom system that will generate all universally valid sentences. Among other 
things, if we succeed in this task we shall have shown that the universally 
valid sentences of predicate calculus form a recursively enumerable set, a 
fact which is not evident from the definition. We turn our attention to this 
task in the next section. 

§3. An axiom system for predicate calculus 

We now describe the axiom system P C for predicate calculus with equality. 

The axioms of PC fall into three groups. By a substitution instance of a 
propositional tautology we mean a formula of L which can be obtained 
from a tautology of propositional calculus by substituting formulas of L 
for the propositional variables. It is clear that all substitution instances of 
propositional tautologies are universally valid. To ensure that they are all 
provable in PC we take as our first group of axioms all instances of the 
following schemas, corresponding to the axiom schemas of SC: 


PCI. 


PC2. 


PC3. 

(~i 4 > -* ~i OA 4 > ) > 

PC4a. 


PC4b. 
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pcs. (*->«-* [(*->*)- Of- W A *])], 

PC6a. cp-+((pv xp) 9 
PC6b. 

PCI. (4>->x)- > -[('l'^x)->(l<pvil/]->x)'], 

where (p,xp and x are any formulas of L. 

Secondly we require some axioms involving the quantifiers of L. We take 
for these all instances of the two schemas: 

PC8. (Vx)0(x)^<£(>)> 

PC9. (Vx)(^M^(Vx)*), 

where x,>> are any variables of L, xp is any formula of L and in PC8 (p is any 
formula of L in which y is free for x and in PC9 <p is any formula of L which 
contains no free occurrence of the variable x. 

Finally we require axioms involving the equality symbol. We take for 
these all instances of the following schemas: 

PC 10. (Vx)(x = x), 

PCll. (Vx)(Vj)(*=j^ [<£-►<£']), 

where x is any variable, <p is any formula of L in which the variable y is free 
for x, and (p f is the result of replacing some, but not necessarily all, of the 
free occurrences of x in <p by y. 

The system PC has two rules of inference. These are: 

Modus ponens : xp is an immediate consequence of (p and (p^xp, where (p 
and xp are any formulas of L. 

Generalization : (Vx)</> is an immediate consequence of <p 9 where (p is any 
formula and x is any variable of L. 

A proof of a formula (p is a finite sequence, say <p u ...,(p n , of formulas such 
that (p = (p n and for each i^n, (p t either is an axiom, or for some j,k<i is 
an immediate consequence of (pj and (p k according to the rule modus ponens, 
or for some j<i is an immediate consequence of (pj according to the rule of 
generalization. A formula (p is said to be provable if there is a proof of it. 
If (p is a provable formula we write \-<p. 

Lemma 3.1 . If (p is a substitution instance of a propositional tautology then b (p . 

Proof. Since all formulas of the forms PC1-PC7 are axioms of PC and 
modus ponens is a rule of inference of PC, this is obvious. 

We use this result frequently to simplify proofs that formulas are provable 
in PC. We have already adopted the convention of writing (p (x) to indicate 
that the variable x occurs free in (p . We extend this convention and write 
0(x lv ..,x„) to indicate that all the variables x l5 ...,x„ occur free in (p . 
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Lemma 3.2. For any formula (j)(x , y) of L, 

b(Vx)(V>>) 4> (x,y)->(Vy)(Vx) 4f> (x,y). 

Proof. By PC8, 

h(Vx)(Vy) 4> (x,y)->(Vy) 4> (x,y), 

and 

\-(Vy)4 , (x,y)^4>(x,y). 

Therefore, using lemma 3.1, the fact that (p-*q)-> [(<7- > i’ - ) -> (P ->r )] * s a 
propositional tautology, and two applications of modus ponens, 

b(Vx)(Vy) 4> (x,y)-> 4> (x,y). 

Hence, by generalization 

b(Vx)[(Vx)(V>’) 4> (x,y)-><£ (x,y)], 

and so, by PC9 and modus ponens, 

h(Vx)(Vy) 4> (x,y)->(Vx) </> (x,y). 

Finally, using generalization, PC9, and modus ponens again in a similar way 
b(Vx)(V>>) 4> (x,y)-*(Vy)(Vx) 4> (x,y). 

By an open formula we shall mean a formula which contains no quantifiers. 
The closure of a formula (j) is the formula which results from (j) on prefixing 
the universal quantifier (Vx) for each variable x that occurs free in </>. Thus 
if the free variables that occur in 0 are x u ... ,x n then the closure of <f> is 

(Vx,)...(Vx„)0. 

By lemma 3.2 the order in which we prefix the quantifiers is unimportant. 
The closure of a formula contains no free variables and is therefore a 
sentence. 

Lemma 3.3. A formula is provable iff its closure is provable. 

Proof. This is evident since PC contains the rule of generalization and 
the axiom schema PC8. 

Let I be a set of formulas of L. A formula 0 is said to be provable from the 
assumptions I if there is a finite sequence of formulas, say , such 

that (j) — (t) n and for each i^n, (p t either is an axiom, one of the formulas 
in T, or for some j,k<i is an immediate consequence of 4>j and $ k according 
to the rule modus ponens, or for some j<i is an immediate consequence of 
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(j)j according to the rule generalization. If 0 is provable from the assump¬ 
tions I we write IV 0, and we say that $ is deducible from I. 

Theorem 3.4. The finiteness theorem for predicate calculus 
If IV (f), there is some finite subset I 0 of I such that I 0 V(j). 

Proof. The proof of this result is the same as that of the finiteness theorem 
for propositional calculus. 

Exercises 

3.5. Show that for any variables x,y,z of L 

b (Vx)(Vy)[x== = x], 

and 

t-(Vx)(\/y)(Vz)[(x = y Ay = z)^x = z], 

3.6. Show that if <p(x 1 ,...,x n ) is any formula with free variables among 
x l9 ...,x n and for i^n, y t is free for x { in <j) then 

h [x 1 =y 1 a ••• a x n = y n ]-^l4)(x u ...,x n )-*<t>(y l ,...,y n y\ . 

We let Val be the set of all universally valid sentences of L and Prov be the 
set of all provable sentences of L. We now begin investigating the relation¬ 
ship between these two sets. 

Theorem 3.7. Each provable sentence is universally valid . 

Proof. The proof is essentially the same as that of the analogous theorem 
for propositional calculus (theorem 2.1.11) by induction on the length of 
proofs. However not all the formulas occurring in a proof of a sentence 
will necessarily be sentences. So what we in fact show is that the closure of 
each formula occurring in a proof is universally valid. To prove this it is 
sufficient to check that the closure of any axiom is universally valid and 
that the rules of inference yield formulas whose closures are universally 
valid from formulas which have this property. This we leave as an exercise 
for the reader. 

A set I of formulas is said to be consistent if there is no formula (j> such that 
both </> and ”1 </> are provable from the assumptions I. 

Corollary 3.8. The consistency of predicate calculus 
The empty set of formulas is consistent . 

Proof. By theorem 3.7 if both <j> and ~| (p are provable without any 
assumptions then both </> and ~]<j> are universally valid which is clearly 
impossible. 
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This corollary shows that the system PC is consistent since it cannot be used 
to prove contradictory formulas. The proof of consistency is not constructive 
since it involves the notion of universal validity. Readers who desire a 
constructive consistency proof should observe that our proof remains 
correct if we replace ‘universally valid’ by ‘valid in all realizations whose 
domain contains just one element’ and then that it can be effectively checked 
whether or not a given sentence is valid in all such realizations. 

Exercise 3.9. Suppose that 1 1- <f) and 31 is a realization of L. If the closure 
of each formula in I is true in 31, show that the closure of 0 is also true in 31. 

Theorem 3.7 shows that Prov ^ Val. We devote the next two sections to 
showing that the converse inclusion also holds. 

§4. The Lindenbaum algebra of PC 

We now construct the Lindenbaum algebra stf of PC in just the same way 
that we used for propositional calculus in the previous chapter. Recall that 
Fis the set of all formulas of L. We define the relation == on Fby 

0 = 0 iff and 

= is an equivalence relation on F. If 0 is a formula we let \(j>\ be the equiva¬ 
lence class under the relation = to which 0 belongs, and we let F/= be 
the set of equivalence classes of the formulas in F. Next we define the re¬ 
lation ^ on F/= by 

101 <101 iff H0->0. 

As was the case with propositional calculus this is an unambiguous defi¬ 
nition and c£/ = <F/ = ,<> is a Boolean algebra, the Lindenbaum algebra 
of PC. 

For each formula 0 in F let <t>(v k Jv pl ,...,v k Jv Pn ) be the formula obtained 
from 0 by (1) replacing all bound occurrences of v Pi by v j+b where j is the 
least number exceeding an d the subscripts of all the variables occur¬ 
ring in 0, and then (2) replacing all free occurrences of v k . by v Pi , for 1 < i< n. 

Lemma 4.1. For each formula 0 of L, 

l(Vu k )0| = inf{\4>(v k l u p )| :peu>}. 

Proof. By PC8, 

h(Vu*)0->0(t> t /t>p), 


and so, for pea). 
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\(Vv k )<l>\<\<Kv k IVp)\> 


whence 

\(Vv k )4>\ <inf{|^(u> p )|:pea)}. 

Now suppose that \// is a formula such that |i/^| is a lower bound of the set 
{\4>(v k /v p )\:pea>}. Then, in particular, choosing q so that v q does not occur 
in 4> or i p, 

\-<l/-*4>(v k lv q ), 

whence, by generalization and PC9, 


By PC8 


V(Vv q )(l){v k lv q )^<}>, 


whence, by generalization and PC9, 


h(iv q )(j)(v k lv q )^('iv k )4>. 

It follows that 


^-(Vt>*)4, 

and thus \(Vv k )<f>\ is the greatest lower bound, i.e. the infimum, of the set 
{\(t>(vklv p )\:pea>}, as was to have been proved. 


The importance of this lemma will become apparent in the next section. 


Exercise 4.2. Let D be an ultrafilter in the Lindenbaum algebra s#. Show 
that for any formulas 0,^ of L: 

(a) . |~10|eZ) iff |4| <£D, 

(b) . \(j)A\l/\eD iff \(f)\eD and |^|eZ>, 
and 

(c) . if |4|,|4-»^|e.Z) then \xl/\eD. 


§5. The completeness of PC. 

We have seen that Prov ^ Val. We now show that our system PC is complete 
by proving that the converse inclusion also holds. 

Theorem 5.1. The completeness theorem for predicate calculus 
Each universally valid sentence is provable. 

Proof. Let a be an unprovable sentence of L. We show that there is a 
relational structure in which o is not true. This will show that o is not 
universally valid. 
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Since not Vo, \cr\ ^ 1 in the Lindenbaum algebra st and so | ”lcr| ^Oin this 
algebra. By lemma 4.1, for each formula $ of L, 

|(Vv k ) (f>\=inf{\(j) (v k lv p )\ :pea} [H] 

There are only countably many formulas of L. It therefore follows from 
Tarski’s lemma that there is an ultrafilter Din s/ which contains | ~lcr\ and 
preserves all the meets [77]. Note that this implies that 

\(\fv k )<f>\eD iff for all peco, \<l>(v k lv p )\ eD . 

We define the realization 91 of L as follows: 

Let F be the set of variables of L. We define the relation ~ on F by 

v t ~Vj iff \Vi = Vj\eD. 

By exercises 3.5 and 4.2, ~ is an equivalence relation on F. 

For ve V let 

v~ = {v e V:v ~v} , 

and let 

V~ = {v~ :ve V} . 

We let F~ be the domain of 91. Clearly F~ is non-empty and is of cardinal 

<N 0 . 

For each neco we define the relation R n on F by 

yeR n iff |7 > „(w 1 ,...,w^ (n) )|eD. 

By exercise 3.6 this is an unambiguous definition, that is, if for 1 
Ui^w i9 then 

|P„(mi,...,w 5 ( B >)| eD iff |7 > „(w 1 ,...,w < 5 (rt) )| eD . 

Then we put 

9l = <F~,{K„:neo)}>. 

If xeV<° 9 say jc«<jc 0 v-A»->» then we let <V~Y be the sequence 
of elements of F~. Clearly all sequences of elements of F~ 

are of this form. 

We now show that for each formula cf)(v 09 ...,v n ) of L, whose free variables 
are among v 0 ,...,v n , 

for all xe F", 91^^ iff \4>(v 0 lx 09 ... 9 vJx H )\eD [*] 

The proof of [*] will be by induction on the number of logical symbols in </>. 
We consider first the case of atomic formulas. 
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If 0 is an atomic formula of the form v t = Vj then it follows from the 
definition of F~ that [*] holds, while if 0 is of the form P n (w l9 ...,w d(n) ) this 
follows from the definition of the relation R n . 

Now suppose that [*] holds for all formulas containing fewer than p 
logical symbols and that 0 is a formula containing precisely p logical 
symbols. There are three cases to consider: 0 is of the form “10, 0 a / or 
(3t>„)0, where 0 and x are formulas containing fewer than p logical symbols 
and are thus, by hypothesis, formulas for which [*] holds. If 0 is of the form 
"10 or 0 a/, then it follows at once from exercise 4.2 that [*] holds also 
for 0. 

Assume now that 0 is (3^)0, where 0 is a formula whose free variables 
are among Then 

9lh*~0 iff for some v~eV~, 31 ^^~ (n/t ,~ ) 0 
iff for some peco , 5O = Jc ^ (w/i;p - ) 0, 

and by our induction hypothesis this holds iff 

for some peco, \\j/(v 0 lx 0 ,...,v n _ Jx n _ u vjv p )\eD. (1) 

Now (1) holds iff 

not for all peco, I ~lil/(v 0 lx Q ,...,v n - l lx n -. 1 ,v n /v p )\ e D, (2) 

and since D preserves all the meets [77], (2) holds iff 

not |(Vi; /J )“10(f o / x o»***? t, n -1 l x n-uv„)\ eD, 

that is, iff 

I “1 (VO n0(<W x o>- • .,0» -1 /*«-1 >v n )I e D. 

Therefore, since 

we have shown that [*] holds also for </>. 

We can now deduce that [*] holds for all formulas. In particular, since 
\~\o\eD, 91 is a model of iff, Therefore a is not universally valid and our 
proof of the theorem is complete. 

A sentence a is said to be refutable if Her is provable and irrefutable if He 
is not provable. A relational structure is said to be of cardinal a if its domain 
is of cardinal a, and is said to be countable if its domain is countable. 

Corollary 5.2. A sentence of L is irrefutable iff it has a countable model. 
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Proof. If a is refutable ~\g is universally valid and so <r has no models 
at all. 

If o is irrefutable then as in the proof of the completeness theorem we 
can construct a model of c. Notice that since V is countable, F~ is also 
countable and thus the model 91 of o that we construct is countable (91 may 
be finite). 

Corollary 5.3. A finite set of sentences of l, is consistent iff it has a countable 
model. 

Proof. If 1= {a l9 ,,.,a n } is a finite set of sentences of L it is clear from 
the results of the previous chapter that I is consistent if the sentence 
a ... Ad n is irrefutable. The result is now an immediate consequence of 
the previous corollary. 

Remark (which presupposes some knowledge of axiomatic set theory). The 
completeness theorem together with theorem 3.7 implies that 

Val= Prov . 

Recall that Val is the set of universally valid sentences of L, that is the set 
of sentences true in all relational structures. The domain of a relational 
structure is a set. However the original intention when predicate calculus 
was first formulated was to capture the notion of a logically valid sentence, 
that is, a sentence true under any interpretation. For example, a logically 
valid sentence must be true in the universe of all sets (when its predicate 
letters are given interpretations) and the domain of this interpretation is 
not a set (e.g. in Godel-Bernays set theory) and so this interpretation is 
not a relational structure according to our definition. Thus logical validity 
is a stricter notion than universal validity, and if V is the set of logically 
valid sentences then a priori all we have is 

Prov^V^ Val. 

However, now that we have proved that Prov= Val we can conclude that 

Prov— V = Val. 

and so the system PC is indeed sufficient to prove all logically valid sentences. 
This considerably increases the interest of the completeness theorem. 
Compare, for example, the situation with modal logic. Here various elegant 
completeness results have recently been obtained but it is still a matter of 
controversy as to whether any particular modal system adequately captures 
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the notion of ‘necessity’. But the remarks above show quite conclusively 
that PC captures the notion of logical validity for sentences of the language L. 

Now let Val 0 be the set of sentences of L which are true in all countable 
relational structures. 

Corollary 5.4. Val 0 — Val~ V = Prov. 

Proof. It is sufficient to prove Val 0 = Prov. Clearly Prov c Val 0 . To see 
that the converse is true notice that if a ^ Prov then Her is irrefutable and so 
has a countable model. This implies that Val 0 . 

This surprising result shows that validity for sentences of first order predicate 
calculus under any interpretation can be reduced to validity in countable 
structures. It is clear that countable cannot be replaced by finite here. In 
ch. 13 we give an example of a predicate language for which logical validity 
cannot be reduced to validity in countable structures. 

The problem of generalizing corollary 5.3 to infinite sets of sentences is 
much more difficult than was the analogous problem for propositional 
calculus and we postpone its solution until ch. 5. The deduction theorem 
on the other hand can be extended to predicate calculus in a straightforward 
way. 

Theorem 5.5. The deduction theorem for predicate calculus 
Let I be a set of sentences of L and let <r ,x be sentences of L such that 

I u {a} hi, 

then 

Thcr-^r. 

Proof. By the finiteness theorem there is some finite subset T 0 = {cr^...,^} 
of 1 such that T 0 u{(t}!-t. By exercise 3.9 any model of T 0 u{<r} also 
satisfies t. It follows that (ex 1 a ... a is universally valid and so, 
by the completeness theorem, provable. It follows at once that 
and so I bcr->T. 

It should be noted that this result does not hold in general for formulas of L. 
For example, by generalization 

4>(v 0 )\-('iv 0 )<j)(v 0 ), 

but clearly the closure of cj)(v 0 )~^(^v 0 )(l)(v 0 ) is not universally valid and 
so cf)(v o)-> (Vu 0 )<M r o) i s not provable. It is possible to extend theorem 5.5 
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to formulas by putting restrictions on the nature of the proof of t from 
T u {<j}. Roughly speaking, we would have to insist that generalization is 
not used with respect to variables that have free occurrences in <r. We shall 
not need to use this extension of the deduction theorem here. The details 
can be found in any standard text on predicate calculus, e.g. Mendelson 
[1964] page 61. 

§6. Uncountable languages 

In two respects the language L is more powerful than other first order 
predicate languages we might have considered. First, L has the equality 
symbol = which is always interpreted as the identity relation. It is possible 
to consider predicate languages without equality but for our purposes they 
are not of interest. Second, L has an infinite number of predicate letters and 
so its realizations are non-empty sets together with an infinite number of 
relations defined on the set. Most mathematical structures, however, consist 
of sets with just a finite number of relations. To talk about these structures 
we only require languages with a finite number of predicate letters. We shall 
use such languages in the sequel. It is clear that all the results of the previous 
sections apply to these languages. 

There are also Several respects in which we can consider more general 
first order predicate languages. We consider some of these in this and the 
next two sections. 

We have formulated L so that it contains only countably many distinct 
predicate letters. We used this fact essentially in the proof of the complete¬ 
ness theorem when we said that L has only countably many different for¬ 
mulas and so there are only countably many meets [77]. 

Suppose now that we have set up the language L* just like L except that 
L* has an arbitrary infinite set {Pf jeJ} of predicate letters. We show that 
the completeness theorem still holds for this language. 

The chief thing to notice is that whether or not a sentence a is true in a 
relational structure 21 depends only on the values of the predicate letters 
occurring in a and not on those of the other predicate letters. So suppose a 
is an irrefutable sentence of L*. Let L' be a countable language containing 
all predicate letters which occur in a (necessarily there are only a finite 
number of them), a is an irrefutable sentence of L' and so, by the complete¬ 
ness theorem, there is a countable realization, say 2T, of L' in which o is 
true. We extend 9T to a realization of L* by defining the values of the 
predicate letters of L* not in L' in any way we like (for definiteness let them 
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all be the empty relation). By our remarks above this realization of L* is 
still a model of a. Thus the completeness theorem extends to L*. 

§7. Constants 

For many purposes it is useful to be able to single out individual elements of 
relational structures. To enable us to do this we add to our language L a 
sequence 

of constant symbols , also called just constants . We denote this extended 
language by L fi . 

Since we have extended the set of basic symbols we need also to extend 
our formation rules and the axioms. For an atomic formula is a string of 
the form 

ti = h) 

or of the form 

where now t l9 ... 9 t d(n) can be either variables or constants. The notion of a 
formula is defined recursively in terms of atomic formulas just as for L. The 
axioms for the extended language are the same as those for L, except that 
now in PC8 y can be either a variable or a constant. There is no change in 
the rules of inference. 

A realization of is a triple 

= <4,{K„: n e w},<a 4 : £<P», 

where 

21 = neco}> 

is a realization of L and 

a = <u,:£</?> 

is a /^-termed sequence of elements of A , so aeA p . We often use (21, a) to 
denote the realization of which is obtained from the realization 21 of L 
by adding the sequence a of elements of A. 

The notion of satisfaction is extended to an atomic formula of L^, in the 
following way: 

(2X,a) f = x t t = t , iff b t is the same element as b p 
(%a)¥ x P„(t u ...,t Hn) ) iff (b u ...,b d(n) yeR„, 
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where if t { is the variable v k then b~x k9 while if t t is the constant c i9 
then b i = a it . 

Having defined satisfaction for atomic formulas the definition for all 
formulas of L p is the same as for L. 

Finally we note that for interpretative purposes constants may be replaced 
by unary predicate letters as is shown by the following construction. We 
let L + be the language obtained from L by adding the unary predicate 
letters {P,*:£</?}. Suppose (?I,a) is a realization of L p . Then we let 

S& a = <A,{R n :nEa)}Kj{X 4 :i<p}) 

be the realization of L + defined by putting X^ = {a^} for each {</?. 

We associate with each formula 0 = of L p containing just 

the constants c ix9 ... 9 c in the formula (p + of L + , where 

0 + -(Vx 1 )...(Vx JI )[P Cl (x 1 ) 

where are any distinct variables not occurring in (p. Then it is easy 

to see that for any xeA 

(%a)t= x cf> iff W a h x <f> + . 

Exercise 7.1 . Verify this last remark and hence deduce that the completeness 
theorem holds also for the language L fi . 

It should be noted that, unlike some authors, we do not insist that the ele¬ 
ments of the sequence a should be distinct. Thus we allow the case where 
in a realization distinct constants have the same value. Therefore it is true 
that irrefutable sentences of L p have countable models even when /? is an 
uncountable ordinal. 

§8. Function symbols 

Another way in which we could extend L would be by adding function 
symbols. Since an n- ary function defined on a set A can be regarded as a 
special sort of (az + l)-ary relation on A , for our purposes we can do without 
function symbols, and for the sake of economy in future chapters we do 
without them, even though this sometimes leads to a little unnaturalness in 
the formulation of various theories. In this section we give a brief account 
of function symbols so that the reader can restate any subsequent result in 
a more natural way if he chooses. 

We let V be the language obtained from L by adding a set {f n :neco} of 
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function letters. With each function letter f n there is associated a positive 
integer y(n ), the order of/„. 

The formation rules of V are as follows. We first define the notion of a 
term of L': 

(1) . A variable standing by itself is a term. 

(2) . If / lv ..,f y(w) are terms and f n is a function letter of order y(n), then 

/„(^iv..^ ( n))isaterm. 

(3) . A string is a term only if it follows from a finite number of appli¬ 

cations of rules (1) and (2) that it is a term. 

Next we define the notion of an atomic formula of L'. An atomic formula 
of L' is a string which is either of the form 

*1 = * 2 , 

or of the form 

where .r a(B) are terms. 

The notion of & formula of V is defined recursively in terms of the atomic 
formulas exactly as for L. 

A realization of V is a triple 

9T = <A,{R„: n e w},{F n : n e co}>, 

where <,A,{R„:neco}} is a realization of L and for each new, F„ is a y (n)-ary 
function defined on A. 

Before we can define the notion of satisfaction for L' we need to say what 
is meant by the value of the term t in the realization < il / with respect to the 
valuation x. We denote this value by %' [f] x ; it is defined thus: 

KL=*„> 

and 

The notion of satisfaction is extended to atomic formulas of L' in the follow¬ 
ing way: 

%'¥ x ti = t 2 iff W Oi]*, is the same element as 9T [r 2 ]„ 

Then satisfaction can be defined for all formulas of L just as we did for L 
in §2. 

We say that the term t is free for the variable v„ in the formula <p if each 
variable occurring in t is free for v„ in <j>. The axioms for the extended language 
are the same as those for L except that in PC8 y can be any term which is 
free for jc in (p. The rules of inference are unchanged. 
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We leave it to the reader to extend the completeness theorem to the 
language V and also to investigate how the definitions of this section should 
be altered if we add constants to the language V with function letters. 

§9. Historical and bibliographical remarks. 

For the origins of predicate calculus the reader is referred to W. and M. 
Kneale [1962] and the historical notes in Church [1956] pages 288-294. 

The recursive definition of the notion of satisfaction is due to Tarski 
[1935]. The completeness theorem for predicate calculus was first proved 
by Godel [1930]. We discuss GodeFs proof in ch. 12. Various other proofs 
have been given since, notably by Henkin [1949]. The proof using Boolean 
algebras presented here is due to Rasiowa and Sikorski [1951], 

Our remarks about the relationship between V and Val are based on a 
remark of KreiseFs (see e.g. Kreisel [1967] page 153, but note that we have 
reversed KreiseFs notation). The deduction theorem was first stated by 
Herbrand [1928]. 
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In this chapter we introduce some of the more fundamental concepts in 
model theory and we prove some of the basic theorems about models. 

§ 1. The basic notions 

In ch. 3 we described the language L of predicate calculus with equality and 
then we looked at interpretations, i.e. realizations, of this language. We 
took relational structure as these interpretations. In this chapter and for 
most of the rest of this book we are going to look at things the other way 
round. We regard relational structures as the objects of primary interest and 
we introduce a first order predicate language in order to be able to say 
things about them. This is the more natural viewpoint in mathematics; it 
is the structures that present themselves first. 

As we see in the next chapter very many mathematical structures can be 
regarded as relational structures. It may seem that we have lost some 
generality by only considering sets with relations and not also sets with 
operations defined on them, but this is not so. Given a set X with an n-ary 
function/defined on it we define the (n+ l)-ary relation R f on X by 

(Xi,.., 9 x n+ 1 *)eR f. iff ..,x n ) = x n + 1 . 

Clearly the properties of the set with an operator <A r ,/> are precisely 
determined by the properties of the relational structure <A',{/? / }>. In this 
way we can regard groups, fields and similar structures as relational struc¬ 
tures. Thus the theory of relational structures which we are about to develop 
has very general applications to large parts of mathematics. 

(It should however be noted that there are some areas where, say, the 
difference between unary operators and binary relations is important. For 
example, predicate calculus without equality and with only unary predicate 
letters and unary function letters is decidable, but predicate calculus with 
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just one binary predicate letter is undecidable. In this book we shall not be 
concerned with questions where this difference matters.) 

Let 2l = 04,{jR < *:<!;<a}> be a relational structure and let peco a be a 
function defined on a with finite integers as values. We say that 31 is of 
type p, if, for each £ < a, R € is a /i(^)-ary relation on A, that is if 
Given a relational structure 31 of type p the appropriate language for 
talking about 31 is predicate calculus with the set {Pf^coc} of predicate 
letters, where, for each £<a, <5(£), the degree of P$, is equal to p{£). This 
language will be suitable for talking about any relational structure of type p. 
From now on we assume that whenever we use a language to make statements 
about a relational structure the language is the appropriate one for the 
particular structure in question. 

For the rest of this chapter we assume that all the relational structures 
we mention are of the same fixed type, say p. We now consider the various 
relations that can hold between such structures. 

Let 

% = (A,{Rf^<(x}y and = <a}> 

be two relational structures of type /r. We say that 91 is a substructure or 
subrealization of 8 and that 8 is an extension of 51 if A £ B and each of the 
relations of is the restriction of the corresponding relation of 8 to A, 
that is, if for each £<a 

R^ = S^nA^\ 

If 31 is a substructure of 33 we write 31 <=33. In particular to each non¬ 
empty subset X of B there corresponds the substructure 

of 33; we call this substructure the restriction of 33 to X and denote it by 
93 \ X. In the case of realizations 9T=(3I,u), 33'=(S3,/>) of a language with 
constants we say that 3T is a substructure of 23' if 31^ 33 and a = b. 

Let h be a map of A into B. We say that h is a homomorphism of 21 into 33 
if for each £<oc and any a t ,...,a M( ^ in A 

6 iff ^h(a l ),...,h(a fi ^)y e S^. 

Thus 21^33 iff A^B and the map i \A-*B defined by i(a) = a is a homo¬ 
morphism of 2f into 33. i is called the injection map of 91 into 33. 

A one-one homomorphism of 91 into 33 is called an isomorphism between 
91 and 33TAn isomorphism between 91 and 33 [h[A] is also called an 
embedding of 91 into 33. In particular, if h maps A onto B , h is an isomorphism 
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between 91 and 93. If there is an isomorphism between 91 and 93 we say that 
91 is isomorphic to 93 and we write 9(~93. ^ is an equivalence relation 
between relational structures. If 91 ~ 93 then 91 and 93 are essentially the same 
relational structure. 

Isomorphism is a purely algebraic relation involving only the algebraic 
structure of relational structures and not the language L. The next equiva¬ 
lence relation between relational structures that we consider involves the 
language L in an essential way. It may happen that although two structures 
are not isomorphic there is no sentence of the language L that can dis¬ 
tinguish between them. In this case we say that they are elementarily equiva¬ 
lent. That is, we say that 91 is elementarily equivalent to 93 if each sentence 
of L true in 91 is also true in 93. If 91 is elementarily equivalent to 93 we write 
91 = 93. The following trivial lemma implies that = is an equivalence relation 
on relational structures. 

Lemma 1.1. If 91 = 93 then for each sentence o of L 

91 h cr iff 93 N cr. 

Proof. One way round is immediate from the definition. Suppose not 
91N <t, then 91N “1 cr. Therefore 931= “1 cr and so a is not true in 93. 

In a natural sense the properties of relational structures that can be described 
by sentences of L are simple or elementary. Hence the term elementarily 
equivalent for the notion we have just introduced. Later we shall be interested 
in finding out which properties of relational structures are elementary in 
this sense. 

Examples 

1.2. If 91^93, then 91 = 93. 

1.3. Let R be the set of rational numbers and S the set of real numbers, 
and let < be the usual strict ordering of these sets. Since R is countable 
while S is uncountable <i?, < ) is not isomorphic to <*S, < ), but as we show 
later in this section (R, <> = <S, <>. 

1.4. Let < A , < > be a totally ordered set of order type co and let < B , < > be a 

totally ordered set of order type co + a>* + co. Then = This 

result is proved in ch. 9, §5(f). 

If 91^93, then for any atomic formula 0 of L and any valuation xeA 03 , we 
have 


9ll= x (/) iff 93 x (j). 
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If this equivalence holds not just for atomic formulas but for any formula 
of L we say that 21 is an elementary substructure of © and that 23 is an 
elementary extension of 21. That is, S is an elementary extension of 21 if 
21 and for any formula 0 of L and any xeA 03 , 

St M iff 81=,*. 

If © is an elementary extension of 21 we write 21-<S. Clearly 21<S iff 
21 ^23 and for any formula <f> (v 0 ,...,v n ) of L and any in A , 

2lt iff ® 

An embedding h of 21 into © is said to be an elementary embedding of 21 
into © if for each formula <t>(v 0 ,... 9 v n ) of L and any a 0 ,... 9 a n in A, we have 

211= <i>[a 09 .iff © 1= 0[h(a 0 ),...,/i(a rt )] . 

Thus if 21^©, 21-<S iff the injection of 21 into S is an elementary em¬ 
bedding. If there is an elementary embedding of 21 into © we say that 21 is 
elementarily embeddable in ©. 

The relation = is defined in terms of all sentences while ■< is defined in 
terms of all formulas. When we want to prove results about all formulas 
we can use induction on the number of logical symbols in a formula. We 
have already used this sort of argument. No such argument works for 
proving results about all sentences. The relation -< is therefore easier to 
work with than the relation =. 

Exercise 1.5. Let h be an isomorphism between 21 and S. Show that h is 
an elementary embedding of 21 into ©. 

Example 1.6. Let <i?,<> and <£,<> be as in example 1.3. Then 
<iL<>^<*S,<> and we show below that <i?,<)^<<*S , ,<). 

Trivially if 21 ^<S, then 21 = S. The next example shows that the converse is 
not true even when 21^© and 21^©. 

Example 1.7. Let Z be the set of non-negative integers and N the set of 
positive integers and let < be the usual ordering of these sets. Then, if 
2I = <7V,<> and © = <Z,<), 21 and clearly 21 ~S. 

Now let </> (v 0 ) be the formula 
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then 

and 


<N,<>h*[l], 
<z,<>h n</>[i], 


when P is interpreted as <, since 1 is the least element of N but has a prede¬ 
cessor in Z. Thus, not <jV,<><<Z,<>. 


The next lemma provides a very convenient criterion for an extension of a 
relational structure to be an elementary extension. 


Lemma 1.8. Suppose 91 £= S. Then 91 ^<© iff whenever (j) is a formula of L 
and xeA™ is a sequence of elements of A such that 93 there is some 

element aeA, such that 93 1= *(„/«)<£• 

Proof. Suppose first that 9I<© and ^8\= x (3v n )(j). Then 9tt= x (3i;„)</> and 
so for some aeA, 9lN Jc(ll/fl) 0. x(n/a)eA to and therefore 93 t x( „ /a y<f>. 

Conversely suppose that for any formula 4> of L and any xeA™, 93 t= x (3v n )<f> 
implies that there is some as A such that 93 N* (n/a) </>. Then we show that 
91<93, that is, we prove that 

for any formula 0 of L and any xeA°\ 31 ¥ x 4> iff © t x (f). [*] 

We prove [*] by induction on the number of logical symbols in </>. It is 
trivially true when 0 is an atomic formula since 91^23. Clearly if [*] 
holds for the formulas ifs and x then it holds also for “li J/ and for \j/ a 

Suppose [*] holds for the formula i/l We will prove that it holds also for 
(3 v n )il/. If 9lN x (3 v n )ij/ there is some aeA such that 9If= x(/l/a) ^. By hypothesis 
[*] holds for if/. Therefore and so © \= x (3v n )\l/. If ©l= JC (3i;„)i p, by 

the hypothesis of the lemma there is some aeA such that © 1 = X ( n / a ) l l / - By the 
induction hypothesis, 91and therefore 3lN JC (3i; n )^. This completes 
the proof. 

Corollary 1.9. 7/'3I^©, then 9l-<© iff whenever cj)(v 0 ,...,v n ) is a formula 
of L with free variables among v 0 ,...,v n , and a 09 ...,a n _ 1 are elements of A 
such that for some beB , © \=(p [a 0 ,...,a tt - l9 b'], then there is some aeA such 
that ©N0[a o ,...,tf„-i,tf]. 

Proof. This is just a restatement of the lemma. 


We immediately use this corollary to show that the reals considered as an 
ordered set are an elementary extension of the rationals, that is, in the 
notation of example 1.3, that <i?,< >-<<£', <). So suppose 0 is a formula 
of L (since we are dealing in this case with relational systems with a single 
binary relation, L has just one predicate letter of degree 2) with free vari- 
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ables among v 09 ... 9 v n and that a 09 ... 9 a n _ 1 are rationals and b is a real number 
such that 

Without loss of generality we can assume 

a 0 <a x <"-<a n - x . 

If b is a rational there is nothing to prove. Suppose then that b is irrational, 
say 

a k <b<a k+l with k+l^n— 1. 

(The trivial modification of the argument in case b<a 0 or a n _ x <b is left 
to the reader.) 

Let c be any rational between a k and a k+1 . There is an order isomorphism 
h of S onto S which leaves each a t fixed and maps b onto c. To be specific, 
we let 

h(x) = x 9 if x^a k or a k+x ^x 9 

h(x) = -(x — a k )+a k9 if a k ^x^b 9 

b-a k 

and 

h(x)= ——- (x — h) -b c, if b^x^a k+l9 

then h has the stated properties. In particular h is an elementary embedding 
of <£,<> onto <S,<> and so 

<S, < > H (f> [h (a 0 ),...,h (a n .i),h (6)], 

that is 

But c is a rational and so is in R. Therefore by corollary 1.9., we have shown 
that </?,<>«£,<>. We can also conclude that <i£,<> = <£,<>. Another 
proof of this result will be given in ch. 9. 

Other useful criteria for an extension to be an elementary extension are 
given by the next theorem. 

Theorem 1.10. 1/%^ 23, the following conditions are equivalent: 

(1) . 3R93, 

(2) . for each ae.A p , with p<co, (31 ,#) = (©,a), 

(3) . for each aeA p , with ft arbitrary, (3I,fl)-<(33,a), 

(4) . for each aeA p , with p arbitrary, (9t,a) = (23,a). 
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(In conditions (2), (3) and (4) the relations =, ■< are to be understood of 
course as referring to the language obtained from L by adding the 
^-termed sequence of constants (c,* :£</?>.) 

Proof. Assume (1). Suppose p is an arbitrary ordinal and that aeA p . 
Suppose 0 is a formula of and be A™ is such that (21,#) \= b (j). For simplicity 
we assume <j> has just the one constant c^ Let v k be a variable which does not 
occur in <j>, and let </>' be the formula which results from 4> by replacing all 
occurrences of c^by v k . Clearly (21 ,a)V HklH) 4>'. contains no constants and 
is therefore a sentence of L. Therefore 2lN b(fc/a§) <£'. Since 2I-<23 it follows 
that 23N 6(fc/fl?) 0 r and hence that (23,#)l= b </>. We have thus shown that (3) 
holds. 

Trivially (3) implies (4) and (4) implies (2), so it remains only to show 
that (2) implies (1). 

Assume (2). Let (f) be a formula of L and let be A 10 be such that 21 
Replace all the distinct variables v il9 ...,v in which occur free in (j) by the 
constants c l9 ...,c n , respectively. The resulting formula 0' is a sentence of 
L„ +1 . Let b f be the sequence <6^,...,6 in >. Then clearly (21,6') and so by 
(2), (23,6') 1= 4V and from this it follows that 23 !=*,</>. Thus we have proved (1). 

Let A be any set. A sequence aeA a , where a is some ordinal, is called an 
enumeration of A if each element of A occurs at least once in the sequence a. 
a is called an enumeration of A without repetitions if each element of A 
occurs precisely once in the sequence a. 

Subsequently we make use of the following results. 

Theorem 1.11. Let 21 be a realization ofL and let aeA* be an enumeration 
of A. If 23 is also a realization of L, 21 is elementarily embeddable in © iff 
there is a sequence beB* such that, with respect to the extended language 

(21,#) = (23,6). 

Proof, Suppose first that h is an elementary embedding of 2t into 23. If 
we define the sequence beB* by putting, for each £<a, 

b i = h(a ( ), 

then it is clear that (21,#) = (23,6). 

Conversely, suppose that there is a sequence beB* such that (21,#)= (S,6). 
If we define the map h:A^B by putting, for each £<a, 

h{a i ) = b i , 

then it is equally clear that h is an elementary embedding of 21 into 23. 
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Theorem 1.12. Let 91, 93 be two realizations of L of the same cardinality and 
let a e A* be an enumeration of A . Then 

(1) z/91^93, there is some beB* such that (91,a) = (93, b); 

(2) if b is an enumeration of B and (91, a) = (93,6)> then 91 ^ 93; 

(3) ifA^B then 9I-<» ijf(%a) = (93,a). 

Proof. This is evident from the previous theorem and its proof. 

Exercise 1.13. Write out a detailed proof of theorem 1.12. 

§2. Unions of chains 

A sequence <9l^:^<a) is said to be a chain of relational structures, if 
whenever £^rj< a we have 91^91,,. Suppose that for £<a, 

By the union of the chain <9l,*:£<a> which we denote by we mean 

the relational system 

OJ^MU^neco}). 

£<a £<a 

Us<a9^ is an extension of each of the structures 91^ but in general its 
elementary properties can be different from those of the elements of the 
chain. For example if for each neco y 9I /l = <v4„,<> where A n = {0,1,...,«} 
and < is the usual order relation on this set, then <9t„ :«£&>> is a chain of 
relational systems. The sentence which says that the ordering < has a 
greatest element, namely the sentence (3t; 0 )(Vi; 1 )[i; 0 = u 1 vP^,^)], is true 
in each 9I„, but is not true in the union U/ieco^i* 

We shall be more interested in the following case when the elementary 
properties of the union are determined by those of the elements of the chain. 
The chain <9C^: <a> is called an elementary chain if 9t c -<91 < * whenever 

Theorem 2.1. Union of chains 

The union of an elementary chain is an elementary extension of each element 
of the chain. 

Proof. Let <91^:^<a) be an elementary chain whose union is 91. We 
prove that 

for any formula (j)(v 0 ,...,v n ), any £<a and any a 0 ,...,a„ in A ^ 

SH\=<f)[a 0 ,...,a n ] iflMH ? t=(/>[a 0 ,^ ^ 

The proof of [*] is by induction on the number of logical symbols in </>. 
Since 91 is an extension of each 91^, it is trivial for atomic formulas. Clearly 
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if it holds for the formulas 0 and 0 then it holds also for “1 0 and 0 a 0. 

Suppose [*] holds for the formula ij/(v 0 ,...,£>„). We show that it holds also 
for 0 (v 0 ,.. = If fl o >-A-ie^«and9l 5 N0[fl o ,. 

then for some a n E^, 21^1= 0 [a 0 ,...,a n ~]. Therefore, by the induction hy¬ 
pothesis, 211=0 whence 2IN0 [a 0 ,. 

Conversely, assume that 2lt=0 [a 0 ,.Then 211=0 
for some ae^4. For some t]<oc , aeA r Let f be the greater of £ and rj. Then 
a 0 ,...,a R -i 9 #€^£ and so, by the induction hypothesis, 21^ N 0 [a 0 ,... 
whence 1=0[a 0 ,.But and so because we can con¬ 

clude that 2l,*N0 [<z 0 >-..,a n _ x ], completing the proof. 

The usefulness of this result will become apparent later. 

§3. Lowenheim-Skolem theorems 

In this section we shall be concerned with the following question. Suppose 21 
is a relational structure of cardinal a, then for which cardinals does 21 
have elementary extensions and substructures of cardinal /?? 

By the cardinal of a language L we mean the cardinality of the set of 
symbols of L. Since L has an infinite number of variables the cardinal of L 
is always infinite. Formulas of L are finite strings of symbols of L. Therefore 
the cardinality of the set of formulas of L is the same as the cardinal of L. 

Throughout this section we assume that all relational structures are of 
the same type p, and that the language L appropriate for structures of this 
type has cardinal p. 

Theorem 3.1. Let 21 be an infinite relational structure of cardinal a, and let 
C be a subset of A of cardinal y. If is a cardinal satisfying y,p ^ p ^ct then 
21 \ C has an extension © of cardinal which is an elementary substructure 
of 21. 

Proof. Let < be some fixed well-ordering of A. By ‘least’ we will mean 
‘least in the ordering <’. We define a sequence < B n :n<co ) of subsets of A 
as follows: 

B 0 is any subset of A of cardinal which contains C, and in general B n+1 
is the set of all elements aeA such that for some formula 0(t; o ,...,t; n ) of L, 
and some a 0 ,...,a n . 1 in B n , a is the least element of A such that 

9H=0[a o ,...,a„_i,a]. 

For each a 0 eB n , a 0 is the least (indeed the only) element a of A such that 
2II = i? 0 = t> 1 [a 0 ,a]. Therefore a 0 eB n+1 and so B„^B n+l . 
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Since there are only p distinct formulas of L and p ^ P each set B n is of 
cardinal /?. Therefore B= \J ne<0 B n is of cardinal ft. Let 93 = 9lf i?. Since 
C^B,l B is an extension of 91 fC. We show that 23-<9l. 

Suppose <j)(v is a formula of L, are in 23 and there is 

some aeA such that 9 lN^[a o ,..., 0 JI _ 1 ,a]. 

For 0</<«, and so there is some n t <co with ai€B ni . Let m be the 
maximum of the set {n t :0^i<n}. Then a 09 ... 9 a n ^ l eB m . By hypothesis the set 
{aeA'Mtcj) [a 09 ... 9 a n _ l9 a]} is not empty and so contains a least element 
say b. By construction beB m+1 ^B. Thus there is some beB , such that 
9lN</> [a 0 ,... 9 a„- u fr]. Since 23^9f it follows from corollary L9 that 23^<9l. 

Corollary 3.2. The downward Lowenheim-Skolem theorem 

Let 1 be a set of sentences of cardinal a, with an infinite model of cardinal 

P^ a. Then I has a model of any infinite cardinal y such that y < p. 

Proof. Let <5 = max{N 0 ,a}. At most S predicate letters occur in X and so 
we may regard X as a set of sentences of a language L' of cardinal S. 

Let 91 be the model of X of cardinal p^ oc which, by hypothesis, exists. By 
dropping the relations corresponding to the predicate letters not occurring 
in L', we obtain a realization 91' of cardinal P which is a model of X. If y 
is an infinite cardinal such that ot^y^p, then S^y^P, and so by the pre 
vious theorem 91' has an elementary substructure 93' of cardinal y. Since 
93'~<9l', 93' is also a model of X. By adding arbitrary relations to 93' as values 
of the predicate letters not occurring in X, we obtain a realization 93 of L of 
cardinal y which is a model of X. 

Next we show that a given infinite relational structure has elementary exr 
tensions of arbitrarily large cardinality. To prove this we shall need to assume 
the truth of the following theorem whose proof is deferred until the next 
chapter (see theorem 5.4.1). 

The compactness theorem for predicate calculus 
A set X oj sentences of L has a model iff each finite subset of X has a model. 

Theorem 3.3. Let 91 be an infinite realization of L of cardinal a. 91 has an 
elementary extension of any cardinal p^a 9 p. 

Proof. Suppose P ^a and P ^ p . Let aeA a be an enumeration of A. Let 
L a be the language obtained from L by adding the sequence of constants 
(cf^ca} and let L a+ ^ be the language obtained from L a by adding the 
constants 
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Let A be the set of all sentences of L a which hold in (91,<z) and let 
r={n</,* = <i c :£<C</?}. We will show that each finite subset of AuT has 
a model. To do this it will be sufficient to show that if T 0 is a finite subset 
of r then AkjT 0 has a model. 

Suppose that T 0 is a finite subset of r. Let d^...,d^ n be the constants 
occurring in T 0 . Let a f l9 ... 9 a' n be any n distinct elements of A (these exist 
since A is infinite). We define the sequence a"eA a+fi as follows: 
a'^=a^ for £<a, 
a^ = a' h if £ = a + £ f , with 
and otherwise a\ is arbitrary. 

Since the a\ are distinct (91, a") is a model of A uf 0 . Thus we have shown 
that each finite subset of A kjT has a model. We can therefore conclude 
from the compactness theorem that Juf itself has a model. Since the 
constants d^ have distinct values in any model of A u r this model must be 
of cardinal Therefore, by corollary 3.2, Juf has a model, say (93,6), 
of cardinal j8. Since A is the set of all sentences of L a true in (91,a), it follows 
that 

(9l,a) = (93,6 / ), 

where b' = b\ a, i.e. b' is the sequence of the first a terms of the sequence b. 
Since a is an enumeration of A, 91 is elementarily embeddable in 93. Thus, 
up to isomorphism, 93 is an elementary extension of 91 of cardinal /?. 

Corollary 3.4. The upward Lowenheim-Skolem theorem 

Let Z be a set of sentences of cardinal cl. If Z has a model of cardinal 
then Z has a model of any cardinal ^ a,/?. 

Putting these results together we obtain 

Theorem 3.5. The Lowenheim-Skolem theorem 

Let Z be a set of sentences with an infinite model. If Z is finite Z has a model 
of each infinite cardinal. If Z is infinite and of cardinal a then Z has a model of 
any cardinal ^a. 

Notice that we used the axiom of choice in our proof of theorem 3.1. right 
at the beginning in assuming that A could be well-ordered. It is natural to 
ask whether this use of the axiom of choice is essential. We will show that 
it is, by proving that the downward Lowenheim-Skolem theorem implies 
the axiom of choice. 

We need first the fact that without assuming the axiom of choice we can 
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show that there are arbitrarily large cardinals a such that a 2 = a. This is 
given by the next lemma. 

Lemma 3.6. For each cardinal oc there exists a cardinal P such that oc<P and 
p 2 — p. This does not need the axiom of choice. 

Proof. Since we need to be sure that the axiom of choice is not used we 
spell out the proof in more detail than would otherwise be necessary. 

We leave it to the reader to verify that the following facts can all be 
established without using the axiom of choice: 

For all cardinals y,S , 

(a) , y^r^o, 

(b) . 2^2* if y<8, 

(c) . y<2\ 

(d) . (/) 2 =/‘ 2 , 

(e) . yX 0 -2 = r K 0 . 

Now suppose a is any cardinal. Let j3 = 2*' No . From (a), (b) and (c) it follows 
that 

a<2“<2 aKo = j8, 

and from (d) and (e) that 

^2 _^2 a>x o) 2 _2 a ‘^o'2_2 a ' Ko _ 

This concludes the proof. 

Theorem 3.7. The downward Lowenheim-Skolem theorem implies the axiom 
of choice. 

Proof. Assume that the downward L5wenheim-Skolem theorem holds. 
Let a be an infinite cardinal; we will prove, without using the axiom of 
choice, that oe 2 = a. 

By the previous lemma there is a cardinal P such that without using the 
axiom of choice we can prove that a <p and that p 2 = p. 

Let o be the sentence 

(Vx)(Vy)(3z)(Vi)[P (x,y,t)<->z = t] 

A(yz)(3u)(3v)(Vx)(Vy)\_P(x 9 y,z)*^x = u a y = v]. 

‘P is a predicate which indexes the collection of all ordered pairs of elements 
of the domain by elements of the domain.’ 

Since p 2 — p , there is a one-one map (j> from px p onto p. Clearly if 
R= {< x,y,z}ep 3 :(t>(x 9 y) = z} 9 then 91 = </?,P> is a model of <r. By the down¬ 
ward Lowenheim-Skolem theorem it follows that o has a model of cardinal 
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a, say 23 = </?,£>. We define \l/:BxB->B by 

\j/(x,y) = z iff <x,y,z>eS. 

Since 23 is a model of o, ij/ is one-one onto. Therefore card (BxB) = card (5), 
that is, a 2 = a. 

Thus we have shown that,/or all infinite cardinals a, a 2 = a. But it is well 
known (see e.g. Sierpinski [1965] p. 422 or Rubin and Rubin [1963] p. 52) 
that this last statement is equivalent to the axiom of choice. Thus our proof 
of theorem 3.7 is completed. 

Essentially our argument was as follows: without the axiom of choice we 
can prove that there are arbitrarily large cardinals P such that p 2 = p. The 
downward L5wenheim-Skolem theorem enables us to deduce that if p 2 = p 
then for all infinite cardinals oc < a 2 = a. Thus a 2 = a for all infinite cardinals 
and this is equivalent to the axiom of choice. A similar argument shows that 
the upward Lowenheim-Skolem theorem also implies the axiom of choice. 

Theorem 3.8. The upward Lowenheim-Skolem theorem implies the axiom 
of choice. 

Proof. Without the axiom of choice we can prove that K 0 xK 0 = K 0 . 
Indeed the function / defined by 

f(m,n ) = ^ [(m -b n) 2 + 3m + n\ , 

is a one-one map of co x a> onto co. Hence the sentence a of theorem 3.7 has 
a model of cardinal X 0 . Therefore, by the upward Lowenheim-Skolem 
theorem, a has a model of each infinite cardinal a. Therefore, as before, we 
can draw the conclusion that for each infinite cardinal a, a 2 = a and hence 
that the axiom of choice holds. 

§4. Hanf numbers 

In this section we make a short digression about general formal languages 
and we consider the possibility of generalizing the Lowenheim-Skolem 
theorems of the previous section to these languages. We shall see that 
suitable generalizations hold for any (not necessarily first order) language 
which satisfies certain weak conditions. Throughout this section we dis¬ 
tinguish between sets and proper classes , using these terms in the sense of 
Godel [1940]. 

Let L* be some formal language; L* will have certain basic symbols and 
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will have formation rules telling us which strings of these symbols count as 
sentences. We suppose also that we have defined the notion of a structure 
being a realization of L* and that of a realization being a model of a sentence 
or set of sentences of L*. 

Suppose that there is some cardinal a such that any set of sentences of L* 
which has a model of cardinal at least a has models of arbitrarily high 
cardinality. We call the least cardinal with this property the Hanf number of 
L* and denote it by Xl *• Hanf [1960] proved the following existence theorem 
about such numbers. 

Theorem 4.1. Hanf’s theorem 

If the class of all sentences of l* forms a set then L* has a Hanf number . 

Proof. Let ST be the collection of all those sets Z of sentences of L* 
which do not have models of arbitrarily high cardinality. For each ZeST 
there is some cardinal k e such that all models of Z are of cardinal less than 

K i- 

Since the collection of all sentences of L* is a set, ST is also a set and 
hence there is a cardinal p which is the supremum of the set of cardinals 
{k^iZeST}. Any set Z of sentences of L* having a model of cardinal at 
least P has models of arbitrarily high cardinality, since such a set Z cannot 
be in ST. It follows that L* has a Hanf number. 

This result generalizes the upward Lowenheim-Skolem theorem. In a 
similar fashion one can prove 

Theorem 4.2. Let Z be a set of sentences of L*. There is a cardinal a such 
that if a sentence ueZ has a model of cardinal at least a, then a has models 
of arbitrarily high cardinality. The least such a is called the Hanf number of 
Z and is denoted by Xl* (T). 

By the Lowenheim number of a language L* we shall mean the least cardinal 
a such that each set of sentences of L* with a model has a model of cardinal 
^ a, if such a cardinal exists. In fact an argument similar to that used above 
shows that all reasonable languages have a Lowenheim number. 

Theorem 4.3. If the collection of sentences ofL* forms a set then L* has a 
Lowenheim number. 

Proof. Let ST be the collection of all sets of sentences of L* which have a 
model. If ZeST let be the least cardinal such that Z has a model of 
cardinal k x . Since the collection of all sentences of L* is a set, ST is a set. 
Hence there is a cardinal a which is the supremum of the set {k z :Ze^}. 
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It is easily seen that any set of sentences of L* with a model has a model of 
cardinal <a and that a is the Lowenheim number of L*. 

This result generalizes the downward Lowenheim-Skolem theorem. In 
spite of the fact that most languages can easily be shown to possess Hanf 
numbers, the problem of computing (or even estimating) the Hanf number 
of a given language is in general very difficult. However for first order 
predicate languages the calculation is simple. Indeed it follows from the 
results of the previous section that if L has a predicate letters with a infinite, 
then the Hanf number of L is K 0 and its Lowenheim number is a. 


§5. Historical and bibliographical remarks 

Most of the basic model theoretic ideas introduced in this chapter are due 
to Tarski, as also are most of the theorems (see especially Tarski and Vaught 
[1957]). The Lowenheim-Skolem theorem has a complicated history; our 
account is based on that in Vaught [1954]. Lowenheim [1915] proved that 
a finitely axiomatizable theory with a model has a countable model. This 
result was extended to arbitrary countable theories by Skolem [1920]. The 
general result for countable theories is due to Tarski (see the editors’ remarks 
at the end of Skolem [1934]), and its extension to uncountable theories is 
due to Henkin [1949], though in a weaker form it follows from an earlier 
result of Malcev [1936]. 

The remark that both the upward and downward Lowenheim-Skolem 
theorems are equivalent to the axiom of choice is due to Vaught [1956]. 
Hanf numbers were introduced in Hanf [I960]. 
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In this chapter we describe the construction that will occupy our attention 
for most of the rest of the book, namely the ultraproduct construction. 


§ I. The ultraproduct construction 

For ease of exposition we confine our attention to relational structures 
consisting of a non-empty set and a single binary relation on that set. The 
appropriate language L for such structures thus has a single predicate letter 
of degree 2, say P 0 . The type of these structures is /z 0 = {<0,2)}. It will be 
clear that everything we do can be extended to relational structures with 
arbitrarily many finitary relations merely by complicating the notation. We 
leave it to the reader to make these extensions for himself. 

Let I be some arbitrary fixed index set. By an ultrafilter on I we mean an 
ultrafilter in the power set Boolean algebra <^(/),£>. 

For each is I let % = (A i ,R i ) be a relational structure of type /i 0 . Let 
A = Y[ui be the cartesian product of the sets A v (Where the index set is 
clear from the context, we will in future write just Y[i A t or f] A h and 
similarly for other expressions of the same sort.) 

We will use fig,hj\g\h' etc. to denote elements of A . If feA we denote 
its i-th coordinate by either /(/) or / { . 

Let F be a collection of subsets of /. We define the relation ^ F on A by 

f~ F g iff {ieI:f(i)=g(i)}eF. 

The following result is fundamental. 

Lemma 1.1. If F is a filter on I, then is an equivalence relation on ]^| A t . 

Proof. If F is a filter on 7, IeF and so ~ F is reflexive. Clearly ~ F is 
symmetric; we show that it is also a transitive relation. 
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Suppose f ~ F g and g~ F h, then by the definition of ~ F , 

X = {ieI:f(i) = g(i)}eF, 

and 

Y = {ieI:g(i)=h(i)} eF. 

Therefore, because Fis a filter, Xn YgF. But 

X r\Y ^Z = {iel:f(i) = h (i)}, 
and so ZeF, that is ,f~ F h. Thus ~ F is transitive. 

Exercise 1.2. Prove that the converse of lemma 1.1 is also true, provided 
that each A t contains more than two elements and construct a counter¬ 
example in the case where some of the contain only two elements. 

From now on we will assume that F is a filter on /. Intuitively a filter on I 
consists of the ‘big’ subsets of / and we can think off~ F g as saying that/ 
agrees with g at ‘almost all’ its coordinates. We can extend this idea and 
define the relation S on f] A t by stipulating that S is to hold in Y[ Ai when¬ 
ever R t holds at ‘almost all’ the coordinates. The precise definition of S is: 

</,2>eS iff {ze/:</(0^(0>eF f }GF. 

It can be seen that the definition of ~ F is just the special case where R ( is the 
identity relation on A ( . The next lemma demonstrates another very im¬ 
portant property of filters. It shows that elements of Y[ which are equiva¬ 
lent under the relation ~ F are also indistinguishable as far as the relation S 
is concerned. 

Lemma 1.3. ~ F is a congruence relation with respect to S, that is, if f rs~> pf' 
and g~ F g f , then (fg^eS implies < f\g'}eS . 

Proof. Suppose /~ F /' and g~ F g Let 

X = {ie/:/(i)=/'(i)} and Y={iel:g(i) = g'(i)}, 

then X,YeF. If <f,g>eS, 

Z = {ie/:</(i),tf(i)>eJl,}6F. 

Since F is a filter Inf nZeF. But 

Xn7nZclf = {fe/:</ , (!V(0>6l? i }, 

and therefore WeF. We can conclude from this that (f' 9 g'yeS. 
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For each fs\\ A t we let f)F be the equivalence class to which /belongs 
under the relation ~ F , and we let 

Y[A i IF={flF:fe\[A i }. 

The relation S on A t induces the relation R F on Y[ A-JF which is defined by 

(f IF 9 g I Gy eR F iff </,<?> eS. 

By the previous lemma this is a sound definition. 

We let Y[ %/F he the relational structure < Ai/F,R F y. %/F is called 
the reduced product of the family {31 *:/e/} over the filter F. If F is an ultra¬ 
filter Y[ %/F is called an ultraproduct. If for each iel, 31*=31, the reduced 
product is denoted by 31 7 /F and is called a reduced power of 31 over F. If F 
is an ultrafilter 31 */F is called an ultrapower of 31. 

Exercise 1.4. If F is the filter {/} on /, prove that 

nv"<n^>- 


§2. Los’s theorem 

Let {31*:/e/} be a collection of relational structures of the same type, and let 
F be an ultrafilter on /. It is clear from the construction we have described 
in the previous section that the ultraproduct 3I*/F is of the same type as 
each of the 31*. Thus we can use the same language L to make statements 
about Y[ %/F as we use to talk about the structures from which it is built. 
The question naturally arises as to how the elementary properties of the 
ultraproduct are related to those of its constituent factors. Los’s theorem, 
which we prove below, gives a complete answer to this question. 

If/= is a sequence of elements of Y\ that is/e(I~[ A$°, 

we let f/F be the sequence 

//F = </ 1 /F,...,/ n /F,...> 

of elements of f] AJF. Thus 

f/Fe(Y\ Ai/F) a . 

We let / (/) be the sequence 

/(0=</i(0.-./-(0v..> 

of elements of A t . 

We are now ready to state the fundamental result on which the theory of 
ultraproducts depends. 
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Theorem 2.1. LoS’s theorem 

If F is an ultrafilter on I, for any formula <$> of L and any sequence 
f/F e (n AJF) a 

n %/f ^flF <t> iff <i>}eF. 

Proof. The proof is by induction on the number of logical symbols in 0. 
Suppose first that <f> is an atomic formula of the form v m = v n . Then 

n %IF¥ flF v m = v B iff fJF-fJF 

iff f m ~ F fn 

iff {ieI:f m (i)=f n (i)}eF 
iff {ieI:%¥ m v m =v„}eF. 

A similar argument shows that the theorem also holds if (j) is an atomic 
formula of the form P 0 ( v m ,v n ). Therefore it is true for all atomic formulas. 
This forms the basis of the induction. 

Suppose now that the result is true for all formulas containing less than r 
logical symbols and that (j) is a formula containing r logical symbols. There 
are three cases to consider: 

(1) . (j) is of the form \j/ a Let 

D,={lel:%¥ m 4,} 

and 

D x ={iel:% h /(l) *}. 

Then 

D*r\D x ={ieI:% l= /(i) \j/ a /} ■ 

Now 

Yl%l F tfiF'l' iff \\%IF^ri F ^ and Y\%IF¥ //f x, 

iff and D x are in F, by the induction hypothesis, 
iff D lff nD x e F , since Fisa filter. 

This shows that the theorem is true for ij/ a /. 

(2) . </> is of the form ~]\J/. 

Y[%IF¥ flF ~Wii iff not %/F N //f , 

iff {ie/:.9t|N /(i) ^}^F, by the induction hypothesis, 
iff I — {i e I : % t f(i) \j/ } e F, since F is an ultrafilter, 
iff {ieI:%\= f(i) ~lil/}eF. 


(Note that this is the only place in the proof where we use the fact that F is 
an ultrafilter rather than just a filter.) 
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(3). 0 is of the form (3i; n ) \j/. Let 

D={iel:%t m (3v n )il/}. 

Then we have to show that 

Y\%IFtF flF (3v„)* iff DeF. 

Suppose 

Then there is some be\\ A t such that 

FI ^ f(n/b)/F 'P • 

Let E ={i e /: % 1= /(n/i , )(i) • By the induction hypothesis E e F. 

and therefore E^D, and so because F is a filter, DeF. 

Conversely suppose that DeF. If i eD , 

and hence there is some b^Ai such that 

% ^minlbd ^ • 

By the axiom of choice there is a cef| such that c t — b t for each i eD, and 
is an arbitrary element of A t otherwise. Then 

D<={iel:% N /(n/c)(i) ip} = C, say. 

Therefore CeF and hence by the induction hypothesis, 

nw=/(-/o«A 

and so 

Yl%IF¥ f/F (3v n )t. 

This completes the proof of the theorem. 

In particular, for sentences, we have: 

Corollary 2.2. If g is a sentence ofh, 

Y[%IF\=g iff {ieI:%t(r}eF. 

Proof. Obvious from theorem 2.1. 

Intuitively this corollary says that a sentence holds in Y[ %/F iff it holds in 
‘almost all’ the factors. 
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Let 31 be a relational structure and let F be an ultrafilter on the set /. For 
each aeA we let a*eA* be such that a*(i) = a , for all iel. We define the 
map d:A^>A*/F, by 

a(a) = a*/F. 

d is called the canonical embedding of 31 into 31 I jF. The following conse¬ 
quence of Los’s theorem shows that in fact it is an elementary embedding. 

Lemma 2.3. The canonical embedding is an elementary embedding of 31 into 
31 'IF, and hence 3I = 3l r /F. 

Proof. Let (j>(v 0 ,...,v n ) be any formula of L and let a 0 ,...,a n be any 
elements of A. Then, by Los’s theorem, 

%'/Ft<p[a 0 */F,...,a n */F] iff {/e/: 91 h </> |> 0 * (/),.. .,a n *(i)]}eF 

iff {/e/:9lt=#[a 0 ,...,a II ]}eF 
iff %¥<t>[a 0 ,...,a n -\. 

Therefore d is an elementary embedding. 

Exercise 2.4. Characterize those formulas of L for which Los’s theorem 
holds when F is only a filter on /, and not an ultrafilter. 

§3. Finite axiomatizability 

Again we assume we are considering relational structures of some fixed type. 
A property P of these structures is called a first order property if there is 
some sentence o such that 

3t I =cr iff 31 has the property P . 

Alternatively, if P is a first order property, we say that the notion of having 
the property P is finitely axiomatizable. 

Examples 

3.1. For each integer n let 3^" be an abbreviation for the sentence 

( 3u l)- • * V2 A • • • A V 1 V n A V 2 # V 3 A • ■• • A V n _ i # U„] . 

(Notice that we use v^Vj as an abbreviation for H r, = Vj.) 

It can easily be seen that 911= 3 35 " iff A contains at least n elements. So the 
property of containing at least n elements is a first order property. 

3.2. Let 3!" be an abbreviation for the sentence 

3^ah3*" +1 , 
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then 31N 3!" iff A contains precisely n elements. Thus the property of being 
of cardinal n is, for n<co, a first order property. 

By a general first order property we mean a property P such that there is a 
set I of sentences such that a relational structure has the property iff it is a 
model of I. 

Example 3.3. Let X = {3 ^ n :n<co}. Clearly 31 is infinite iff 31 is a model of 
I. Thus the property of being infinite is a general first order property. 

It is natural to inquire whether the property of being finite is a first order 
property, or equivalently, whether the property of being infinite is a first 
order property. A simple consequence of Los’s theorem shows that the 
answer is no. 

Theorem 3.4. Let I be a set of sentences. If there are arbitrarily large finite 
models of I, then there is an infinite model of I. 

Proof. If 1 has arbitrarily large finite models, there is a sequence 
<3l r :r <<u> of finite models of I such that if A r is of cardinal n r , then n r <n s 
whenever r<s<co. 

Let F be a non-principal ultrafilter on co, and let 31 be the ultraproduct 
Yl 31 r/F. Since each sentence of I holds in each 3I r it is immediate from 
Los’s theorem that 31 is also a model of I. For each n , the sentence 3!" holds 
in at most one 3l r . F being non-principal contains no one element sets. 
Therefore, using Los’s theorem again, 3!" does not hold in 31, for any n<co. 
Therefore 31 is infinite. 

Corollary 3.5. The property of being a finite set is not a general first order 
property . 

Proof. Since there are arbitrarily large finite sets but no infinite finite sets 
this is an immediate consequence of theorem 3.4. 

Before we give another important consequence we show that by contrast, 
several other familiar notions are finitely axiomatizable. 

Example 3.6. Let cr 0 be the sentence 

(Vt> 0 ) lP(e 0 ,tio) a (VuoXVyOtP^o,!)!) v P(v 1 ,r 0 ) w 0 = 

a (VcoXVrjXV^fP^o.Oi) A P(vi,v 2 )-*P(v 0 ,v 2 )] , 
then = is a model of u 0 ill R is a (strict) total ordering of A. 
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Example 3.7. Let <j ol be the sentence 

<*o A (3i; 0 )(Vt>i) “1 P(Vo^i), 

then 91 = (A,Ry is a model of cr OL iff R is a total ordering of A with a largest 
element. 

Example 3.8. Let <r DOL be the sentence 

O-OL A (V»o)[(3»i) P(»i,» 0 )-»(3o 2 )[P(t> 2 ,V 0 ) A 

OsX ~\[P(v 2 ,V 3 )aP (t>3,t> 0 )])]], 

then 91 = < A,R ) is a model of cr DOL iff P is a total ordering of A with a largest 
element in which each element with some element less than it has an im¬ 
mediate predecessor. 

Let P 0 be a first order property and let be any property of relational 
structures. Clearly the property of ‘having the properties P 0 and Pf is a 
general first order property if P t is a general first order property. We use 
this in the proof of the following consequence of theorem 3.4. 

Theorem 3.9. The property of being a well-ordered set is not a general first 
order property . 

Proof. Let a DOL be the sentence of example 3.8. There are arbitrarily large 
finite well-ordered models of cx DOL but no infinite well-ordered models of 
°dol- The result now follows immediately from theorem 3.4 and the remarks 
above. 

We give another proof of this result, which proves something even stronger, 
in ch. 7, lemma 1.13. 

To each collection K of relational structures there corresponds the property 
of being an element of K. We describe necessary and sufficient algebraic 
conditions on K for this property to be a general first order property in 
chs. 7 and 8. We conclude this section with more examples of finitely 
axiomatizable notions. 

Example 3.10. Densely ordered sets 
Let c DOS be the sentence 

<*o A (Vt?oXVt) 1 )[P(ro,fi)-»(3y 2 )[-P(fo»i’2) A P(v 2 ,Vi)J\ ■ 

Then 91 is a densely ordered set iff 91 is a model of cr DOS . 
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Example 3.11. Groups 

In this case the appropriate language has one ternary predicate letter S 
(to represent the group addition) and one constant symbol e (whose value 
in any model will be the group unit). Let a G be the conjunction of the 
following sentences: 

VxVy3zVw[S(x,y,w)<-+w=z] (existence and uniqueness of sum), 

VxV/v'zVmViMv [*S(x, y,u) a S(u 9 z 9 v) a S(y,z 9 w)^S(x,w,vJ] 

(associativity of addition), 
VxS(x 9 e 9 x) (e is a right unit), 

Vx3yS(x,y,e) (existence of right inverses), 

then 21 is a group iff 31N <r G . 

Example 3.12. Commutative groups 

Let a CG be the conjunction of a G and the sentence 

VxVyVz \S (x,y,z)->S (y,x,z)], 

then 21 is a commutative group iff 2t N cr CG . 

Example 3.13. Rings 

Here the appropriate language contains two ternary predicate letters S 
(to represent ring addition) and P (to represent ring multiplication), and 
one constant symbol 0 whose value will be the zero of the ring. Let a' CG be 
the result of substituting 0 for e in <r CG , and let <r R be the conjunction of 
<t' cg and the following sentences: 

VxVjdzVw[P(x,y,w)<^w==z] (existence and uniqueness of product), 

VxVyVzVuVrVw [P(x,y,z) a P(z,u,v) a P(y,u,w)->P(x,w,i?)] 

(associativity of multiplication), 

VxVyVzWVuVi;Vw [5 (x,y,z) a P(z,t,w) a P(x 9 t,v) a P(y,t,w)-*S (u,w,m)] 
VxVyVzVtVwVi^Vw [S (x,y,z) a P(t,z,u) a P(t,x,i?) a P(f,y,w)->S(u,vv,u)] 

(distributivity of multiplication over addition), 

then 211= cr R iff 21 is a ring. 

Example 3.14. Commutative rings 

Let <t cr be the conjunction of a R and the sentence 

VxVyVz [P (x,y,z)-*P(y,x,z)], 

then 21N a rR iff 21 is a commutative ring. 
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Example 3.15. Commutative fields 

Let a ¥ be the conjunction of <r CR and the sentences 

3x3y(~]x=y) (existence of at least two elements), 

Vx[nx = 0^V>>3zP(x,z,j)] (solution of x-z—y if x^O), 

Vx[~lx=0->Vy3zP(z,x,y)] (solution of z-x=y if x#0), 

then is a commutative field iff 91 is a model of <r F . 


Example 3.16. Commutative fields of characteristic p 
A field is said to be of characteristic p if p is the least integer such that, for 
each element x of the field. 


where 


P'x — 0 


p-x = x + xH— + x. 

p 

To simplify the axioms for a field of characteristic p we use the following 
abbreviations. 


and 


S i (x,y) abbreviates y = x 


S n+ 1 (x,y) abbreviates (3z)[S„ (x,z) a S (z,x,y)] 


thus ^(x,^) expresses the fact that y=n-x. 

Let <7jp be the conjunction of <r CF and the sentence 


C p =(Vx)S p (x, 0) A n[(Vx)S' J ,_i(x,0) v(V*)S'p_ 2 (x,0) V ... v(Vx)5'i(jr,0)] 

Then 91 is a commutative field of characteristic p iff 91 is a model of <r F . It 
is well known that there is a field of characteristic p iff p is a prime number. 
Also if 91 is a field of characteristic p and q^p, then 91 is not a field of 
characteristic q. 


A field of characteristic zero is a field which is not of characteristic p for 
any prime p (for example, the field of rational numbers). Let 

A 0 = {o F }v{^C p :p <w), 

where C p is the sentence defined above. 91 is a field of characteristic zero 
iff 91 is a model of A 0 . This shows that the property of being a field of 
characteristic zero is a general first order property. 

The next theorem shows that A 0 cannot be replaced by any finite set of 
sentences. 
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Theorem 3.17. The property of being a (commutative) field of characteristic 
zero is not a first order property . 

Proof. Suppose there is a sentence o F such that 911= a F iff 31 is a commu¬ 
tative field of characteristic zero. 

For each prime p let 9t p be a commutative field of characteristic p , that is, 
a model of {<7 F ,C P }. Let F be a non-principal ultrafilter on the set of all 
primes and let 

«=n %/ f - 

p 

Since each 91 p is a model of o F , by Los’s theorem, 91 is also a model of 
For each p, C p holds in precisely one of the factors 91^ (the one with q = p). 
F is a non-principal ultrafilter and therefore contains no one element sets. 
Hence, using Los’s theorem again, 91 is not a model of C p . This shows that 
91 is of characteristic zero and so 91N o F . Since o F does not hold in any of 
the factors 9l p , this contradicts Los’s theorem as the empty set is not in F. 
This completes the proof. 

Example 3.18. Vector spaces 

A vector space as ordinarily conceived does not consist of a single set with 
a number of relations defined on it but of two disjoint sets - a field of scalars 
and a commutative group of vectors - together with various relations be¬ 
tween them. So it might seem that the notion of a vector space cannot be 
expressed in a first order predicate language where all the variables range 
over the same set. However this difficulty can be overcome and we describe 
one way of doing this here. 

The language L that we use has two unary predicate letters 

KF, 

four ternary predicate letters 

S, P, A , M 9 

and two constant symbols 

0y 0. 

Intuitively, V(x) says *x is a vector’, F(x) says ‘x is a scalar’, we use S and 
P to represent the addition and multiplication of scalars, A to represent the 
addition of vectors and M to represent the multiplication of a vector by a 
scalar. 0 represents the zero scalar and 0 the zero vector. 

We let <r vs be the conjunction of the following sentences of L: 

(i). (Vx)[r(x)~nF(x)], 

‘Everything is either a vector or a scalar, but not both.’ 
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(2) . (Vw)(Vi?)(Vw)([*S(w,i;,>v) v P{u,v,w)~\-+[F(u) aF(v) aF(w)]) 5 

*S and P are relations between scalars.’ 

(3) . (yx)(My)(yz){A(x,y,z)^[V(x) a F(j)aF(z)]), 

‘A is a relation between vectors.’ 

(4) . (Vh)(Vx)(V y)(M(u,x,y)-> [F(w) aV(x)aV (j)]) , 

‘M is a relation between one scalar and two vectors.’ 

(5) . The sentence which says that the scalars form a commutative field 
with addition S , multiplication P and zero 0. This sentence can be derived 
from the sentence cr F of example 3.15 in an obvious way. 

(6) . The sentence which says that the vectors form a commutative group 
with addition A and zero 0. This sentence can be derived from the sentence 
<r CG of example 3.12 in an obvious way. 

(7) . Sentences which say how scalars operate on vectors. We can take 
these to be the following: 

(Vu)(Vx)({F(u) a V (u,x,z)<r+z = y]), 

'Given any scalar u and any vector x, there is a unique vector wx.’ 

(Vu)(Vt>)(Vw)(Vx)(Vy)(Vz)(Vt)([ 1 S (w,t;,w) a M ( u,x,y) a M ( v,x,z) 

a A 0,z,f)]-» M (w,x,r)), 

‘For any scalars u 9 v and any vector x, (u + v)'x = u-x-rvx.’ > 

(Vw)(Vx)(Vy)(Vz)(Vx / )(V/)(Vz')([T ( x,y,z) a M (u 9 x 9 x) a M ( u,y,y ') 

a A (x\y\z')~\-+M (u,z,z / )), 

‘For any scalar u and any vectors x, y , w(x+y) = irx + iry.' 
(Vu)(Vi;)(Vw)(Vx)(Vy)(Vz)([P(M,t;,w) a M(w,x,y) a M(i^x,z)]-*M(u,z,};)) , 
‘For any scalars u,v and any vector x, (uv)-x = u 9 (vx).* 

(Vu)[(Vi;) P (u,v,v)-+(Vx) M (u,x,x)] , 

‘For any vector x, 1-x =x.’ 

Then ^ = {A,F^ 9 V m ,S^P^A^M^0^0 m y is a model of <x vs iff F m and V<% 
are disjoint sets whose union is A, and (V^A* iAi) is a vector space over the 
field (F^S^P^Om} with M% as the multiplication of a vector by a scalar. 
Thus we can regard the property of being a vector space as a first order 
property. 

Example 3.19. Finite dimensional vector spaces 

A vector space is of dimension n if there are n linearly independent vectors 
which span the space. We can express this property in the language L 
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described in the previous example. For convenience we adopt the following 
abbreviations: 

S n (u l9 ... 9 u n ;x l9 ... 9 x n ;y) is an abbreviation for 

(3z 1 )..X3z n )(3t l )...(3t n _ 2 )lM(u l9 x i9 z 1 )A---AM(u n9 x n9 z n ) 

^ A(z l9 z 29 t 1 ) a A(t l9 z 39 t 2 ) a ••• a A(t n _ 39 z n _ l9 t n - 2 ) a A(t n - 29 z n9 yy\ . 

Thus S n (u l9 ... 9 u n ;x l9 ... 9 x n ;y) ‘says’ that 

y = w 1 -x 1 + -“+w„-x M . 

Also we let LI n (x l9 ... 9 x n ) be an abbreviation for 

L/„(xiv,^) ‘says’ that the vectors {x l9 ... 9 x n } form a linearly independent 
set. 

Now we let T Dim(n) be the sentence 
(3x 1 )...(3x„)(L/ n (x 1 ,...,x n ) 

A (Vy)[F(>')->(3w 1 )...(3u (1 )S n (« 1 ,...,M„;x 1 ,...,x„;y)]). 

Then a vector space is of dimension n iff it is a model of T Dim(n) . 

Let T = {a vs }u {“lT Dim(n) :«ew}. Then 91 is an infinite dimensional vector 
space iff it is a model of I. An argument similar to that used to prove 
theorem 3.17 shows that I cannot be replaced by a finite set of sentences. 
Thus the notion of an infinite dimensional vector space is a general first 
order property but not a first order property. It follows that the property 
of being a finite dimensional vector space is not a first order property. 

For a further discussion of this see example 7.1.10. 

Example 3.20. Algebraically closed fields 

A field is said to be algebraically closed if each non-constant polynomial with 
coefficients in the field has a zero in the field, or, equivalently, if each such 
polynomial factors into linear factors over the field. In order to write down 
axioms for algebraically closed fields it is convenient to introduce the following 
abbreviations. We shall be using the language for fields introduced in example 
3.15. 

Let M 0 (x 9 y) be an abbreviation for y=x and let M k+1 (x 9 y) be an ab¬ 
breviation for the formula 

(3 z)[M k (x,z) a P(z,x,y )], 

thus M k (x,y ) ‘says’ y=x k+1 . 
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Next for 2, we let T n (x 09 ... 9 x n9 y 9 z) be an abbreviation for 

(3« 0 ).. .(3« n )(3t> 0 ). . .(3^(3 w t ). • -(3 w„_ 0 

[M 0 (y,u 0 ) a • ■ • a M„ (y ,u„) a P (u 0 ,x 0 ,v 0 ) a • • ■ a P ( u n ,x„,v „) 
A S (v 0 ,v t ,W,) A S (Wj ,V 2 ,W 2 ) A • • • A S(w„_ J , 

thus T„(x 0 ,x 1 ,...,x n ,y,z) ‘says’ z = x 0 y°+ x 1 y 1 + ■■■+x„y n . 

Finally for n^2, we let x n be the sentence 

(Vx 0 ). • .(Vx„)( 1 x n = 0-> (3 y) T n (x o ,...,x n ,y,0)). 

x n is the sentence which says that all polynomials of degree n have a zero in 
the field. 

Then if 

£cf=W }u{T„:2<n<co}, 

$1 is an algebraically closed field iff it is a model of Z CF . Thus the property 
of being an algebraically closed field is a general first order property. 

The next algebraic results enables us to deduce that the theory of algebraically 
closed fields is not finitely axiomatizable. 

Theorem 3.21. For each neco, there is a field 9I W , which is not algebraically 
closed , in which all non-constant polynomials of degree ^ n have zeros. 

Proof. Let Q be the field of rational numbers and let Q be its algebraic 
closure. Q is countable and so can be enumerated in a sequence <^:/eco>. 
We define the sequence (Q n r : rGco} of fields as follows. 

Q n o=Q 

and 

where q is the first element in the given enumeration of Q which is not in 
Q n r and which is a zero of a polynomial of degree ^ n , which has coefficients 
in Q n r . 

Now we let ?l n = UrewQr- It easy t0 se e that is a field. Suppose 

f( x )=a t x t -\ - \-a^x Oq is a polynomial of degree with coefficients in 

For some reco , a 0i ...,a t are all in Q”.f(x ) has a zero in Q , say q { in the 
given enumeration. Then it is clear from our construction that and 

so/(x) has a zero in 

We complete the proof by showing that is not algebraically closed. 
Let p be any prime greater than n , and for each reco, let n r = [(Tr+i'-Qf] 
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the degree of 0" +1 over Q n r . By construction n r ^n and so p does not divide 
n r . 

By a very well known result, for each sew 

IQ" : <2] = IQI-QI -,] x [Q"_ i : Q"- 2 ] x - • x [Q1: Q-] 

= n s-i'n s -2 . n 0 , 

and sopXlQV-Ql 

It follows from this that none of the elements of have degrees over Q 
which are divisible by p. But Q contains elements which are of degree p over 
Q, for example all the zeros of x p -2. This shows that ?[„ is not algebraically 
closed. 

Theorem 3.22. The theory of algebraically closed fields is not finitely 
axiomatizable. 

Proof. Suppose there is a sentence a such that a structure is an algebrai¬ 
cally closed field iff" it is a model of a. 

For each n let be the field given by the previous theorem and let F be 
a non-principal ultrafilter on co. Let $1 = n w 
Each 9l„ is a model of a F and so, by Los’s theorem, so too is 91, thus 91 
is certainly a field. Also each of the sentences t„ holds in all but a finite 
number of the factors of 91, therefore again using Los’s theorem and the 
fact that F is a non-principal ultrafilter, we can conclude that each sentence 
t„ holds in 91. Therefore 91 is an algebraically closed field, and so, by hy¬ 
pothesis, is a model of a. But each 9l„ is not algebraically closed and so is a 
model of ~1<7. Therefore, by Los’s theorem, 91 is also a model of “~| a. This 
contradiction shows that no such sentence a exists. 

Corollary 3.23 The theory of algebraically closed fields of characteristic 
zero is not finitely axiomatizable. 

Proof. It is sufficient to observe that all the fields 9I n are of characteristic 
zero. 


Corollary 3.24. For each prime p, the theory of algebraically closed fields 
of characteristic p is not finitely axiomatizable. 

Proof. This is proved similarly to the previous result. It is necessary 
only to repeat the construction of theorem 3.21 starting not with Q but 
with the prime field of characteristic p , that is, the field of integers modulo p. 
In this case all the fields 9l„ will be of characteristic p and so the argument 
is the same as before. 
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§4. The compactness theorem 

It can be seen that the arguments we used to prove theorems 3.4 and 3.17 
did not involve the nature of the sentences 3 >n and C p in any essential way 
and the argument was basically the same in each case. This same basic 
argument can be used to prove the following powerful general result. 

Theorem 4.1. The compactness theorem for predicate calculus 
A set Z of sentences of L has a model iff each finite subset of Z has a model. 
Proof. If Z has a model then, trivially, each finite subset of Z has a model. 
Suppose that each finite subset of Z has a model. We are going to con¬ 
struct an ultraproduct of the models of the finite subsets of Z. By choosing 
the ultrafilter carefully we ensure that the ultraproduct we construct is a 
model of the whole set Z . 

Let I = S co (Z). By hypothesis, for each Ael there is a model 31^ of A. 
For each set A in / let A* = {A'el: A <=d'}. Each collection A* is non¬ 
empty. Also for any finite subset, say {A l9 ...,A n } of /, 

A 1 U--V A n e A* rv-nJ* 

and hence the collection {A*:Ael} has the finite intersection property. 
Therefore this collection can be extended to an ultrafilter F on /. We show 
that the ultraproduct 

n xjf 

Ael 

is a model of Z. 

Suppose ael, then { a}el , say {a} = A 0 . 3 l Jo l =<7 and, clearly, 31 A ,\=o, if 
A 0 ^A'. Hence 

Since A* eF, {A'el :‘il j. t= < 7 }eFand therefore, by Los’s theorem, Y\%JF¥<t. 
This completes the proof. 

The compactness theorem enables us to generalize corollary 3.5.3 to arbitrary 
sets of sentences. 

Theorem 4.2. The Godel-Henkin completeness theorem 
A set I of sentences has a model iff it is consistent. 

Proof. By the finiteness theorem for predicate calculus, Z is consistent 
iff each finite subset of Z is consistent. By corollary 3.5.3, each finite subset 
of Z is consistent iff each finite subset of Z has a model. The compactness 
theorem shows that this holds iff Z has a model. 



ch. 5, § 5 


THE COMPLETENESS THEOREM 


103 


Note that nowhere in theorems 4.1 and 4.2 we have used the fact that L is 
a countable language. Thus these theorems hold for languages with arbi¬ 
trarily large sets of predicate letters. 

The Godel-Henkin completeness theorem together with the Lowenheim- 
Skolem theorem yields 

Theorem 4.3. If I is a consistent set of sentences of cardinal oc, then either 
I has a finite model or I has models of all infinite cardinals ^ a. 

§ 5. The completeness theorem, the axiom of choice and the ultrafilter theorem 

Our proofs of the compactness and completeness theorems involve the 
axiom of choice more or less explicitly. For instance, an assumption under¬ 
lying the proof of the compactness theorem is that the ultraproduct con¬ 
structed during this proof is non-empty and this can only be justified in 
general by appealing to the axiom of choice. 

In this section we show that the strong form of the completeness theorem in 
which the cardinalities of the models are mentioned (theorem 4.3) is actually 
equivalent to the axiom of choice. In contrast, however, the compactness and 
the Godel-Henkin completeness theorem (theorems 4.1 and 4.2) in which the 
cardinalities are not mentioned are equivalent to the ultrafilter theorem for 
Boolean algebras (theorem 1.3.4) which is known to be strictly weaker than 
the axiom of choice*. Our proofs of these results will need some facts about 
predicate calculus we have not so far mentioned; we give references to other 
textbooks where these results are explained. 

Theorem 5.1. The strong completeness theorem is equivalent to the axiom 
of choice. 

Proof. We have already remarked that the strong form of the complete¬ 
ness theorem can be derived from the axiom of choice. 

Conversely, assume the result of theorem 4.3. Let o be the sentence of 
theorem 4.3.7. Recall that a has a model of cardinal a iff a 2 = a. Let 
2= { cr 3 >2 }* Since K 0 2 = N 0 , I has a model of cardinal X 0 and is therefore 
consistent. Clearly 1 has no finite models and therefore, by the strong 
form of the completeness theorem, has models of all cardinals a^N 0 . 
Therefore for all infinite cardinals a, a 2 = a and we have already remarked 
that this is equivalent to the axiom of choice. 


* This result was first proved by Halpern, Lauchli and Levy (see the invaluable survey 
by Mathias [1967]). 
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To complete this section we show that the Godel-Henkin completeness 
theorem, the compactness theorem and the ultrafilter theorem are all 
equivalent. Of course we must be careful to avoid any (tacit) applications 
of the axiom of choice in the proof. 

Theorem 5.2. The following assertions are equivalent: 

(1) . Every Boolean algebra contains an ultrafilter. 

(2) . Each filter in a Boolean algebra can be extended to an ultrafilter. 

(3) . Each consistent set of sentences of first order predicate calculus has a 

model . 

(4) . If I is a set of first order sentences and every finite subset of 1 has a 

model then I itself has a model. 

Proof. (1)=> (2). Assume (1) and let F be a filter in a Boolean algebra B. 
Then the quotient algebra B/F is a Boolean algebra which according to (1) 
contains an ultrafilter U. Let h be the canonical homomorphism of B into 
B/F. It is easily checked that h~ 1 [£/] is an ultrafilter in B which extends F. 

(2) =>(3). We assume here a knowledge of Skolem transforms, which are 
explained for example in Church [1956]. 

Assume (2) and let I be a consistent set of sentences, which we may take 
to be in prenex normal form, of a first order language L. For each formula 
<£ of L in prenex normal form let <f)* be the Skolem transform of (j), that is, 
the formula obtained by taking the closure of (/>, introducing Skolem 
functions and individual constants to eliminate existential quantifiers, and 
then suppressing the remaining universal quantifiers. (For example, the 
Skolem transform of the prenex formula (3x-)(V^)(3z) </> {x,y,z) is (f) ( c,y,f ( 7 )), 
where c is a new individual constant and / a new unary function letter.) We 
can assume that the new function letters and individual constants introduced 
for one formula are distinct from those introduced for another formula. 
Let L* be a language whose set of primitive symbols includes all those of L, 
except the quantifiers, and also all the new function letters and individual 
constants we have introduced in forming the Skolem transforms of the 
formulas of L. The rules of inference for L* are to be modus ponens and 
substitution of terms for variables. As axioms for L* we take all instances 
of the schemas SCI, SC2 and SC3 of ch. 2, §1, and also all instances of the 
schemas 

x — x 

and t = 

where t,t' are any terms and </> is any formula. 



ch. 5, § 5 


THE COMPLETENESS THEOREM 


105 


It can be shown, without making any use of the axiom of choice - and 
this is the crux of the proof - that Z is consistent in L iff = {<£* :<j>eZ} is 
consistent in L*. (For a proof of this, the so-called second e-theorem. , consult 
Hilbert and Bernays [1939]). 

Let B be the Lindenbaum algebra of L*, that is the Boolean algebra of 
equivalence classes of formulas of L* under the relation of provable equiva¬ 
lence in L*. For each formula <j) of L* let |<£| be the equivalence class of <t> 
under this relation, thus \(j>\ = {i//: \- L *(j)<->\l/}. Since Z is consistent, so is Z* 
and hence the set \Z*\ = :<f)*eZ*} has the finite intersection property 

and so by lemma 1.2.7 can be extended to a filter in B and so, by (2), to 
an ultrafilter F in B. We now use the ultrafilter F to define an interpretation 
91 of L* as follows. The universe of 91 is to be the set of all terms of L*, each 
constant is its own interpretation, and if /is an «-ary function letter we let 
its interpretation be the function F on the set of terms given by 
F( t 1 ,...,t # i )= /(For each n- ary predicate letter P we stipulate that 
P[r holds in 91 iff |i > (T 1 ,...,T„)|eF. (For the purposes of this argu¬ 
ment we regard the equality symbol ‘ = ’ asa non-logical predicate letter, 
so it will not necessarily be interpreted as the identity relation on 91.) Then 
it can easily be shown by induction that a formula </> of L* is valid in 91 iff 
\(f)\eF. But since |T*| ^ F it follows that every member of Z* is valid in 91. 
A moment’s reflection on how Z* was obtained from Z will be enough to 
convince one that every member of Z is also valid in 91. Thus 91 would be 
a model of Z if the equivalence relation corresponding to the equality symbol 
were the identity relation. In general this will not be the case. If it is not we 
‘contract’ 91 to a model 91' which does satisfy this condition in the standard 
way (see, for example, Mendelson [1964] p. 80). 91' is then a model of Z, 
and (3) follows. 

(3) =>(4). Assume (3), and suppose that Z is a set of first order sentences 
every finite subset of which has a model. Then clearly each finite subset of 
Z is consistent and so Z itself is consistent and so by (3) has a model. 

(4) =>(1). Assume (4), and suppose that 93 is a Boolean algebra. Let L be 
the appropriate language for Boolean algebras and let L(93) be the language 
obtained from L by adding a constant for each element of 93. Let Z t be the 
set of all open sentences of L (93) which hold in 93 when the constants are 
interpreted as the corresponding elements of 93, and let Z 2 be a set of axioms 
for Boolean algebras. Let L + be the language obtained from L(93) by 
adding a new unary predicate letter U , and let Z 3 be the set of sentences 
which say that the elements satisfying U form an ultrafilter. We will show 
that each finite subset of Z = Z 1 'u Z 2 v Z 3 has a model. 
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Let I 0 be a finite subset of I. Let A 0 be the set of those elements of S 
corresponding to the constants occurring in Z 0 , and let 31 be the finite 
subalgebra of 93 generated by A 0 (i.e. the smallest subalgebra of© containing 
all the elements in A 0 ). Since 91 is finite we know, without using the axiom 
of choice, that 91 contains an ultrafilter, say F. Thus if a is an enumeration 
of 9l 0 , (91,F, a) is a model of I 0 . Hence, by (4), 1 has a model S' in which 
the value U w of U is an ultrafilter. Since S' is a model of T x it is, up to 
isomorphism, an extension of S. Thus U^nB, is an ultrafilter in S. This 
completes the proof. 

§6. Historical and bibliographical remarks 

The ultraproduct construction is foreshadowed by some earlier constructions 
of Godel [1930] and Skolem [1934]. We discuss the relation between this 
early work and the ultraproduct construction in ch. 12. The construction 
was also used by Hewitt [1948] in connection with real closed fields. Its 
first explicit appearance in connection with model theory can be found in 
Los [1955]. Los’s theorem is implicit in this last paper. 

Most of our remarks about finite axiomatizability are well known. 
Tarski [1949] announced the result that the theory of algebraically closed 
fields is not finitely axiomatizable but as far as we know no proof has 
previously been published. Our proof of theorem 3.21 was inspired by a 
suggestion of A. Macintyre and H. Simmons who also suggested the ex¬ 
tension of the result to algebraically closed fields of specified characteristic. 

The compactness theorem for countable sets of sentences is due to 
Godel [1930]. It was extended to uncountable languages by Malcev [1936]. 
The proof using ultraproducts is due to Morel, Scott and Tarski [1958]. 
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Before going on to give some more applications of ultraproducts to model 
theory we discuss some of the purely set theoretic aspects of this construction. 

§ 1. More about ultrafilters 

Recall that if 7 is a set, by an ultrafilter on I we mean an ultrafilter in the 
power set Boolean algebra By an ultrafilter pair is meant a pair 

<7,F> where 7 is a non-empty set and F is an ultrafilter on 7. In this section 
we are going to classify various sorts of ultrafilter pairs. We begin by re¬ 
peating some of the results of ch. 1. 

(a). Principal ultrafilters. A principal filter on 7 is a filter F of the form 

F = {yc/:Icy}, 

where X is some fixed non-empty subset of 7. We say that X generates the 
filter F. A principal ultrafilter is an ultrafilter which is a principal filter. 

Lemma 1.1. If F is a filter on I, F is a principal filter iff P| {X:XeF}eF. 

Proof. If F is the principal filter generated by the set X 0 , then 
Pi {X:XeF} = X 0 eF; while if X 0 = P| {X:XeF} is in F, then F is the 
principal filter generated by X 0 . 

Lemma 1.2. If F is a principal filter, then F is an ultrafilter iff the set which 
generates F contains just one element . 

Proof. Suppose xel , and F= {X^IixeX}. For each X^I either xeX 
or xel—X , therefore by lemma 1.3.1, Fis an ultrafilter. 

Conversely suppose F is a principal ultrafilter and X 0 = p| {X: XeF} 
contains the two elements x,y. Since F is an ultrafilter either {x} or 7— {x} 
is in F. In the first case y$X 0 and in the second case x$X 0 . This contra¬ 
diction shows that X 0 contains just one element. 
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This lemma shows that if 7 is of cardinal a there are precisely a distinct 
principal ultrafilters on 7. We have already noted that if 7 is finite all ultra¬ 
filters on 7 are principal. We show in the next section that the ultraproduct 
construction only provides something new when the ultrafilter is not 
principal, so from now on we shall only be interested in 
(b). Non-principal ultrafilters. An ultrafilter is non-principal if it is not 
principal. 

Lemma 1.3. A non-principal ultrafilter contains no finite sets. 

Proof. Let F be an ultrafilter containing a finite set. Let A" be a set of 
least cardinal in F. Since F is proper, X is not empty. We show that X con¬ 
tains just one element. Suppose not, say x and y are in X. By hypothesis 
{*}£Fand so I—{x}eF. Therefore Xn(I— {x}) = X— {x}eF. But X— {x} 
contains fewer elements than X since X is finite, contradicting our choice of 
X. This shows that X contains just one element, say x. It follows at once 
that F is the principal ultrafilter generated by {x}. 

The existence of non-principal ultrafilters on infinite sets is guaranteed by 
the next result. 

Lemma 1.4. If I is infinite , there is a non-principal ultrafilter on I. 

Proof. Let S w (/) be the set of all cofinite subsets of 7. It is easily checked 
that (/) has the finite intersection property and so can be extended to an 
ultrafilter F on 7. By construction F contains no finite sets and therefore is 
non-principal. 

Note that by lemma 1.3 any non-principal ultrafilter on 7 contains all the 
sets in 

Another consequence of lemma 1.3 should also be noted. Suppose Fis a 
non-principal ultrafilter on I and X , Y are subsets of 7 such that X—Y is 
finite and XeF. Then we can conclude that Y is also in F, because, since 
X-Y is finite I-(X~Y)eF , therefore Xn {I-(X-Y)} = XnYeF. But 
XnYczY and so YeF. 

We have just shown that there is at least one non-principal ultrafilter on 
an infinite set 7. Suppose 7 is of cardinal a. Then ^(7) is of cardinal 2“. 
An ultrafilter on 7 is a subset of ^(7). There are 2 2 * subsets of ^(7) and 
hence there are at most 2 2 * non-principal ultrafilters on 7. The next theorem, 
due to Tarski, shows that this maximum number is actually attained. 

Theorem 1.5. If I is an infinite set of cardinal a, there are 2 2 * non-principal 
ultrafiIters on 7. 
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Proof. Recall that ^(X) is the set of all finite subsets of X. Since / is 
infinite S m (I) also has cardinal a and S m (S m (/)) is also of cardinal a. In 
effect we show that there are 2 2 “ ultrafilters on S m (S m (I)). The result then 
immediately generalizes to any set of cardinal a. 

Since / is infinite there are two disjoint sets, A,B each of cardinal a, whose 
union is I. Let /be any one-one map of A onto B. If X^A we let 

X + =Xu(B-{/(x):xeX}), 

thus X + is X together with those elements of B not in the image of X under/ 
Suppose X,Y^A and X# Y. Then either X— Y or X—X is non-empty. If 
xeX-Y, xeX + — X + , and if jce X-X, f(x)eX + - Y + . So in either case 
X + $ Y + . We have therefore shown that 

if X,Y<=A and X^ X, then X + $ Y + . (1) 

Let 

/ is also of cardinal a, and let 

Then (I) and by (1), is of cardinal 2 a . 

Suppose 

X=Z~S 0) (X + )e^ 

and is a finite subset of not containing X. Say 

&={I-S a (Y t + ):i<n}. 

For i<«, X# X f and therefore, by (1), X + $ X, + . 

Let # (/) be an element of X + — X/, and let 

U = {g(i):i^n }. 

U is a finite subset of X + and so is not in X. By construction, for 
I/$X f + , and so is in and thus We have therefore 

shown that 

if Xes/ 9 <8feS m (s/) and X^^, then f|^$ * (2) 

Now let 

Again «/ is of cardinal a. Let 

<8 = {S k ,(X):X 6^}, 
thus 58 s^./) and 58 is of cardinal 2*. 
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Suppose 

and 


£={S to (X i ):i^m} 
V = {SjYj):j^n} 


are disjoint finite subsets of 23. Then for each i^m. 


X^{Yj:j^n} 

and therefore, by (2), there is some element, say h(i), in Oj^ n Yj —Let 

Y' = {h(i):i^m}. 


Y' is a finite subset of each Yj and therefore 

j^n 

Y' is not a subset of any X t and therefore Y $ {J 36. Therefore we have 
shown that 


if 36,2) are disjoint finite subsets of 93, P)2) $ (J 36. (3) 

If3^®> let 

3* = (®-3) u{</-^:3Te3}. 

If 3i,3 2 e® and 3 i# 3 25 there is clearly some Jc/ with ^e3i* and 
^“^ e 32*- Thus there are 2 2 “ distinct sets 3*> one corresponding to each 
subset of 23. 

Suppose 3 — ® and let 

be a finite subset of 3*> with ^^3 for and ^e3 for By (3) 
whence 

rv--n^ m n(</ — n — n^- ^ n )^0- 


This shows that 3* has the finite intersection property and therefore can be 
extended to an ultrafilter, say I/ 3 on J . By the remark above if 3 i^32> 
(7 3i ^ u$ 2 and thus { 1 / 3:3 ^®} is a collection of 2 2 “ ultrafilters on J, 

Let 6 be any one-one map of J onto /. For each 3 — ® let 

T 3 = {0[X]:3eet/ 3 }. 

Then {^ 3 : 3 ^®} is a collection of 2 2 “ ultrafilters on I. Since at most a of 
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these can be principal ultrafilters this shows that there are at least, and so 
exactly, 2 2 “ non-principal ultrafilters on I. 

(c) . Uniform ultrafilters. An ultrafilter F on I is said to be uniform if all 
the sets in F are of the same cardinal as I. 

Lemma 1.6. If I is infinite there is a uniform ultrafilter on I. 

Proof. Let I be of cardinal a and let S a (/) be the set of all those subsets 
of I whose complements are of cardinal <a. Thus XeS 9 (I) iff Ig/ and 
card(/— X)<oc. It is easily checked that S a (I) has the finite intersection 
property and so can be extended to an ultrafilter F on /. Clearly this ultra¬ 
filter contains no sets of cardinal <a and so is uniform. 

Indeed any uniform ultrafilter on / must contain all the sets in S a (I), and 
conversely any ultrafilter containing S a (I ) is uniform. 

Lemma 1.7. Let I be an infinite set. The collections of non-principal ultrafilters 
on I and of uniform ultrafilters on I coincide iff I is countable. 

Proof. All uniform ultrafilters are non-principal. If I is countable 
lemma 1.3 shows that any non-principal ultrafilter on / is uniform. 

Suppose now card(/) = a>N 0 . Let /? be any infinite cardinal less than a 
and let J be any subset of / of cardinal ft. Let 

G = {X^I.J-X is finite}. 

G can easily be seen to have the finite intersection property and also to 
contain all the sets in (/). Therefore G can be extended to a non-principal 
ultrafilter F on I. In particular JeG^F, and so F is not uniform. 

We will see in §3 that as far as ultraproducts are concerned we need only 
concern ourselves with uniform ultrafilters. 

(d) . co-incomplete ultrafilters. An ultrafilter F on I is said to be co-complete 
if whenever {X n :n<a>} is a collection of elements of F then f) {X n \n<co} is 
also in F. F is co-incomplete if it is not co-complete. This definition can be 
generalized to an arbitrary infinite cardinal a. F is said to be oc-complete if 
whenever for £<a, X^eF then P| {X^Z <a} is also in F. F is a- incomplete 
if F is not oc-complete. 

Lemma 1.8 A principal ultrafilter is oc-comple'e for all a. 

Proof. If F is generated by {x} then for any collection {2Q:£<a} of 
elements of F, {x} c p [X^ :£<a} and so P| {2Q :£<oc}eF. 
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The question naturally arises as to whether there exist non-principal ultra¬ 
filters which are co-complete. The next easy lemma gives a complete answer 
in the case of ultrafilters on countable sets. 


Lemma 1.9. If I is of cardinal a, there is no non-principal a-complete ultrafilter 
on I. 

Proof. Let {x^:^<a} be an enumeration of / and F a non-principal 
ultrafilter on L For £<a, let X^—I— { x ^}. Since Fis non-principal each set 
is in F. But p)^ <ct X^ = 0 and so is not in F. It follows that F is not a- 
complete. 

Corollary 1.10. All non-principal ultrafilters on countable sets are co-incom- 
plete. 


The question as to whether co-complete non-principal ultrafilters on un¬ 
countable sets exist is a famous problem in set theory. A cardinal a is said 
to be measurable if a is uncountable and there is a non-principal ultrafilter 
on a (or, equivalently, on some set of cardinal a) which is ^-complete for 
each /? < a. 

Readers familiar with measure theory will notice that if F is an ultrafilter 
on the set /, then the map 


defined by 


/^(JM 0,1}, 
p(X)=lif XeF 


and 


p(X)=0tfXtF 


is a two valued measure on / which is non-trivial if F is non-principal and 
which is ^-additive if F is ^-complete. Thus a is a measurable cardinal iff 
a is uncountable and there is a non-trivial two valued measure on a which is 
/1-additive for each p«x. This explains the nomenclature. 

We shall say that the cardinal a is co-measurable if there is a non-principal 
co-complete ultrafilter on a. In the literature the term ‘measurable’ is some¬ 
times used for the notion we have called ‘co-measurable’. However the next 
result shows that as far as the existence of measurable cardinals is concerned 
this difference in nomenclature is unimportant. 


Theorem 1.11. There exists a measurable cardinal iff there exists an co- 
measurable cardinal . 

Proof. Since all measurable cardinals are co-measurable one way round 
is trivial. For the converse, suppose that there is an co-measurable cardinal. 
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Let a be the least co-measurable cardinal. By the previous lemma a must be 
uncountable. 

Let F be a non-principal a>-complete ultrafilter on a. We show that for 
each P<<x, F is ^-complete. 

Suppose that F is not ^-complete with P«x. Then, as we show in the next 
lemma, there is a partition {JJQ:£</?} of a such that for each £</?, X^F. 

Let J=pQ:f <$} and for A^I, let \JA = {J{X 4 :X^eA}. We define the 
collection E of subsets of / by 

E = {A^I:\jAeF}. 

Clearly IeE and no finite subsets of / are in E. Suppose AeE and A^B^I, 
Then (J,4eFand {JA^\JB. Therefore (jBeFand hence BeE. 

If A^I, U(/— A)=a. Thus either (Jv4eF or t J(I—A)eF, but 

clearly not both. Hence either AeE or I—AeE, but not both. 

Finally suppose that for each new, A n eE. Then for new, \jA n eF and 
therefore, because F is co-complete, 

n(LUn)e^- 

new 

But since the sets in / are pairwise disjoint, 

n(LM.)=u(n>u. 

new new 

and it follows that fi\ nG(a A n eE. 

We have thus shown that E is an co-complete non-principal ultrafilter on L 
Since / is of cardinal /?<a this contradicts our choice of a. 

We can therefore conclude that F is /^-complete for each ft < cc and so a 
is a measurable cardinal. 

The existence of measurable cardinals remains an open problem. A most 
striking result is due to Scott [1961] who showed that the axiom of con- 
structibility, that is V=L in the sense of Godel [1940], implies that measur¬ 
able cardinals do not exist. We give a sketch of Scott’s proof in ch. 14. 

If I is a set, by a partition of / we mean a collection of pairwise disjoint 
non-empty sets whose union is /. We will make use of the following alterna¬ 
tive characterizations of a-complete ultrafilters in the next section. 

Lemma 1.12. Let F be an ultrafilter on /. F is (x-complete iff whenever fi^ct 
and {2Q: { < j 8} is a partition of I, then there is a unique £ 0 </? such that 2Q 0 eF. 
Proof. Suppose Fis a-complete, /?<a and {2Q :£</?} is a partition of /. 
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Since the JQ are pairwise disjoint at most one of them is in F. Suppose none 
of them is. Then for £</?, I—X^eF. Since Fis a-complete 

H (I-X') = I- U X*=/-/ = 0eF, 

Z<fi S<P 

which contradicts the fact that F is proper. 

The converse is proved similarly. 

Lemma 1.13. Let F be an ultrafilter on I and let a be the least cardinal such 
that F is cc-incomplete. Then there is a sequence (X^:£,<(x) of elements of F 
such that 

(1) . X n , if £ ^ rj < oc, 

and 

(2) - n$<a^Q = 0- 

Proof. Since Fis a-incomplete there is a collection of elements 

ofFsuch that Y=C\^ <0L Y^F. Thus/-T gF. For £<a, let 

x,=(/-y)nn^. 

Since card(£)<a, Fis card (^)-complete and so X^eF. Clearly (1) holds and 
finally, 

fl *<=(/—Y)n H Y t = (I-Y)nY=9. 

£<a £<a 

This completes the proof. 

(e). Regular ultrafilters. If I is infinite, S co ( /), the set of all finite subsets of 
/, is of the same cardinal as /, and so there is a one-one map of / onto S (/). 
We say that Fis a regular ultrafilter on / if there is a one-one map/of I onto 
S m (I) such that for each iel, 

{jeI:ief(j)}eF. 

The importance of this concept will become apparent when we discuss the 
cardinality of ultraproducts. 

We shall be interested in the relationship between regular ultrafilters and 
the other sorts of ultrafilters that we have described. 

Lemma 1.14. Let I be an infinite set. Then there is a regular ultrafilter on I. 
Any regular ultrafilter on I is co-incomplete and uniform. 

Proof. Let / be a one-one map of / onto S W (I). For each iel let 

E t ={jel:ief(j)}. 
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We show that the collection E — {E t : i e 1} has the finite intersection property. 

Let {E h ,...,E in } be a finite subset of E. {7 lv ..,/ n } is a finite subset of I and 
so is/(/o) for some i 0 el. For j^n, /g f (if) and so 

i 0 eE h n-nE in . 

Thus E has the finite intersection property and so can be extended to an 
ultrafilter F on I. By our construction F is a regular ultrafilter. 

Now suppose that F is a regular ultrafilter on /. Then there is a one-one 
map /of / onto S m (I) such that for iel 

{jeI:ief(j)}eF 

Let {i„:nea>} be a countably infinite subset of I. For new, let 

X n = {jel:i n ef(j)}. 

By hypothesis each X n is in F , but obviously 

(~]X B ={jeI: for all new, i„ef(j )}=0 

n e co 

and so is not in F. This shows that F is ^-incomplete. 

Next we show that F is uniform. Suppose X^I and card(A r )<card(7). 
Then, clearly, 

card ( U /(»)) < card i 1 ) > 

i e X 

and therefore there is some j 0 el— U*ex/(0- f° r *‘e/, y 0 e/(/), It 
follows that 

{i€/:j 0 e/(i)}s/-Z. 

Since {/g/: y 0 e/(/)}eF, we can conclude that I—XeF and thus that Z 
This shows that F is uniform. 

It is not known, in general, whether all ^-incomplete uniform ultrafilters are 
regular. However once again we have a complete answer in the case of 
ultrafilters on countable sets, as in provided by the next two lemmas. 

Lemma 1.15. Let I~{i n :new} be a countable set and let Fbe a non-principal 
ultrafilter on /. There is a sequence <Z „: new} of subsets of I such that 

(1) . Z 0 = 7, 

(2) . for each n, X n+l ^X n and Z„ —Z n+1 is infinite , 

(3) . for each n, X n eF , 

(4) . h...x,=0. 



116 


SET THEORETIC PROPERTIES OF ULTRAPRODUCTS 


ch. 6, § 1 


Proof. Let X 0 —I. Suppose kcco , and for n^k we have defined X n so as 
to satisfy (1)—(3) and 
(5). for m<n, i m $X n . 

Let A k ,B k be infinite disjoint sets whose union is X k . Since X k eF, either A k 
or B k is in F. If A k eF then so also is A k —{i k } and we let X k+l be this set. 
If A k $F, then F fe eFand so B k — {/JeFand we let X k + i be this set. Thus, in 
either case, we have found sets X„ for «^&+l so that (l)-(3) and (5) are 
satisfied. Hence, by induction, for all n we can find a set X„ so that these 
conditions are satisfied. Since each X n satisfies (5) it follows that C\ nGtii Xn = ty 
and thus the proof is complete. 

Lemma 1.16. IfFisa non-principal ultrafilter on the countable set I = {i n :neco}, 
then F is regular . 

Proof. Let (X n :ne co> be the sequence of sets given by the previous 
lemma. For each neco , let Y n be the collection of all those finite subsets of / 
which contain each i k with k<n. Clearly, 

( 1 ) . Yo-S^I), 

(2) . for each n, Y n+1 ^ Y n , and Y n —Y n+1 is infinite, 
and 

(3) . n n e<oYn = <D- 

For each n, let f n be a one-one map of X n — X n+1 onto Y n — 7 W+1 and let 
f ={J {f„:neca}. Because of the properties of the sets X n and Y n , f is a 
one-one map of I onto 5^(7). 

For each neco , if ieX n+u f(i)e Y n+l and therefore i n e f(i). Hence 
X n +1 — {i E I : i n e f (i)} , 

but X n+1 eF and so {iel:i n e f(i)}eF. This shows that Fis regular. 

Lemma 1.17. Let I be a countable set. Then the collections of non-principal , 
co-incomplete, uniform and regular ultrafilters on I all coincide. 

Proof. This is an immediate consequence of lemmas 1.7, 1.9 and 1.16. 

We say that two ultrafilter pairs </,F>, </,G> are isomorphic , if there is a 
one-one map n of I onto J such that for all 

XeF iff t[[I] eG. 

If card (/) = card (/), and Fand G are both principal ultrafilters then clearly 
</,F> is isomorphic to Lemma 1.17 might tempt us to believe that 

this remains true if F and G are both non-principal ultrafilters. A simple 
cardinality argument shows that this would be a mistake. 
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Lemma 1.18. If I is infinite there are non-principal ultrafilters F, G on I such 
that </,F> is not isomorphic to <7,G>. 

Proof. Let I be of cardinal a, and let F be a non-principal ultrafilter on /. 
We let 77 be the set of all one-one maps of I onto /. 77 is of cardinal 2 a . 
If nell let n[F~\ = {n[X~\:XeF). Then {<7,7r[7 7 ]>:7rET7} is the collection 
of all ultrafilter pairs isomorphic to <7,7^. This collection is of cardinal 2* 
but by theorem 1.5 there are 2 2 " ultrafilter pairs <7,G> with G non-principal. 
Hence there is some (indeed 2 2 “) non-principal ultrafilter G on I such that 
</,F> is not isomorphic to <7,G>. 

(f). Good ultrafilters . The motivation behind the definition of a good ultra¬ 
filter will not become apparent until ch. 11, however it is convenient to deal 
with them here. We first introduce some notation and nomenclature. 

If a is a cardinal and A" is a set, 

5 a (2f) = {Ycl; card(Y)<a} , 

S a (X) = {Y^X:cnrd(X-Y)<(x}, 

and 

S*(X) = {Y^X: card ( Y ) - card ( X )}. 

X is said to be multiplicative if X is closed under finite intersections. The 
multiplicative closure of X, denoted by m(X), is the smallest multiplicative 
set containing X. Thus 

m(I)={ny:yeS B (X)}. 

If/is a function Df is the domain of/ and Rf is the range of/. If Y,Z are 
collections of sets, the function/: Y->Z is said to be 
disjointed if x,yeY and x^y imply /(jt) n/( y)— 0, 
monotonic if x,ye Y and x^y imply f (x /(>>), 
and 

multiplicative if x,ye Y implies f(x)n f(y)= f(xr\y) whenever xnyeY. 
If gfi are functions whose ranges are collections of sets we write g^h if 
Dg = Dh and for all x in Dg, g(x)^h(x). 

Let M be a multiplicative collection of sets. An ultrafilter F is said to be 
M-good if for each monotonic function / :M^F there is a multiplicative 
function h:M->F with A</. If a is a cardinal, F is said to be cc-good if F 
is (P)-good for all /?<a. 

We let 2(a) be the collection of all a-good ultrafilters. Our aim is to show 
that Q(oc + ) is large provided that a + =2 a . To achieve this aim we proceed by 
a series of lemmas. 
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Lemma 1.19. Let be an infinite cardinal and F an ultrafilter. F is j8 + -good 
iff it is S^Pfgood. 

Proof. By the definition, if F is /? + -good, F is S m (jS)-good. For the 
converse suppose F is (jS)-good and let 7 be a cardinal ^ p. We need to 
show that Fis £«>(y)-good. 

Since ft is infinite card (S a (y))< ft. Let He a map of ft onto S m (y) and 
let A*: -► 5<o(y) be defined by 

h*(x)=C[{h(y):yep-x}. 

Then A* is a monotonic and multiplicative function. 

Now suppose / :S a (y)-*F is a monotonic function. Then f*:S a (p)-+F 
defined by 

f*(x) = f(h*(x)) 

is a monotonic function, and therefore, by our assumption, there is a multi¬ 
plicative function g*:S a (P)-+F with g /*. We define g:S (0 (y)-^F by 

0 (*) = U{ 0 *(>0£,(/?) and 

If h*(y)^x, 

g*(y)^f*(y)=f(h*(y))^f(x), 

since/is monotonic, and so g (x)s /(x). Thus g ^ f. We conclude the proof 
by showing that g is multiplicative. 

If zeg(x)ng(x ') 9 then for some y,y'eS m (P ) 9 

zeg*(y)ng*(y ') 9 h*(y)^x and h*(y')^x'. 

Because g* is multiplicative zeg*(yny f ). Since h*(y)^x and h*(y')^x\ 
and A*is, multiplicative, h*(yny')^xnx'. It follows that zeg(xnx'). 
Conversely if zeg(xnx f ), then for some yeS 0) (P) 9 

zeg*(y) and h*(y)^xnx'. 

Since A* (y)^x and A* (y)^x', it follows that zeg (x)ng(x f ). 

This completes the proof that g (x) n g (V ) = g(xn x% and thus of lemma 
1.19. 

From now on a will be a fixed but arbitrary infinite cardinal. 

Lemma 1.20. Let {2Q:£<a} be a collection of a sets each of cardinal a. 
Then there is a collection {Y^:^<oc} of oc pairwise disjoint sets each of cardinal 
(x , with Y^X^for each £<a. 
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Proof. We first sketch the idea involved in the proof. The case where we 
would seem to have the least chance of finding pairwise disjoint sets Y { 
with the required properties would be where the 2Q were all the same set X. 
But since a is infinite X can be expressed as the union of a disjoint sets each 
of cardinal a. These a sets form the desired sets Y$. Although this is the case 
where we seemed least likely to succeed it is the easiest to handle as all 
elements are in the same set and so X can be decomposed any way we please. 
In the general case we have to be more careful as the precise proof below shows. 

By the axiom of choice ax a=a, and so there is a one-one function h 
with domain a and range a x a. Let F be the set of all one-one functions / 
such that/)/ ea and whenever £eDf and h(fi) = <£>*?> then f(i)eXr. By the 
Hausdorff maximal principle F contains a maximal chain G with respect to 
set inclusion. Clearly U G = g is a one-one function such that Dgeoi+ 1 and 
whenever £eDg and /*(£) = <{,>/> then g({)eX z . 

Suppose Dge c<a and /*(£) = <£,*/>. Since card (A^) = a and card (Rg 
<card(£)<a there is some XGX^ — Rg. The function 9'=9 v {<£,*>} then 
belongs to F and Gv{g'} is a longer chain than G. This contradicts the 
choice of G and so Dg = a. 

Now for each £<a let 

Yl = {g(i)'-Z«x and for some tj«x, h( 0 =<C,f/>}. 

Then it is easily seen that the collection { Y\:c<x} has the required proper- 
ties. 

Corollary 1.21. Let f be a function defined on a such that for £<a,/(£) is 
a set of cardinal a. Then there is a disjointed function g such that g ^ f and 
for £^oc, g (£) is a set of cardinal a. 

Proof. This is just a restatement of lemma 1.20. 

Lemma 1.22. Let D be a multiplicative subset of S* (a) of cardinality ^a. 
Then there is a multiplicative subset E of S* (a) of cardinal which contains 
D and is such that P| T=0 for some Y eS (0+ (E). 

Proof. Let h be a map from a onto D. By corollary 1.21 there is a dis¬ 
jointed function k^h such that k(£) is of cardinal a for each £<a. Clearly 
for each £ < a, we can find a sequence 

^ (£) = i — " ’ ~ 

of sets of cardinal a whose intersection is empty. 

For each n<co, let Y n = and let T= { Y n :nem}. We will show 

that p| T=0. 



120 


SET THEORETIC PROPERTIES OF ULTRAPRODUCTS 


Ch. 6, § 1 


Note first that 

ru=nu*«.= u nw 

n<a>€<a fea to m<<o 

For each /ea w , if / is constant, then C\ m<m X f ^ m =0 9 by construction. 
While if/ takes the two distinct values £,rj, 

n X, </m)m sX' m nX nm sk(Qnk(fi)= 0, 

m<(0 

by the choice of k. Thus Q Y=0. 

Now let E=m(Du Y). E is a multiplicative set which is an extension of D 
and YeS^* ( E ). It remains to prove that E^S* (a). 

Suppose zeE. Then, since D is multiplicative and because Y 0 3Yi2--*, 
for some z'eD and some m«o , 


z = z'nY m . 

Since h is an onto map, we also have that z , — h{r\) for some t]< a. Therefore 
z = z'nY m = h(r,)n\JX im ^k(t,)n\jX tm = X, m 

£<a £<a 

and so is of cardinal a. 

This completes the proof. 

Lemma 1.23. Suppose D^S* (a) is a multiplicative set of cardinal <a, and 
f : (oc) is a monotonic function such that 

m(D u Rf)^S* (a). 

Then there is a multiplicative function g ^ f such that 

m(D u Rg)^S* (a). 

Proof. Define h : ^(a) x D-+S* (a) by 

Hx,y)=f(x)ny. 

Since 

f(x)nyem(DvRf ), 

(*,>0 is always in S* (a). Therefore, by corollary 1.21, there is a disjointed 
function k^h which maps 5 w (a)xD into *S*(a). 

Define g : 5^ (a)-►S* (a) by 

yeSco(a) and zeD}. 
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Suppose and £eg(x); then there exist y^x 9 ye5 w (a), and zeD 

such that %ek(y 9 z). But 

k(y 9 z) c h (y,z)=/(y) n z c f( x ) n z ^/(x), 

and thus £e/(x). Therefore g(x)^f (x) and so # < /. 

Suppose x,x' g^( a) and < £eg(x)ng(x '). Then for some y^'eS^a) 
with y^x 9 y'^x', and some z 9 z'eD 

£ek(y,z)nk(y' 9 z'). 

k is disjointed and so this implies y=y' and z=z'. Thusjcxn^' and hence 
£eg(xnx'). Conversely, if £eg(xnx') 9 there is some ye *?«,(«) such that 
y £x 9 x' and some zeD with £efc(y,z). It follows at once that f eg {x)c\g{x’). 

We have therefore shown that g(xnx')=g(x)ng(x') and so g is multi¬ 
plicative. To complete the proof we need only show that m(Du Rg) ^ S* (a). 
Suppose xem(DuRg). Then since D and g are multiplicative, there is some 
zeD and some ye*5^(a) such that x=g(y)nz. 

By the definition of g(y) 9 k(y 9 z)^g(y) and since k^h 9 

k ( y 9 z ) s h (y ,z)=/(y) nzc z , 

so A:(y,z)c^(y)nz = x. This shows that xeS*(a) and concludes the proof 
of the lemma. 

We are now ready to prove the main result. 

Theorem 1.24. Assume 2 a = a + . Then every multiplicative set De*S*(a) of 
power can be extended to an uf-good ultrafilter on a. 

Proof. By lemma 1.22, D can be extended to a multiplicative subset of 
S* (a) of cardinal which contains a countable subset Y with an empty 
intersection; let D 0 be this extension. 

S m (a) is of cardinal a, and hence there are at most (2 “) a = 2 a = a + monotonic 
functions from *5^ (a) into ^(a). Let 

</^<a + > 

be an enumeration of these functions. 

By lemma 1.23, for each £<oe + and each multiplicative subset E of 5* (a) 
of cardinal <a, such that ra(Isu Rfy^S* (a), there is a multiplicative 
function g^ E such that 

and 

m (Is u Rg^f) — S* (°0 • 
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We define the sequence by recursion as follows: 

(1) . E 0 = D 0 , 

( 2 ) . if f <oe + is a limit ordinal, 

(3) . Ez +1 =E 49 if £<a + and m(^u J?/^)$5'*(a), 

(4) . if £<a + and m(^ui^)c£*(a). 

Let F a + = U^<« + F° r each £<« + » ^c J s , *( a ) and therefore E a + 

Also each E 4 is multiplicative and hence so is E a+ . It follows that 

m (E a + u £ a (a)) has the finite intersection property and so can be extended 
to a, necessarily uniform, ultrafilter F on a. Clearly D^D 0 ^E a+ ^F. 
Since Y^D 0 , F is co-incomplete. 

We show that Fis a + -good. By lemma 1.19 it is sufficient to show that F 
is 5o>(a)-good. Let/: 5^ (<*)-► F be a monotonic function. Then for some 
£<ct + ,f is f%. Since RfiE^F and Fis a uniform filter 

w(£ { u*/)cs*(a).. 

is a multiplicative function such that /and by ( 4 ) Rg^ E c: 

^E^ +1 ^F. Thus we can conclude that Fis *? w (a)-good. 

This completes the proof of the theorem. 

Corollary 1.25. J/2 a = a + , there is an a + -good, co-incomplete ultrafilter 
on a. 

Proof, a is infinite and so can be expressed as the union 


*=U Y m 

n e co 


of X 0 pairwise disjoint sets each of cardinal a. 
For meco, let 


U Y n . 

m^n^co 


Then E— {X m :meco} is a multiplicative collection of subsets of S'*(a) of 
cardinal K 0 . Hence, by theorem 1.24, E can be extended to an a + -good 
ultrafilter F on a. Since 

n x m =9, 

F is co-incomplete. meft> 


§2. Set theoretic properties of ultraproducts 

In this section we will be concerned with those properties of ultraproducts 
that only involve their algebraic or set theoretic structure, but not the 
language L. 
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Suppose </,F> is an ultrafilter pair and that G^I. Then we let 
F\G={XnG:XeF}. 

Lemma 2.1. If </,F> is an ultrafilter pair and GeF, then is also 

an ultrafilter pair, and for all X^I, 

XeF iff Xc\ GeF \ G. 

Proof. The verification of this lemma is trivial and is left as an exercise 
for the reader. 

Theorem 2.2. Let {91*: iel} be a family of relational structures, let </,F> 
be an ultrafilter pair, and suppose GeF, then 

ie I ie G 

Proof. We define the map 

ieI ie G 

as follows: 

then/ rGeP^o^i is the restriction of/to G. We let 
h(flF)=f\G/F\G. 

Clearly h maps \\AJF onto W^JF\ G; we show that h is an isomorphism. 

Let R be any n-ary relation of ]~] < H i /F and let S be the corresponding 
relation of nW^fG. Then by the definition of the ultraproduct, for any 
f 1 /F,...,fJFel\A i /F, 

<f 1 /F,...,fJF>eR iff {ieI:(Mi),...,f n (i)>eR i }eF 

iff {/e/KA (i),...,f n (ty>eR l }nGeF\G, 
by lemma 2.1, 

iff {i'eG:</j (i),...,f n (i)yeR i }eF\G 
iff <f 1 \G/F\G,...,f n \G/F\G>eS 

that is 

iff (h(f 1 /F),...,h(f„/F)yeS. 

A similar argument shows that this equivalence also holds when R is the 
identity relation on Y\AilF and S is the identity relation on \\AJF\G. 
Therefore h is an isomorphism between '21, / 7 and f G, and the 

theorem is proved. 



124 


SET THEORETIC PROPERTIES OF ULTRAPRODUCTS 


ch. 6, § 2 


Corollary 2.3. If F is a principal ultrafilter on f then for some kef 


n 


Proof. Since F is principal for some kef {k}eF. By theorem 2.2. 

aw « n 

ie{k} 


This corollary shows that we only get interesting results by considering 
non-principal ultrafilters. 

Corollary 2.4. Let F be a non-principal ultrafilter on I. There is a subset J . 
of I and a uniform ultrafilter G on J such that for any family {51 t :/e/} of 
relational structures 

n*jr*n%iG. 

ie l ieJ 

Proof. Let a be the least cardinal of any set in F and let J be any set in F 
of cardinal a. By theorem 2.2 for any family {51 p.iel} of relational struc¬ 
tures 

ie I ie J 

where G = F\J. For any XeF, XnJeF and therefore, by the choice of a, 
Xn J is of cardinal a. Since all elements of G are of this form, G is a uniform 
ultrafilter on J. 

Corollary 2.3 can be generalized in the following way. 

Lemma 2.5. If 51 is a relational structure of cardinal <a and F is an a- 
complete ultrafilter on I, then 

517F-51. 

Proof. It will be sufficient to prove that the canonical embedding 
d :51->5l7 F maps 51 onto 517 F. 

Suppose / /FeAfF. For each aeA , let 

X a = {iel:f(i) = a}. 

{X a :aeA} is a partition of/into disjoint sets. Therefore, by lemma 1.12, 
for some a 0 eA , X ao eF. Hence f/F=d(a 0 ). This shows that A^F-dlA] 
and so completes the proof. 

We conclude this section with two exercises which embody a result we need 
in the next chapter. 
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Suppose F is an ultrafilter on I and G is an ultrafilter on /. We let F® G 
be the collection of subsets of /x/ given by 

F®G={X^IxJ:{jeJ:{ieI:(iJ>eX}eF}eG} 

Exercise 2.6. Show that F®G is an ultrafilter on IxJ. 

The definition of F® G may seem somewhat involved. The reader familiar 
with measure theory will see that it corresponds to the usual definition of the 
product measure. Intuitively, thinking of /and / as copies of the unit interval 
on the real line, F® G consists of all those subsets of the unit rectangle which 
intersect ‘almost all’ of the lines y— constant, in ‘almost all’ points. 

Exercise 2.7. Show that 

n m%jie)iG * n %j/f®g, 

jeJ iel OJ>eIxJ 

where {91 0 :</,y>e/x /} is any collection of relational structures indexed by 
IxJ. 

(Hint: Define the map 

y/F®C 

as follows. Suppose 

flGeU(UA u IF)IG. 

Then for each j eJ, f(j)eU AJF, say f(j) = fj/F with If 

f*en*u- 

OJ> 

Now put 4'>(flG)—f*/F®G and show that 0 is the required isomorphism.) 

§3. The cardinality of ultraproducts 

In this section we occupy ourselves with the question of how the cardinality 
of an ultraproduct depends on the cardinals of its factors, the cardinal of 
the index set and the nature of the ultrafilter. It will be seen that our classi¬ 
fication of ultrafilters in § 1 is very relevant to the present discussion. 

Lemma 3.1. Suppose that for each iel, card(A i ) = card(B i ) and that F is an 
ultrafilter on I, then 

card(U AJF) = card( f] BJF) 

Proof. Completely trivial. 
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Thus the cardinality of an ultraproduct depends only on the cardinals of the 
factors but not on exactly which sets they are. So we can assume they are 
cardinals. Thus we will be interested in trying to answer the question: if 
for iel, <x t is a cardinal and F is an ultrafilter on /, then what is the cardinal 
ofn« JF1 For the most part, to avoid complications, we discuss only the 
case where the are all equal, that is we will be interested in the cardinals of 
ultrapowers a I /F. 

Throughout this section I will be an arbitrary index set, of cardinal y, for 
ief cc t will be a cardinal, as will be a, and F will be an ultrafilter on I. 

The first two lemmas are obvious. 

Lemma 3.2. min { oc i : ieI }< : card ( Yl ( x i / F )<: Yl OL i ' 

Corollary 3.3. oL ^ card { of / F )^ oL 7 . 

Corollary 3.4. If cl —cF, card(ot I /F) = <x. 

[In connection with this corollary we remark that, assuming the generalized 
continuum hypothesis, if y<cf (a) then a y = a. (See Bachman [1967] p. 173 
for this and other results on cardinal arithmetic which are relevant here.)] 

Lemma 3.5. For iel, let cc t and be cardinals. If then 

card( n PJF ) < card ([] a JF). 

Proof. Let X={ieI:p i ^ot i }. For ieX , let be a one-one map of /?* 
into 0 L t and for iel— X let a t be an arbitrary fixed element of a*. We define the 
map *:IlA/F-n a JF as follows: 

Suppose feYlPi- We let /*e]"|a; be the function such that 

for ieX, f* (i)=<£ ; (/(0) 

and 

for iel—X , /*(/) = ^i- 

Then we put <j)(f /F)= f*/F. It is easily seen that </> is one-one and so the 
lemma is proved. 

We now turn our attention to the cardinality of ultraproducts of finite sets. 
Lemma 3.6. If cl is a finite cardinal and F is any ultrafilter on I, 

card {cl 1 /F) = cl . 

Proof. If a is finite, F is a-complete and so the result is an immediate 
consequence of lemma 2.5. 




ch. 6, § 3 


THE CARDINALITY OF ULTRAPRODUCTS 


127 


Lemma 3.7. Let {a*:/e/} be a collection of finite cardinals, and let F be an 
ultrafilter on I. If for some n < a>, {i e /: = n} e F , then 

card(Y\ a i /F) = n. 

Proof. For n<co , let X n = {iel:cc i = n}. Since the sets X n are pairwise 
disjoint^ at most one of them is in F. Suppose X n eF , then by theorem 2.2, 

ie I i e X n 

and by lemma 3.6, 

card ( <xJF\X„) = n, 

ieX n 

and so the lemma is proved. 

Corollary 3.8. If [xp.iel} is a bounded set of finite cardinals and F is any 
ultrafilter on /, 

card(Y[ (X i /F) is finite. 

Proof. Suppose that for all iel 9 a^n. Then, with the notation of lemma 
3.7, 1 =*X t Hence one of the sets X j9 1 ^ j is in F. The result 

now follows from lemma 3.7. 

Corollary 3.9. If {oe f : *e/} is a collection of finite cardinals and F is an 
co-complete ultrafilter on I, then 

car d( n olJF) is finite. 

Proof. Since in this case one of the sets X n must be in F. 

The next lemma helps us to give an answer to our question when the hy¬ 
pothesis of lemma 3.7 does not apply. 

Lemma 3.10. There exists a collection A^co 03 of integral valued functions 
of the natural numbers, of cardinal 2*°, such that 

(1) . iffeA andneco,f(n)<2 n 
and 

(2) . if fig e A and f¥^g, then {new: f(n) = g(n)} is finite. 

Proof. For each function </>e2 w , we define the function f^eca 03 by 

/*(»)= £ 4>(m)-2‘ n 

m< n 

It is clear that the family A = {fij,:<f)e 2 03 } has the desired properties. 
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Lemma 3.11. Let {a i'.iel) be a collection of finite cardinals and let F be an 
ultrafilter on I such that none of the sets 


X n ={iel:a t = n} 

is in F. Then 

2*° ^ cardinal F). 

Proof. Since none of the X n are in F, F must be co-incomplete and 
therefore non-principal. Also it must be the case that there are arbitrarily 
large neco , with X n ^$. By taking suitable finite unions of those X n which 
are not empty, we can therefore find a partition { J n :nea>} of /, none of 
whose elements are in F , and such that if ieJ n9 <x i '^2 n . For each ief let n(/) 
be the unique integer such that ieJ n(i) . 

For each iel, let (m i k :k<2 n(i) ) be a sequence of distinct elements of a i9 
and let A be the family of functions in co m given by the previous lemma. 
For each / eA , we define the element h f e IK by 

h/(i) = m i , n „(,)). 

Since f(n(i))<2 Mi) , such an element always exists. 

Suppose f,geA and h f (i) = h g (i). It follows that f(n(i)) = g(n(i)). Thus 

{iel: h f (i)=h g (i )}<= U {J n :/(«) = 9 («)} • 


If/ # g 9 there are only finitely many n < co, with f(n) = g ( n ), and none of the 
J n are in F. Therefore in this case 


U {J n -f(n)=g(n)}$F 

and so 

{i e I: h f (i) = h g (i)} $ F. 

Hence h f IF^=h g IF. Thus {h f /F: feA} is a subset of of cardinal 2 No . 

This completes the proof. 


We are now able to give a complete answer to the question of the cardinality 
of ultraproducts of finite cardinals over a countable set. 

Theorem 3.12. Let {a f :/e/} be a countable collection of finite cardinals , and 
let F be an ultrafilter on /. If for some neco, {iel ~n}eF, then 

card(Y\ *ilF) = n> 

card{l\^IF) = 2^. 


otherwise 
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Proof. The first half of the theorem is lemma 3.7. If no {/e/:a f =«} is in 
F, by lemma 3.11, 2 No <card(J] ol-JF) and, by lemma 3.2, 

card(n ocJF )^ 0 , 

and so the theorem is proved. 

The more general question of determining for which infinite cardinals a 
there is a collection {a £ :iel} of finite cardinals and an ultrafilter Foul such 
that card(f|ai/F) = a is discussed by Keisler [1967], under the assumption 
of the generalized continuum hypothesis. 

This completes our discussion of ultraproducts of finite cardinals. The 
following remarks show that in our ensuing discussion of ultraproducts of 
arbitrary cardinals we can ignore the case when some of the factors are 
finite. For suppose {oc £ :/e/} is an arbitrary collection of cardinals and that 
F is an ultrafilter on /. Let G = {/e/:a £ is finite} and let H — I—G. Either 
G or H is in F, and so, by theorem 2.2, card(fl (€j a i /i r ) is equal either to 
card (JJj 6 G oti/F \ G) or to card (Yl ieH 0 Ci/F\ H). In the first case we have an 
ultraproduct of finite sets, which we have already dealt with. We now deal 
with the second case, where all the factors are infinite. 

Our result for finite sets yields the following result for countable sets. 

Theorem 3.13. If F is co-complete 

card((o I /F) = tt 0 

and if F is co-incomplete 

card(co I IF)^2^° . 

In particular, if card (I) = X 0 and F is (o-incomplete, 

card (a) 1 1F) =2 No . 

Proof. When F is co- complete, it follows at once from lemma 2.5 that 
card (co J // r ) = K 0 . 

Suppose now that F is co-incomplete. Then by lemma 1.12 there is a 
partition {X n \ne(o] of / none of whose elements are in F. For isX m let 
0 Li = n. By lemma 3.11, 2 Xo <cardQQ a f /F) and by lemma 3.5, 

card ( Y[ <*JF) < card (co 1 /F ). 

This proves the result. 

In particular, when card(/) = K 0 , we have 

2“° ^ card (co 1 IF) < K 0 *° = 2*°. 
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Corollary 3.14. If the cardinals are all infinite and F is co-incomplete 

2*°<c#rc/(n ccjF ). 

It follows from this that, except in trivial cases, an ultraproduct is always 
uncountable. 

The next result, due to Keisler, gives some more information about the 
cardinality of ultraproducts over co-incomplete ultrafilters. We need first the 
following set theoretic lemma. 


Lemma 3.15. If F is an co-incomplete ultrafilter on I, there is a map 

f'I-*S„{<D) 

such that for each neco , 

[ieI:nef{i)}eF. 

Proof. Let (X n :neco)> be the descending sequence of elements of F with 
an empty intersection given by lemma 1.13; clearly we can assume X 0 = I. 
For each iel, let 

f{i)={new.ieX„}. 

Since f)X n =0,f(i) is a finite subset of w, that is, f (i)eS m (a>). 

If new, and ieX„, then ne f (/). Thus, for new, 

X„c{iel:nef(i)}. 

Since X n eF we can conclude that 

{iel :nef(i)}eF. 


Theorem 3.16. If F is an co-incomplete ultrafilter, and each oc t is infinite, 

[card (n <Xi/F)Y = card (f] aJF). 

Proof. Let / :I->S (0 (co) be the function given by the previous lemma. 
Since/ (i) is finite, there is, for each iel, a one-one map g t of a/ (l) onto a*. 
We are going to define a map 


Suppose 


h = (hJF:new)>e(Yl a ilF) m . 


Then for each n<w, h„eWoL t , and so for iel, h n (i)e otj. For iel, we define 
h*euf (i) by putting 


h*(n) = h n ( i ) for each nef(i). 
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Now we define geYl^i by putting 

g (/) = g t (hf) for each i e I 


and finally we put 

0(h) = g/F . 

Suppose A, A' are distinct elements of (J^a/P)", 

0(h) —g/F and 0(h') = g'IF. 

Since A# A', for some new, hjF ^ h'JF and so 

X = {ieI:h„(i)^h' n (i)}eF. 

Let Y= {iel :nef (i)}; by hypothesis FePand therefore XnYeF. 

Suppose ieXnY. Then h n (i)^h' n (i) and ne f (/). Therefore Af (w)# A ■*(«), 
so A*#Aj*. Since g t is one-one it follows that g(i)^g' (i)- Thus 

X n Y^{ieI:g(i)^g'(i)} = Z, say. 

Hence ZeF and we can conclude that gjF^g'/F. 0 is therefore a one-one 
function and so 


[card (n «iiF)Y < card ([] ccJF). 

Since the converse inequality is obvious, the theorem is proved. 

Corollary 3.17. If a is an infinite cardinal and F is an w-incomplete ultra¬ 
filter on I, 

\_card(a I IF)Y = card (a. 1 IF). 


Note that since X 0 No # N 0 this gives us another proof that ultraproducts are 
rarely countable. 

The next lemma enables us to obtain some information about ultraproducts 
over uniform ultrafilters. 

Lemma 3.18. If y is infinite and a ^ y there is a subset X of cd of cardinal > y 
such that 

iff,geXandf¥=g then card ({iel:f(i) = g(i)})<y (1) 


Proof. Let {x n :r]<y} be an enumeration of I. Let Y be the collection of 
all subsets of a 7 which satisfy (1). Clearly chains in Y with respect to set 
inclusion have upper bounds and so, by Zorn’s lemma, Y contains a maximal 
element X . We shall prove that card(X)>y. 

Suppose not and that X can be enumerated as </^:^<y). We define the 
function geod as follows. 
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First we put g (x 0 ) = 0. Now suppose £< y and that g ( x n ) has been defined 
for all f/<£. The set {/$(*;):£<£} is of cardinal <y. Therefore there is 
some element of a not in this set. Let be the least such element of a. Then 
we put g(x^) = X^. 

It follows from this definition that gfa)^ /^(x c ) whenever £<£< 7 . 

Now let / be any element of X , say / = /„. By the remark above the set 
{iel:f fl (i) = g(i)}^{x^:^fi} and so is of cardinal <y. Thus Xu{g} 
satisfies (1). This contradicts our choice of X as a maximal element of Y and 
this contradiction shows that card(X)>y thus proving the lemma. 

Theorem 3.19. If a^y^N 0 and F is a uniform ultrafilter on I, then 

card (a 1 /F)>y 

Proof. Let X be the family given by the previous lemma and let 

A = {flF:feX}. 

If fgeX and f ^g, card({/e/:/(7) = g(i)})<y, and therefore, because / 7 
is a uniform ultrafilter, 

{ieI:f(i)=g(i)}$F 

and so / /F^g/F. Since card (X) > 7 , the theorem is proved. 

Example 3.20. Let I be of cardinal X 0 , let J be of cardinal 2 Ko and let F 
be a uniform ultrafilter on /. By theorem 3.19, 

card (( 2 Z ) J /F) > 2 No . 

But card(2 J // 7 ) = 2 and so 

card ((2 J IF) 1 ) = 2 K °, 

and therefore, 

(2Y/F + (2 J /F) f . 

This shows that the operation of forming direct powers does not commute 
with that of forming ultraproducts. 

We conclude this section with a result which gives us complete information 
about the cardinality of ultrapowers over regular ultrafilters. 

Theorem 3.21. If a is infinite and F is a regular ultrafilter on I, 

card (a 1 /F) = a 7 . 

Proof. By corollary 3.3 it will be sufficient to prove that oc y < card (a 1 // 7 ). 
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Let A be the set of all finite sequences of elements of a. Since a is infinite 
card(v4) = a, therefore it will suffice to show that acard (A ’/F) and we 
shall do this by constructing a one-one map of a. 1 into A 1 / F. 

Since F is regular there is a one-one map (j> of / into S w (l) such that for 
each jel, 

Jj={ieI:je4>(i)}eF. 

Let < be some fixed linear ordering of I. Suppose f ea l . We construct the 
function/* e A 1 as follows. For iel, (}> ( i ) is a finite subset of I, say {/ 0 ,...,/*} 
with /„ </<■■•< i k . Then we put 

and hence f*(i)eA. Now we let 

Hf)=f*IF. 

It remains only to show that h is one-one. 

Suppose f,gey.‘ and/# 3 . Then for some jel, f(j)^g{j). Now let i 
be an element of I such that je<f>(i), say 

with i 0 < — <j< -<i k . Then 

/ * (0 = </0o)> • • • >/0)> •••>/(<*)>) 

and 

ff*(O=<0Oo),—,ff O'), ••• ,0 (*'*)>, 
and therefore/*(/) 7 //*(/). Thus we have shown that 

Jj={iel:je<f> (i)} £ {i e I :/* (i) *g*(i)}. 

But JjeF and therefore, since Fis a filter, 

It follows that f*/Fj^g*/F, that is, that h(f)j&h(g). Hence h is one-one 
and our proof is completed. 

§4. Well-ordered ultraproducts. 

For each iel, let 21 t = ^A u R^ be an ordered set. That is, let R t be a total 
ordering of the set A t . We say that R t is a well-ordering if there is no sequence 
(a n :n<co} of distinct elements of A t such that for each n<co, <a n+u a n yeRi. 



134 


SET THEORETIC PROPERTIES OF ULTRAPRODUCTS 


Ch. 6, § 4 


Or, writing a n > i a n+1 for <a n+ 1 ,a n >Gi? i? if there is no infinite descending 
sequence 

a 0 > i a l > i *’* > i a n > i a n+ 1 > i *** 

of elements of A t . It is easily seen that R t is a well-ordering iff each non-empty 
subset of A t has a least element, with respect to the ordering R t . Thus our 
definition coincides with the usual one. 

From now on we assume that each R t is a well-ordering and we answer the 
question: in what circumstances is the ultraproduct Y\%/F well-ordered? 

Theorem 4.1. If F is an co-complete ultrafilter, then Y[%/F & well-ordered. 
Proof. Suppose that f|%/Fis not well-ordered and that 

folF>Ffl/F>F->FfJF>Ffn+llF>F- 
is an infinite descending sequence in %/F. Then for each new we have 
X n = {ieI:f n (i)>J n+1 (i)}eF. 

Since F is co-complete 

*= nx n 

n<(o 

is in F and so is not empty. But if i is any element of X 

/o (0> «/i (0 >«•*>./» (0 > i/»+1 (0 > i •" 

is an infinite descending sequence of elements of A i9 contradicting the fact 
that % is well-ordered by R t . This contradiction proves the theorem. 

Theorem 4.2. Suppose each is finite, then Yl%/F ^ well-ordered iff it is 

finite . 

Proof. Trivially, if Yl^JF is finite, it is well-ordered. If not, then an 
argument similar to that used in proving theorem 5.3.9 shows that J ~[%/F 
is not well-ordered. 

Theorem 4.3. If each % is infinite and F is not co-complete then is 

not well-ordered. 

Proof. This theorem can be deduced from the previous one in a manner 
similar to that used to deduce theorem 3.13 from lemma 3.11. However we 
prefer to give a more direct proof. 

Each being an infinite well-ordered set, has an initial sequence of 
order type co. We can assume that in each case this initial sequence is 


OCfl < i 2< r -*< i n< 1 -*- 
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Let <X w :h<c 0 > be the sequence of elements of F given by lemma 1.13; 
clearly we can assume X 0 =I. Thus, for each n<co, X„^X n+1 and p)Z„ = 0. 
For each i el, let 

r(i) = max {n:ieX n }. 


We define the sequence </ n :«<G)> of elements of Y[^i as follows: 
For iel, 


/o(i)=T(i), 

and 


/»+i(0=/»(0^L 


where k—l=k—l if *>0, and 0-1=0. Thus 


/ B +i(0<i/n(0 iff n+l<t(i) iff ieX n+i , 


and therefore 
and so 


{iel:f n+i {i)<if„(i)}=X n+l eF, 


folF > FfllF > F'" > FfJF>Ffn+llF > F'‘' 


is an infinite descending sequence of elements of \\%IF which is therefore 
not well-ordered. 

In particular, if for n<co , is the set of natural numbers with their usual 

ordering, and F is a non-principal ultrafilter on co , notice that 

<0,1,2,3,4,5,6,...)/F> f <0,0,1,2,3,4,5,...)/F 
> f <0,0,0,1,2,3,4,... >/F 
> f <0,0,0,0,l,2,3,...)/F 

>F • 

is an infinite descending sequence in 

In view of theorem 2.2, the theorems of this section give a complete 
answer to our question about well-ordered ultraproducts. It can be seen 
that, unless co-complete non-principal ultrafilters exist, ultraproducts are 
only well-ordered in trivial cases. 

A generalization of the notion of a well-ordering is the following. A 
relation R on a set X is said to be well-founded if there is no sequence 
<x„:«<a)> of distinct elements of X such that for each n<a >, 


<x ll+ i,x B >eF. 
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Thus a well-ordering is a total ordering that is well-founded. It is immediate 
that all the results of this section extend to well-founded relations. 

We shall make use of the results proved here in subsequent chapters. 

§5. The Rabin-Keisler theorem 

This is a convenient place to consider the following problem. Let a be an 
infinite cardinal. Does every relational structure of cardinal a have a proper 
elementary extension of cardinal a? The first result relevant to this question 
is a straightforward application of ultrapowers. 

Theorem 5.1. If OL~aifi 0 , then every relational structure of cardinal a has a 
proper elementary extension of cardinal a. 

Proof. Suppose oc = of°, and let 31 be a relational structure of cardinal a. 
Let F be a non-principal ultrafilter on co. By lemma 5.2.3 the ultrapower 
31 W /F is, up to isomorphism, an elementary extension of 31. Let 
a* = (a 09 a i9 ...,a n9 ...y be a sequence of distinct elements of A. Since F is 
non-principal, for each a+eA, 


d(a + )=£a*/F 9 

where d is the canonical embedding of 31 into 31*7 F. It follows that 31 ’ m /F 
is a proper elementary extension of d[3l]. Now 

a < card (3T7 F) < a No = a 

and ^ [31] — 3t. This proves the theorem. 

We now show that in case a is not co-measurable, the condition a = a Xo is also 
necessary for the truth of the result above. We need first the following 
result from set theory which can be regarded as a generalization of lemma 
3.10. 

Lemma 5.2. There is a collection of a Xo countably infinite subsets of a, 
whose pairwise intersections are finite . 

Proof. Since a is infinite there is a one-one function 0 mapping the set 
of all finite sequences of elements of a onto a. If /ea w , let 

R f is a countably infinite subset of a. Suppose fig ecu 10 and / ^g. Then for 



ch. 6, § 5 


THE RABIN-KEISLER THEOREM 


137 


some n<co,f(n)^g(n). Therefore if k^n 
and so 

4 > «/(o),.. „/(fc)» * ,*> «<? (0),. ..,3 (fe)». 

It follows that R f nR g is finite, and thus that the collection {R f : /ea“} has 
the desired properties. 

We need also the following result. 

Lemma 5.3. Suppose 31 = (A,{R^: £< flj) where {R %:£</?} is an enumeration 
of all unary relations onA( i.e. all subsets of A) and that 31' = (A', { R ^ :£</?}> 
is a proper elementary extension o/3I. If xeA' — A and 

F={R^:xeR'^} 

then Fis a non-principal ultrafilter on A. 

Proof. The appropriate language for the structures 31,31' has a collection 
:£</?} of unary predicate letters, corresponding to the unary relations 
{Rf£<p} and 

Suppose first that R^eF and R^R^. Then 

3lN(Ve)[P 4 (t>)-»P 4 (i>)], 

but 31-<3I' and so 

31' h (Vi>)[P { (t>)->P ? (t>)]. 

Hence R^R^. Since R^eF, xeR Therefore xeR[ and so R^eF. 

In a similar way we can show that if R^ and R c are in F then so also is 
R% n R^ and that for each £ < /? either R% or A — R% is in F. This shows that F 
is an ultrafilter on A. 

If F were a principal ultrafilter it would contain a one element set, say R$. 
Then 3I> (3(t?) and so 3l'N(3! 1 i?)P 5 (i;), whence R £ is also a one 
element set. Since R$eF, xeR £, and because 31^31', R^^R'^ It follows that 
R% = {x} = R^. Since this contradicts the fact that x$A we can conclude that 
F is non-principal. 

Theorem 5.4. If a is not co-measurable and all relational structures of 
cardinal a have proper elementary extensions of cardinal a, then a = a K °. 
Proof. Let A be a set of cardinal a and let 


^ = iA,{R,:^<p}u{Sfi<p}y 
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where { R^: £ < p} is an enumeration of all unary relations on A and : £ < p} 

is an enumeration of all binary relations on A. 

Let {i?/:/ea"} be the family of subsets of A whose existence is given by 
lemma 5.2. For each/ea" there is some £ f <P such that R f = R^ f . If/ea" 
we let 

<r />rt :n<co> 


be an enumeration of the countably infinite set R f . 

By hypothesis 21 has a proper elementary extension of cardinal a, say 

Let x be an element of A' not in A and let 

F= {RfxeR'z}. 

By lemma 5.3, F is a non-principal ultrafilter on A . Therefore since a is not 
Co-measurable, Fis CD-incomplete. Hence, by lemma 1.13, there is a descending 
sequence 

A = f 0 2F 1 3..oF„2... 


of elements of F whose intersection is empty. For each n<co, there is some 
£„</? such that F n = R^ n . We let F^ = R'^ n , and for each fe a w , we define the 
function r f :A->R f by 

T f( a ) = r f,n iff —F„ + 1 . 

The relation 

T f = {(a,b):T f (a) = b} 


is one of the relations S^, say S^ f . Therefore using the fact that 21-<2T in a 
way similar to that adopted in proving lemma 5.3, it follows that x f defined 
by 

r' f (a') = b’ iff <a',b')eS^, 


is a function from A' into R' f and that 

v0')=o> iff a ' e K-K+ 1 - 

Since for all n<co 9 xeF^ x' f (x)^R^ f and so 

x’ f {x)eR’ if -R if . 

Similarly, since when/ ^g, R^nR^ is finite, it can be seen that 
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It follows from these last two remarks that when/ ^ g , 

and hence A' contains at least a x ° elements. Since 9T is of cardinal a, we 
can conclude that a = a K ° and our proof is complete. 

It should be noted that the relational structure 91 used in this proof has more 
than a (in fact 2 a ) relations. It is a simple consequence of the completeness 
theorem that all relational structures of cardinal a, having at most a re¬ 
lations, have proper elementary extensions of cardinal a, irrespective of 
whether or not a = a N °. 

Exercise 5.5. Verify this last remark. 

Let 91 be the relational structure defined in the proof of theorem 5.4. Notice 
that it follows from the proof of this theorem that 91 does not have an 
elementary extension of cardinal y, if a<y<a No . This example explains why 
we had to mention the cardinal of the language L in our statement of theorem 
4.3.3. It has recently been shown by Keisler that a relational structure of 
cardinal a has an elementary extension of all cardinals ^a N ° irrespective of 
the cardinal of the language. For a proof of this see Morley [1968]. 
Putting together theorems 5.1 and 5.4 we at once obtain 

Theorem 5.6. The Rabin-Keisler theorem 

Let a be an infinite cardinal which is not co-measurable. All relational structures 
of cardinal a have proper elementary extensions of cardinal a iff a = a^°. 

§6. Historical and bibliographical remarks 

Theorem 1.5 is due to Tarski [1939]. Uniform ultrafilters were introduced 
in Frayne, Morel and Scott [1962], and regular ultrafilters in Keisler 
[1964]. The notion of a good ultrafilter is also due to Keisler [1964i] where 
the results given here about them were first proved. 

Most of the results about the set theoretic properties and the cardinality 
of ultraproducts can be found in Frayne, Morel and Scott [1962]. Theorem 
3.16 comes from Keisler [1964] and the proof of theorem 3.21 is taken 
from Chang [1967]. 

The Rabin-Keisler theorem is due to Rabin [1959] and Keisler [1963]. 
The straightforward proof we have given here is due to Chang [1965i]. 
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In this chapter we shall be interested in the relation between the semantic 
properties of classes of relational structures and their algebraic properties. 

§ 1. The various sorts of elementary classes 

Throughout this chapter we assume that }.ieaf is some arbitrary fixed type 
and that L is the appropriate language for structures of this type. 

We let be the class of all relational structures of type jx. We assume 
that all the structures we mention are in If I 1 is a set of sentences of L 
we let X* be the set of all sentences deducible from X. We let M (X) be the 
collection of all models of X, and if we let Th(K) be the set of all 

sentences true in each structure in K. Th(K) is called the theory of K. Thus 

Th ( K ) = {cr: (j is a sentence of L and for all 31 e X,3l f= o } , 
M(I)={ < H: < SLeM fl and for all o eX,3l h <r} . 

Note that it follows from these definitions that M(0) = M m and 77* (0) is 
the set of all sentences of L. 

The relationship between these notions given in the next theorem is an 
immediate consequence of the completeness theorem for predicate calculus. 

Theorem 1.1. For each set X of sentences ofL, 

Th(M(Z)) = Z*. 

Proof. If cxeX* then, by the result of exercise 3.3.9, o is true in each 
model of X, that is oeTh{M{Z)). 

If <j^X*, then not Xbcr and therefore Xu {Her} is consistent. Hence, by 
the completeness theorem, Xu{la} has a model, say 31. 31 eM(X) but o is 
not true in 31, thus o$Th(M(Z)). This completes the proof. 

We write M(o) for M{{o}) and 77z(31) for 77z({31}). 77*(31) is called the 
theory of*&. 
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Exercises 

1.2. Show that for any collection {a of sentences of L, 

f|Af(aO=M(U W)- 

is I is I 

1.3. Show that for any set Z of sentences of L and any 

M(Th(M(Z))) = M(Z), 

and 

Th(M(Th(K))) = Th(K). 

1.4. Show that for any two relational structures 91,23 

91=23 iff Th (91) = Th (93) iff 23eM(77i(9I)). 

A collection K of relational structures is called an elementary class , if for 
some sentence c oiE, K = A/(<t). If K is an elementary class we write KeEC. 
In the terminology of ch. 5, KeEC iff the property of being a structure in 
K is a first order property. K is said to be A-elementary , and we write 
KeEC A , if for some set Z of sentences of L, K = M(Z). Thus KeEC A iff the 
property of being a structure in K is a general first order property. By exercise 
1.2, KgEC a iff for some set {a^iel} of sentences of L, K— pl /6/ M(cr f ), 
that is, iff K is the intersection of a set of elementary classes. We say that 
K is Z-elementary , and we write KeEC s , if K is the union of a set of ele¬ 
mentary classes, that is, if K=\J ieI M{o?) for some set {o^iel} of sentences 
of L. Finally, we say that K is AZ-elementary and we write KeEC A1 , if K 
is the union of a collection of A -elementary classes, and we say that K is 
ZA-elementary if K is the intersection of a set of Z-elementary classes. In 
this last case we write KeEC IA . 

Some relationships between these notions are given by the next lemma. 
I f Kg: then we let cK = M^-K. 

Lemma 1.5. For any 

(1) . KeEC iff cKeEC , 

(2) . KeEC A iff K=M(Th(K)), 

(3) . KeEC A iff cKeEC x , 

(4) . KeEC dS iff cKeEC EA iff cKeEC AI iff KeEC IA . 

Proof. (1). Suppose KeEC, say K=M(a). Then cK=M(~\a ) and so 
cKeEC. The converse is similar. 

(2). If K = M(Th(K)) then KeEC A . Conversely if KeEC A , K = M(Z) for 
some set E of sentences of L. Thus M(Th(K)) = M(Th(M(E)))=M(E) = K, 
by exercise 1.3. 
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(3) . Suppose KeEC a , say K = M(Z). Then 

cK=M fl -M{Z) = M ll ~ 0 M(< t)= U (M^ —M(cr))= (J M(la), 

o-eT <t e 2 <r e I 

and therefore cKeEC ' s . The converse is similar. 

(4) . Clearly 

KeEC 1a iff cKeEC A1 

and 

KeEC AI iff cKeEC ia . 

Suppose KeEC ia , say 

K=n^ 

ie I 

where, for i e/, 

*■= U 

j E Ji 

Let J = Y\ ie iJi, then, by the axiom of choice, 

K=D U M(a u )= U 0 M(a ifii) ) [*] 

ie I j e Ji f eJ ie I 

and so KeEC as . Conversely if KeEC ai , then cKeEC IA9 whence cKeEC Al 
and KeEC 1a . 

Exercise 1.6. Verify the identity [*] in the proof above. (Hint: [*] is a 
set theoretic identity; it does not depend on any model theoretic properties 
of the sets M(cr ij ).) 

Example 1.7. The collection K G of all groups is an elementary class since, 
in the notation of example 5.3.11, K g = M(<t g ). 

Similarly all the other examples of finitely axiomatizable notions given in 
ch. 5 give rise to examples of elementary classes. 

Examples 

1.8. The collection K 0 of all commutative fields of characteristic zero is a 
/d-elementary class since, in the notation of example 5.3.16, K 0 = M(A 0 ). 
Theorem 5.3.17 shows that K 0 is not an elementary class. 

1.9. The collection K { in of all finite sets is a T-elementary class since 

^fin= Corollary 5.3.5 shows that K fin isnotan elementary class. 

1.10. We shall show that the collection of infinite, finite dimensional vector 
spaces is a ^T-elementary class. We adopt the notation of examples 5.3.18 
and 5.3.19. 
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Let 

a m,n = (T VS AT Dim(m) A ^ > 

thus 21 is a model of G m n iff it is a vector space of dimension m containing 
at least n elements. Hence, for each ra, 

vs m = n m(o 

new 

is the collection of infinite vector spaces of dimension m. Therefore 

vs= u n 

m e to n e co 

is the class of infinite, finite dimensional vector spaces. Clearly VSeEC A£ . 
We show that VS is not in EC A or EC £ . 

If K = M(I)eEC A , it follows from Los’s theorem that K is closed under 
the formation of ultraproducts. Now for each raeco, there is an infinite 
vector space of dimension m , say 2t m . Thus 2t m is a model of 

{^VS’^Dim(m)} U {3 I HE Co}. 

Let F be a non-principal ultrafilter on co , then, using an argument that 
we have often used before, it can be seen that Yi % ml? * s a model of 

{ffvs} V {1 T Dim(B) : n e g>} u {3 ": n e co} 

and so is an infinite dimensional vector space. Therefore VS is not closed 
under the formation of ultraproducts and so is not in EC A . 

Let m be some integer and p some prime. For each keco there is a field 
containing p k elements and hence a vector space of dimension m containing 
p km elements, say 23*. Each 23* is not in VS since it is finite. But, by an argu¬ 
ment like that used above, if F is a non-principal ultrafilter on co, 
an infinite m-dimensional vector space and so is in VS. Thus cVS is also 
not closed under the formation of ultraproducts and therefore is not in EC A 
It follows that VS is not in EC £ . 

An alternative semantic characterization of EC AI is given by the next lemma. 

Lemma 1.11 KeEC AI iff K is closed under elementary equivalence, that is, 
iffHeK and 23 = 21 implies 23 eK. 

Proof. Clearly if KeEC AI , then K is closed under elementary equivalence. 
For the converse, suppose that K is closed under elementary equivalence. 



144 


ELEMENTARY CLASSES 


ch. 7, § 1 


If 21 e AT, by exercise 1.4, Af( 7% (31)) £ AT, and so 

u M(n(5I))cX. 

9TeK 

Clearly the converse inclusion also holds and so 

K= U M(T/* (31)), 

91 e K 

and therefore KeEC Al . 

Corollary 1.12. If KeEC, KeEC A or KeEC s then K is closed under 
elementary equivalence. 

An important collection of relational structures which does not come into 
any of the categories we have just described is given by the next result. 

Lemma 1.13. The collection of all well-ordered sets is not even a AI-ele¬ 
mentary class . 

Proof. Let 3l=<a>,<> be an ordered set of order type co , and let F be a 
non-principal ultrafilter on co. Then 31 is elementarily equivalent to 31 < °/F 9 
but by theorem 6.4.3, 3l c 7i r is not well-ordered. Since 31 is well-ordered, the 
collection of well-ordered sets is not closed under elementary equivalence 
and so, by lemma 1.11, is not a dT-elementary class. 

We conclude this section with some facts about the various sorts of ele¬ 
mentary classes that can be deduced from the compactness theorem. 

Lemma 1.14. If {K t :i el} is a collection of elementary classes, such that 

n* f =0, 

iel 

then there is some finite subset I 0 of I such that 

n^=0. 

i 6 l o 

Proof. Suppose K i = M(a i ). Since P|i^ = 0, the set of sentences {cyAel} 
has no model and therefore, by the compactness theorem, there is some 
finite subset I 0 of I such that {oy.i e/ 0 } has no model. That is, 

0 ^= 0 . 

i e Jo 

Theorem 1.15. EC-EC A nEC l . 

Proof. Trivially EC EC f n EC\. 
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Suppose KeEC a and KeEC e . Then, by lemma 1.5, K and cK are both in 
EC a . Say 

iel 

and 

cK= C\M(tj). 

jeJ 

Then 

K n cK = H M (a,) npM (t,-) = 0. 

i e/ JeJ 


Therefore, by the previous lemma, there are finite subsets °f hJ 

respectively, such that 

n Mfojn 0 M(tj)=0. [•] 

i e Jo j e Jo 


Let a be the conjunction of the sentences {cr f : / e/ 0 }.Then P( ie i0 M( < T i )=M( < 7). 
Clearly 

XsM(ff), 


and similarly 
and hence 


Je J 0 


But by [*], 
and therefore 


c (n m(t,))£k. 

Je Jo 

M((7)cc( n M(xj))sK, 

j e J 0 


K = M{o). 


This completes the proof that KeEC. 


We have defined the various species of elementary classes in terms of sentences 
of the language L. Since these sentences only express statements about the 
algebraic structure of relational structures, it would seem plausible that we 
might be able to discover a purely algebraic characterization of these classes 
which makes no reference to the language L. In fact it is possible to do this. 
We devote the next section to the main step in this characterization. 


§2. Keisler’s ultrapower theorem 

In this section we give an algebraic characterization of elementary equiva¬ 
lence, which has previously been defined in purely semantic terms. 
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Recall that we are assuming that all the relational structures we mention 
are of type peof and that L is the appropriate language for structures of 
this type. For any ordinal y 9 L y is the language obtained from L by adding 
the sequence of constants. 

Let P be an infinite cardinal ^a, let / be a set of cardinal ft and for each 
i el let 21* and 23* be relational structures of type fi and of cardinal at most 
fi + . We investigate the relationship between the following two statements: 

(i) . There are uniform ultrafilters F,G on I such that the ultraproducts 

21 JF and 23*/G ! are isomorphic. 

(ii) . There is no sentence a of L such that both 

{iel:%\=cr} 

and 

{ie/:23*N~1 cr} 

are of cardinal < ft. 

Lemma 2.1. If if) holds, so also does (ii). 

Proof. Suppose F,G are uniform ultrafilters on I such that the ultra¬ 
products Yl %/F and Y[ S»/G are isomorphic. We show that the assumption 
that (ii) fails leads to a contradiction. 

Suppose a is a sentence of L such that both X = {iel and 
T={/e/:23*l=“l <x} are of cardinal < ft. Then, since F is uniform, X$F and 
therefore, by Los’s theorem, f|2l*/i r t= "lex. Similarly ]^|23 */<j t= a. This contra¬ 
dicts the fact that f]2I*/Fis isomorphic to 

We devote most of the remainder of this section to showing that, assuming 
the generalized continuum hypothesis, (ii) implies (i). The motive for the 
construction we eventually use springs from the next lemma. 

Lemma 2.2. If (ii) holds, there exist uniform ultrafilters F,G on I such that 
the ultraproducts Yl^JT and W^JG are elementarily equivalent. 

Proof. Assume (ii) holds. For each sentence a of L let 

X(a)={iel:%\=<r} 9 

and 

Now let 

F 0 = {X(a):card(Y(-]a))<p}. 

Since (ii) holds, all sets in F 0 are of cardinal ft. Because X(a) n X (t) = X(a a t) 
and Y(~l(a at))= F(~ler)u F(~1t), F 0 is closed under finite intersections. 
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It follows that F 0 u 5p(I) has the finite intersection property, and therefore 
can be extended to a (necessarily uniform) ultrafilter F on /. 

Next let 

G 0 = {y(<7):X(,T) 6 F}. 

If Y (t )e(?o, then for some o with X (a)eF, Y(x) = Y (cr). 

X(na) = I-X(cj) 

and so X{~[c t)$F. Hence, by the definition of F 0 , card(T(n ~\a))=p, but 
Y(~ | “|cr)= Y(<j). This shows that all sets in G 0 are of cardinal p. It is clear 
that G 0 is closed under finite intersections. Therefore G 0 kjS^(I) has the 
finite intersection property and so can be extended to a uniform ultrafilter 
G on /. 

If X(o)eF, 

Y{a)eG 0 ^G. 

Conversely if Y(cr)eG, Y(~\o)$G and hence X(~lo)$F, so, since F is an 
ultrafilter, X(o)eF . Thus for each sentence a of L, 

{iel:% 1= a) eF iff cr}eG, 

and hence, by Los’s theorem, 

Y\ %/F 1= g iff Yl ® il G ^ ° • 

Therefore Y[ %/F * s elementarily equivalent to 23,/G and the lemma is 
proved. 

Exercise 2.3. Let (i)' be the statement which results on replacing ‘iso¬ 
morphic’ by ‘elementarily equivalent’ in (i). Show, without assuming that 
P^ a, or that the structures 3I„ 33* are of cardinal ^ P + , that (i)' is equivalent 
to (ii). 

Lemma 2.2 enables us to deduce the existence of elementarily equivalent 
ultraproducts from (ii). We want to show that (ii) implies the existence of 
isomorphic ultraproducts. At this point we recall that we have previously 
observed that if we know that (31,a) = (23,6), where a,b are enumerations of 
A,B respectively, then we can at once deduce that 31 ^33 (theorem 4.1.12). 
Thus in order to show that (ii) implies the existence of isomorphic ultra¬ 
products it is sufficient to show that (ii) implies the existence of uniform 
ultrafilters F,G on I, and enumerations s/F, t/G of and Y[ FJG, 

respectively, such that (Y\%/F,slF)=(Y\$i l /G,t/G). And lemma 2.2 shows 
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that in order to do this it will be sufficient to show that 

(iii). There exist enumerations s~{s^:i<p + } and t — :£< p + ) of \\^i 

and B t respectively such that there is no sentence o of + such 
that both 

{iel:(%,s(i)) h o} and {/eJ: (23^(0) o }, 
are of cardinal <fi, where for iel, s(i) = {s^(i):^<p + y and 

t(i) = <ft(i):t<P + >. 

A necessary condition for the existence of the enumerations s,t is obviously 
that card and card (Y\ are b°th at mos t P + • To ensure that this 

is the case we assume from this point onwards that the generalized continuum 
hypothesis holds. Then 

card(n A i )^Y\p + ^(p + y = p + 

iel 

and similarly for card (Y[ B t ). We write ‘(G.C.H.)’ after the numbers of 
results that depend on the G.C.H. 

If 5 = £ <y> is a y-termed sequence and S then we use the notation 

s\5 for the ^-termed sequence <^:£<<5>. 

Lemma 2.4. (G.C.H.) If ( ii) holds, so also does (iii). 

Proof. Assume (ii) holds. Let a — ( af £< p + y and b ~{ bf ^< p + y be 
fixed enumerations of and respectively. We show that we can 
define by recursion a sequence s = (s%:l;<p + y of elements of Yl^i and a 
sequence t = of elements of fji?,- such that for all : 

(1) . If k is a limit ordinal, n<co, and £ = A + 2 n, then 

S %~ a X + n 

(2) . If k is a limit ordinal, n<a> , and ^ = A + 2«+l, then 

U~bx+ n 

(3) . There is no sentence a of L^ +1 such that both 

{iel: (21 i9 s \ § +1 ( 0 ) N <r} and {i el : (23 f ,t f { +1 ( 0 ) ^ H <r} 
are of cardinal < ft. 

Condition (1) implies that the ‘even’ places in s are occupied by the elements 
of a and hence that s is an enumeration of Y\A t . Similarly (2) implies that t 
is an enumeration of Yl^r 

Suppose now that £</? + and that we have defined s% and 1 5 for £<£ so 
that (1), (2) and (3) hold for £ < £. In the case £ = 0, this is just the hypothesis 
that (ii) holds. We show that we can define s^ and so that (1), (2) and (3) 
hold for all <£^£. 
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Observe first that since, if £ is a limit ordinal any sentence of L c is a 
sentence of L $+i for some £ < £, it follows that whether or not £ is a limit 
ordinal, (3) holds when £ +1 is replaced by £. 

Let 2 be the largest limit ordinal ^ £. We consider first the case that for 
some «<<y, £ = 2 + 2«. In this case we put 

s C = a A + n 

With this choice of (1) and (2) hold for all £ < £. It remains only to show 
that we can choose t\ so that (3) also holds for all £ ^ £. This is the crux of 
the proof. 

Let d be the set of all those formulas </> ( v 0 ) of L^, containing at most the 
variable v 0 free, such that 

is of cardinal <p. Since a</? and C<P + , d is of cardinal < p. 

(%,s \ £(0) N (Vi> 0 ) *(® 0 » £ H+ , 

and therefore, if <£ed, card(^)<^. Now (Vi? o )0(i? o ) is a sentence of L c 
and we have already observed that (3) holds with £ + 1 replaced by £. We 
can conclude from this that if £>ed, the set 

K* = {/e/: (»„* r £(0) ^ (V» 0 ) 0(i> 0 )} 

is of cardinal /?. 

Thus {^:0ed} is a collection of not more than ft sets each of cardinal /?. 
Therefore, by lemma 6.1.20, there is a collection {K^:(/)gA} of pairwise 
disjoint sets each of cardinal /? such that for £>ed, K^K#. 

For each i eK$ there is some d t e B { such that 

We choose t^e n*« so that whenever ieK^ t^(i) is one such element d t . 
This can be done since the sets are pairwise disjoint. It remains to show 
that (3) holds when £ = £. 

Let a be a sentence of L c + 1 such that the set 

{iel:(%,s\ C + l(i))hcr} 

is of cardinal </?. Since we know that (3) holds when £+1 is replaced by 
£ we need only consider the case when the constant c c occurs in a, so that 
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where </> (r 0 ) is a formula of L c with at most the variable v 0 free. Thus 

{ie/:(9l,,sK(0)t=<£[s ; (i)]} 

is of cardinal <p. Therefore fie A and so by the choice of t i whenever i eK^, 

CMO^DcP)], 

and so, since card (Kf )=/?, 

{ie/:(»,,trC +1(0)1= “la} 

is of cardinal p. This shows that (3) holds for all <!;<£. 

The case when for some n<co , £ = 2 + 2/t+1 is dealt with similarly. This 
completes the proof that we can find sequences s,t satisfying (1), (2) and (3) 
for all £<jS + . Since (1) is satisfied, s is an enumeration of Y[A t . Since (2) 
is satisfied t is an enumeration of B t . Therefore because (3) holds we can 
conclude that s,t satisfy the conditions of (iii). This completes the proof of 
the lemma. 

We can at once deduce 

Theorem 2.5. (G.C.H.) (i) holds iff (ii) holds. 

Proof. Lemma 2.1 shows that (i) implies (ii). Suppose (ii) holds, then by 
the previous lemma, (iii) holds. Therefore by lemma 2.2, there exist uniform 
ultrafilters F,G on / such that 

a) 

Let s/F={ Si /F:i<p + } and f/G=(r*/G:£<j? + >. By (1), 

(n %!F,slF)=(U ©,/G,t/G) (2) 

s is an enumeration of ]~| A t and so s/F is an enumeration of A JF. Simi¬ 
larly t/G is an enumeration of fJ.B ( /G. Therefore by (2) and theorem 4.1.12, 

rw-rwc. 

This proves the theorem. 

The main result of this section can be deduced at once from this last theorem. 

Theorem 2.6. (G.C.H.) Keisler’s ultrapower theorem 
Let P be an infinite cardinal and let 91 and 93 be relational structures of 
cardinal ^/? + . 91 is elementarily equivalent to © iff there are uniform ultra¬ 
filters F,G on P such that the ultrapowers WIF and &/G are isomorphic. 

Proof. This is just the special case of theorem 2.5, with I = P, and for 
ie/, 91,=91 and 93, = ©. 
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Corollary 2.7. (G.C.H.) Two relational structures 31,® are elementarily 
equivalent iff they have isomorphic ultrapowers. 

§3. Characterizing elementary classes 

We are now ready to set about giving an algebraic characterization of 
elementary classes. For each subset K of we let 

Pow (K) = {31 eAf^: 31 is isomorphic to an ultrapower of some structure in K} 9 
and 

Prod(K ) = {3Ie Af,,: 31 is isomorphic to an ultraproduct of elements of K). 

We write Pow(f&) for /W({31}) and Prod^S) for Prod({ 31}). Pow(K) and 
Prod(K) are built up from Kin a purely set theoretic fashion, that is, without 
any reference to the language L. 

Some simple facts about Pow and Prod are contained in the following 
exercises. 

Exercise 3.1. Show that: 

(a) . Prod(K) Prod(K') and Pow (K)^ Pow (K '), if K^K'. 

(b) . K^Pow(K)^Prod(K) 9 for all K^M^. 

(c) . Pew (31) = Prod(31), for all 3IeAf M . 

(d) . Pow ( K) = U { Pow (31): 31 g K] , if K c A/„. 

(e) . Pow(3I)cM(P/z(3l)), for all 3IeM„. 

(f) . Prod(K)^M(Th(K)) 9 if K^M H . 

If K = Pow (K) we say that K is closed under isomorphism and the formation 
of ultrapowers. If K = Prod(K) we say that K is closed under isomorphism 
and the formation of ultraproducts. 

Lemma 3.2. If K is closed under elementary equivalence then both K and cK 
are closed under isomorphism and the formation of ultrapowers. 

Proof. This is an immediate consequence of the fact that any ultrapower 
of a relational structure 31 is elementarily equivalent to 31. 

Corollary 3.3. If KgEC ai , then K = Pow (AT) and cK = Pow(cK). 

Proof. This is just a restatement of the lemma, using lemma 1.11. 

Theorem 3.4. IfKeMthen KeEC A iff 

(1) K is closed under isomorphism and the formation of ultraproducts, 
and 

(2) . K is closed under elementary equivalence. 
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Proof. Suppose KeEC A , say Then, trivially, K is closed 

under isomorphism and elementary equivalence, and, by Los’s theorem, also 
under the formation of ultraproducts. 

Conversely suppose (1) and (2) hold. Clearly K<^M(Th(K)); we show 
that the converse inclusion also holds. 

Suppose 31 eM(Th(K)). Let 

{Ci-.iel} 

be the set of all sentences true in 31. For each i el there is some 
which is a model of or else “I would be in Th (K) and hence true in 31. 
For jel , let 

It is easily seen that {Jy ye/} has the finite intersection property and so 
can be extended to an ultrafilter F on I. Let 33 — 33 JF, since K is closed 
under the formation of ultraproducts 33e/T. By the construction of F each 
sentence is true in 33. Therefore 31 = 33 and since K is closed under 
elementary equivalence 31 eK. This completes the proof that K = M(Th(K)) 
and hence that KeEC a . 

Corollary 3.5. For any 

KeEC a iff KeEC ai and K = Prod(K). 

Theorem 3.6. If KeM^ then K is an elementary class iff 

(1) . K and cK are closed under isomorphism and the formation of ultra¬ 

products, 

and 

(2) . K is closed under elementary equivalence. 

Proof. It is easily seen that K is closed under elementary equivalence iff 
cK is. The theorem now follows immediately from theorem 3.4 and 
theorem 1.15. 

Corollary 3.7. For any KeM /1 , 

KeEC iff KeEC AI , K = Prod(K) and cK = Prod{cK). 

Theorems 3.4 and 3.6 contain characterizations of EC A and EC which still 
contain the semantic notion of ‘elementary equivalence’. We can eliminate 
this reference to the language L by using Keisler’s ultrapower theorem. This 
theorem depends on the generalized continuum hypothesis and therefore so 
too do the characterizations below. 
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Theorem 3.8. (G.C.H.) For any K is closed under elementary 

equivalence iff both K and cK are closed under isomorphism and the formation 
of ultrapowers. 

Proof. One way round is lemma 3.2. For the converse suppose K and 
cK are closed under isomorphism and the formation of ultrapowers. 
Assume 91 eK and 93=91. Then by Keisler’s ultrapower theorem, 91 and 93 
have isomorphic ultrapowers, say 91 I /F and ©7 G . Since K is closed under 
the formation of ultrapowers, 917 FeK. Therefore, because K is closed under 
isomorphism, ©7 GeK. It must therefore be the case that ©eK, or else, 
since cK is also closed under the formation of ultrapowers, we would have 
©7 GecK. 

It should be noted that if K is closed under isomorphism then automatically 
so also is cK. 

Corollary 3.9 (G.C.H.) For any 

KeEC AI iff K = Pow(K)andcK = Pow(cK). 

Theorem 3.10. (G.C.H.) For any KeEC A iff 

(1) . K is closed under isomorphism and the formation of ultraproducts , 
and 

(2) . cK is closed under the formation of ultrapowers. 

Proof. This is an immediate consequence of theorems 3.4 and 3.8, 

Theorem 3.11. (G.C.H.) For any KeEC iff both K and cK are 

closed under isomorphism and the formation of ultraproducts. 

Proof. This is an immediate consequence of theorems 3.6 and 3.8. 

In the next chapter we will obtain set theoretic characterizations of the 
various elementary classes which do not depend on the generalized con¬ 
tinuum hypothesis. 

§4. Craig’s interpolation lemma 

In this section we use Keisler’s ultrapower theorem to deduce a classical 
interpolation result for predicate calculus. We need first a few new notions. 

Suppose that 91 = <^,{^:{<a}> is a relational structure of type peco*. 
An expansion of 91 is a relational structure of the form 

9T = C4,{I^:£<a + /?}>, 

where, for £<a, R^ = R 4 . If 91' is an expansion of 91 then we say that 91 is a 
reduct of 91'. If 91 is of type peco 01 and 91' is of type p'eco a+fi 9 then p^p f . 
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If L is the appropriate language for structures of type p then the appropriate 
language for talking about 21' is obtained by adding a new set {P%: <x < £ < a + /?} 
of predicate letters to L to form a new language L', called an expansion of 
L. We say that 21 is the reduction of 21' to L. Thus 21 is obtained from 21' by 
dropping all the relations corresponding to predicate letters of L' not in L. 

If K £ Af M , we say that K is a pseudo-elementary class if there is an expan¬ 
sion L' of L and an elementary class with respect to the language L', say K\ 
such that K is the class of reductions to the language L of the elements of K'. 
If AT is a pseudo-elementary class we write KePC. 

Example 4.1. Let L be the language appropriate for groups and let L' be. 
the expansion of L obtained by adding a new binary predicate letter P . 
Let <7 cog be the conjunction of the sentence <r CG of example 5.3.12 and the 
following sentences 

(Vx)(Vy)(Vz)[S (x,y,z) a P (e,x) a P (e,y)->P (e,z)], 

(Vx)(V>-)[S (x,y,e)->~l(P(e,x) a P(e,y))], 

(Vx)(x = e v P (e,x) v (Vy)[S (x,y,e)^P(e,y)]), 

then a realization 21' of L' is a model of n COG iff it is an ordered group. Thus 
the collection of ordered groups is an elementary class with respect to the 
language L'. Hence the class of orderable groups is a pseudo-elementary 
class with respect to the language L, since it is the collection of reductions 
of all ordered groups to the language L. 

We begin with two obvious remarks. 

Lemma 4.2. For each i el, let 21,* be the reduction of 2IJ to the language L 
and let F be an ultrafilter on /. Then Yi^i/F Is the reduction x?/fj2Ij/F to 
the language L. 

Lemma 4.3. If KePC, K is closed under isomorphism and the formation of 
ultraproducts, i.e. K= Prod(K). 

Our aim is to prove a separation theorem for pseudo-elementary classes, 
namely that disjoint elements of PC are separated by an elementary class. 
We do this by a series of lemmas. 

Lemma 4.4. For any K^M^, Prod{K) contains a model of each consistent 
extension ofTh(K). 

Proof. Let A be any consistent extension of Th(K) and let I={a i :iel} 
be the set of all finite conjunctions of sentences of A. I is also consistent. 
For each /e/, there is some 21*6^ which is a model of or else ncr f 
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would be in Th (,£) and hence in X, contradicting the fact that Z is consistent. 
For each j e/, let 

Jj={ieI:%t(Tj}. 

Each Jj is non-empty and since Z is closed under finite conjunctions, 
{Jy. jel} has the finite intersection property and so can be extended to an 
ultrafilter F on /. 

By construction, for each oeZ 9 

{ iel:%)r a}eF 

and therefore, using Los’s theorem, JJ-21/F is a model of Z. Since 
Y\%/FeProd(K) the lemma is proved. 

Lemma 4.5. For any Th(K)uTh(K f ) is consistent iff some ultra¬ 

product of elements of K is elementarily equivalent to some ultraproduct of 
elements of K'. 

Proof. Suppose %eProd{K) 9 ^BeProd(K') and 21 = 93. 91 is a model of 
Th(K) and 93 is a model of Th(K'). Therefore 91 is a model of 
Th(K)'uTh(K') 9 which is therefore consistent. 

Conversely suppose Th(K)uTh(K') is consistent. By Lindenbaum’s 
theorem (theorem 9.1.19) Th(K)KjTh(K') has a complete consistent ex¬ 
tension Z. That is 

Th(K)uTh(K')czZ 

and for any sentence a of L, either a or “Iff is in X, 

By the previous lemma, there exist 91 eProd(K) and %}eProd(K') which 
are both models of Z. Since Z is complete it follows that 91 = 23. 

Lemma 4.6. (G.C.H.) For any Th (K) u Th {K') is consistent iff 

Prod (K) n Prod (K') ^ 0. 

Proof. One way round is an immediate consequence of the previous 
lemma. 

For the converse, suppose Th(K)vTh(K') is consistent. Then by lemma 
4.5, there exist 9 leProd(K) and 5BeProd(K f ) with 21 = 93. By Keisler’s 
ultrapower theorem, there is an ultrapower 91 J /F of 91 and an isomorphic 
ultrapower 93 VG of 23. By exercise 6.2.7, any ultrapower of an ultraproduct 
of elements of K is itself an ultraproduct of elements of AT, so WIFeProd(K). 
Similarly 93 1 IGeProd{K'). Since 91 Prod(K)nProd(K') is not 

empty. 

Lemma 4.7. (G.C.H.) If K = Prod{K), K' = Prod(K') and KnK' = <t>, then 
there is some NeEC such that K^N and NriK' = (fi. 



156 


ELEMENTARY CLASSES 


ch. 7, § 4 


Proof. If Th(K)vTh(K') were consistent, by lemma 4.6, 

Prod (K) n Prod (K f ) 

and hence also Kr\K f would not be empty. Therefore Th(K ) u Th(K') must 
be inconsistent. Hence there is some finite subset I 0 of Th(K)uTh(K') 
which is inconsistent and therefore has no model. 

Let er 0 be the conjunction of the finite number of sentences in T 0 n Th(K) if 
this set is not empty, otherwise let o 0 be any universally valid sentence, e.g. 
(V v o)( v o = v 0 )- Let N = M(o 0 ) ; NeEC. Since a 0 eTh(K\ K^N and since 
Th(K') u {cr 0 } is inconsistent, NnK' = 0. 

Lemma 4.8. (G.C.H.) If K,K'ePC and KnK' = 0, there is some NeEC such 
that K^N and NnK' — 0. 

Proof. This is an immediate consequence of lemmas 4.3 and 4.7. 

From lemma 4.8 we are able to deduce the main result of this section. 

Theorem 4.9. (G.C.H.) Craig’s interpolation lemma 
If g, t are sentences of predicate calculus such that 

b <r-*T, 

then there is some sentence 6 containing only predicate letters common to a 
and x such that both 

b<7->0 and 

Proof. Let V be the language containing all the predicate letters in a 
and t and let L be the language containing just the predicate letters common 
to a and t. L' is an expansion of L. 

Let K be the class of all reductions to L of the realizations of V which are 
models of cr, and let K' be the class of all reductions to L of those reali¬ 
zations of L' which are models of “It. K,K'ePC. 

Since bcr->T, {a, It} is inconsistent and therefore KnK'=Q* Therefore 
by the previous lemma, there is some NeEC such that Wand NnK' = Q. 
Say 7V = A/(0), where 6 is some sentence of L. 

Because K^N, there is no model of {<7,“l 6} and therefore by the com¬ 
pleteness theorem I -o-+9. Similarly since NnK' = 0, b0-*r. 

This completes the proof. 

The original proof of this result was a syntactic one which gives a little more 


♦ Puzzled readers should read the note on pp. 159-160. 
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information about 6 than that given above (see Craig [1957]). More im¬ 
portant is the fact that the original proof made no use of the G.C.H. How¬ 
ever its use in the proof above can be eliminated by the following consider¬ 
ation. By using an appropriate Godel numbering of the symbols of L', 
theorem 4.9 can be restated as a sentence of first order arithmetic. It follows 
from Godel’s proof of the relative consistency of the G.C.H. (Godel [1940]) 
that any such sentence which is provable using the G.C.H. can be proved 
without using this hypothesis, or even the axiom of choice (for a discussion 
of this see, e.g. Kreisel [1956]). Therefore we can conclude from theorem 4.9. 
that Craig’s lemma is true without assuming the G.C.H. 

We give another semantic proof of Craig’s lemma, very similar to that 
above, but not using the G.C.H. in the next chapter, where there is a further 
discussion of this theorem. 

§5. EC as a Boolean algebra 

Although we have been careful not to call M^ EC or the elements of EC sets, 
we have talked about them as though they were perfectly good sets, writing 
such things as M(o)eEC. But, as is well known, too free and easy a use of 
naive set theoretic ideas leads to contradictions (e.g. Russell’s paradox). 
The contradictions can (we hope) be avoided by using, for example, Von 
Neumann-Bernays-Godel set theory. We remark, therefore, that in general 
is a proper class in the sense of Godel [1940] and similarly for most 
K^Mp. Therefore no set theoretic meaning can really be attached to ex¬ 
pressions such as ‘ KeEC\ We can get over this difficulty by working instead 
of with with a subset of M m , which although sufficiently small to be a 
set, is still roomy enough to allow the standard model theoretic construc¬ 
tions (formation of ultrapowers, productions of models of consistent sets 
of sentences etc.) to be carried out within it. We do not pursue this point any 
further here, but we leave it to the reader who is worried about our naive 
talk of EC , to translate everything we do into statements about real sets. 

Since for any sentences <t,t of L, 

M(a)nM(r) = M(o at) and M m — M {a) — M ( 1 cr), 

it is easily seen that EC is a Boolean subalgebra of the Boolean algebra 
<^(M^),c>. Since EC is closed under finite intersections it may be taken 
as a base for a topology (the elementary topology) on Clearly EC A and 
ECz are the families of closed sets and open sets, respectively, in this topology. 
By theorem 1.15, EC=EC A nEC £ is the family of clopen sets in this topo- 
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logy. Furthermore it follows from the compactness theorem that if a subset 
Z of EC (i.e. a family of closed sets) has the finite intersection property then 
P)Z is non-empty (see lemma 1.14) and this means, of course, that M^ is 
compact with the elementary topology. This explains how the compactness 
theorem got its name. 

The remarks above show that Af M with the elementary topology is a 
compact space with a base of clopen sets so that if we could show that M^ 
was a Hausdorff space we would have established that it was a Boolean 
space. Unfortunately the elementary topology does not satisfy any of the 
standard separation conditions, indeed it is not even a T 0 space. (If 9I,33eAf /1 
and 91 = 83, every open set containing 81 contains 33 and vice versa.) This 
drawback at first sight would seem to thwart our design of applying Stone’s 
results to the subject. With inexhaustible ingenuity however (this is 
J.L.B.’s remark, not mine—A.B.S.), we overcome this difficulty by applying 
KolmogorofFs well known device for obtaining a T 0 space from an arbitrary 
space. This runs as follows: let Y be an arbitrary topological space and let 
the closure of any subset A of Y be denoted by clA. We define the relation 
~ on Y by x ~ y iff cl {*} = cl {y} 9 for all x 9 y e Y. Clearly ~ is an equivalence 
relation and the quotient space 7*= Y/~ with the resulting topology is a 
T 0 space (the Kotmogorojf space of Y). The canonical map n \ Y-> Y* which 
sends each element of Y to its equivalence class in Y* is continuous. Also 
7 c _1 7r [t/] = U for any open set U in Y. We now have 

Theorem 5.1. The Kolmogoroff space Af* of is a Boolean space and the 
map a'.EC-t&lJM*) defined by <j(K) = n [K~\, for each KeEC, where 
is the canonical map, is an isomorphism of EC onto the charac¬ 
teristic algebra EC * of Af*. 

Proof. The space Af '* as the continuous image (under n) of the compact 
space Mp is certainly compact, and it is a T 0 space by construction. More¬ 
over the base EC for is mapped by n onto a base EC* = [n[K ]: KeEC} 
for Af* and each member of this base is clopen. But a T 0 space with a base 
of clopen sets is Hausdorff and so Af* is Hausdorff and hence a Boolean 
space. 

We leave it to the reader to verify that a is indeed an isomorphism. 

According to this theorem A/* may be regarded, up to homeomorphism, as 
the Stone space of EC . 

For any member 9leAf At it can easily be seen that c/{9t} = {83:91 = 83}, 
so that the space M* may equally well be regarded as the quotient space of 
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Mp modulo elementary equivalence. We now prove an interesting repre¬ 
sentation theorem which illustrates the duality between the semantic and 
the syntactic aspects of the theory. 

Theorem 5.2. EC is isomorphic to the Lindenbaum algebra sd (L) of the 
sentences of the language L. 

Proof. Clearly as we have already remarked, for any sentences of L, 

M(oat) = M(o) n M( t), 

M(avi) = M(d)uM (t) 

and 

M(na) = M fl -M(<r). 

Furthermore, the sentences <j,t are provably equivalent iff — r), so 

that the map M*\sd(V)->EC defined by M*(\(t\) — M(cf), where |<r| is the 
equivalence class in sd (L) containing cr, is well defined and in fact is an 
isomorphism. 

Corollary 5.3. The space M* is homeomorphic to the Stone space of (L). 

Proof. We have just shown that their characteristic algebras are iso¬ 
morphic. 

§ 6. Historical and bibliographical remarks 

The notion of an elementary class is due to Tarski (see e.g. Tarski [1950]). 
Keisler’s ultrapower theorem is taken from Keisler [1961]. Theorems 3.4 
and 3.6 can be found in Frayne, Morel and Scott [1962] and theorems 3.8 
and 3.11 in Keisler [1961]. Craig’s interpolation theorem was first proved 
by Craig [1957]. The proof we have given is due to Keisler [1961], the 
remark about eliminating the use of the G.C.H. in this proof is based on a 
remark of Kreisel’s (in Kreisel [1956]). It was Tarski [1950] who first 
pointed out the topological significance of elementary classes and the 
compactness theorem. 

Note . These remarks will clarify our assertion in the proof of theorem 4.9 
that since {o',“I t} is inconsistent, KnK' = 0. 

Let {Pi : 1 be the set of predicate letters occurring in o but not in t 

and let {Pj'l^j^n} be the set of predicate letters occurring in t but not 
in a. Suppo se KnK'^9, say tyLeKnK', with 
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Since 31 eK, there is an expansion 31 ' of 31 which is a model of a, say 
W = <A,{Rt:{«x}Kj {*;: 1 < i^m} u {R"j: 1 < /^ n}>. 

Since 31 eK f , there is an expansion 31" of 31 which is a model of It, say 
31" = <A, {Rf: { < a} u {S [: 1 < i < m} u {5". :!</««}>. 

But then 

31* = <^,{^:^<a}u{i?:;:l<j<m}u {S'}: 1 

is a model of both <r and “1 r. This contradicts the fact that {cr, “1 r} is incon¬ 
sistent and hence shows that KnK'=0. 



CHAPTER 8 


ULTRALIMITS 


In the previous chapter we showed that if two relational structures are 
elementarily equivalent, they have isomorphic ultrapowers, and we used 
this result to obtain an algebraic characterization of elementary classes. In 
order to obtain this result we had to assume the generalized continuum 
hypothesis. In this chapter we describe the ultralimit construction, due to 
S. B. Kochen, which enables us to achieve a similar result not depending 
on this hypothesis. 


§1. Two basic lemmas 

Once again, for simplicity, throughout most of this chapter we deal only 
with relational structures which consist of a non-empty set and a single 
binary relation on this set. We assume that such structures are of type p , 
that L is the appropriate language for structures of this type and that for 
any ordinal £, is the language obtained from L by adding the sequence 
<c ? :C< O of constants. 

We begin with two basic lemmas. 

Lemma 1.1. Frayne’s lemma 

If 21,® are relational structures , 21 = 23 iff there is an ultrafilter pair </,F> 
such that © is elementarily embeddable in 2l J /F. 

Proof. If © is elementarily embeddable in 21 I /F 9 S = 2I, and therefore, 
because 21 = 2 V/F, it follows that 21 = ©. 

Conversely, suppose that 21 = ©. Let b = {bf^<y} be an enumeration 
of B. We consider the extended system (©,6) and the extended language L y 
appropriate for structures of this type. 

Let S be the set of all sentences of L y and let 


/ = {<reS:(©,fr) Na}. 
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Suppose a el. In general cr will contain a finite number of the constants of 
L y , say We let o' be the formula of L obtained from a by sub¬ 

stituting k variables, which do not occur in <x, say v il9 .. for these constants. 
Since (83,6) f= <r, 83 \= 0, where 

0=( 3 ®ii)-( 3 «O a ' ■ 

Now 81 = 33 and 9 is a sentence of L. Therefore 811=0. It follows that there 
is some sequence a (J = <a (T ^:^<y> of elements of A such that (81,^) 1= cr. Thus 
we can find such a sequence for each sentence a in I. 

Let 

•4 = {t e /: (81,a T ) 1= a} . 


It is easily seen that the family J={J a \oeI) has the finite intersection 
property and so can be extended to an ultrafilter F on I. We show that 83 
can be elementarily embedded in 81 1 /F. 

We define the map 6:33->3lV^ as follows. If b^eB, we put 

h(b,)=f,/F 9 

where f^eA 1 is the function such that for each ere I 

h{o) = a of 


Suppose 0 is a formula of L and de B™ is such that 33 l= d </>; we shall complete 
the proof by showing that 81 I jF 

Let (j)' be the sentence of L y obtained from </> as follows: for each k<co, 
if d k is b£ replace all free occurrences of v k in 0 by c$. Clearly 


But 
That is 


83f= d </> iff (33,6) h<£\ 

(33,6) h (j)' iff (j) f eI iff J^eF. 
iff {^e/:(a,a^)N0 # }eF, 


and by Los’s theorem this holds 

iff (tflFJIf)*#, 

where for ij/el. 
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But, by the definition, h(b)=*f/F , and so we have shown that 
(23,6) N0' iff 
from which it at once follows that 
93^0 iff 

and hence h is an elementary embedding. 

We note in passing the following simple consequence of Frayne’s lemma. 

Corollary 1.2. If% 1,23 are elementarily equivalent, finite relational struc¬ 
tures, they are isomorphic. 

Proof. By Frayne’s lemma, there is an ultrafilter pair </,F> such that 
both 91 and 23 are elementarily embeddable in 2 VjF. Since A is finite, 
card (^) = card(v4VF) by lemma 6.3.6, and since 21 = 23, card(^4) = card (B). 
Hence the elementary embeddings of 21,23 into 21 I jF must be onto maps 
and so isomorphisms. That is 

2I^2l x /F~23. 


Lemma 1.3. Scorrs lemma 

A map g: 21-+23 is an elementary embedding iff there is an ultrafilter pair 
<(/,F) and an elementary embedding h :23->2lVF such that diagram l.a is 
commutative, where d is the canonical embedding, 



Diagram l.a 


i.e. such that for all aeA, h(g (a)) = d(a). 

Proof. Suppose first that there is such an ultrafilter pair and such an 
embedding h: 23->217^. If 21then, since d is an elementary embedding, 
21 T /F\= d(x) (j), that is 2 X 1 jF¥ Hg{x)) (j). Therefore, because h is an elementary em¬ 
bedding 23l= f/(;c) </>. This shows that g is an elementary embedding. 

Conversely, suppose that g: 2l->23 is an elementary embedding. As in 
the proof of the previous lemma, we suppose that the sequence 
6 = <6 < r:{<y> is an enumeration of B and we let S and I be defined as 
before. 
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Let a + be some fixed element of A. If b^eg [A~\ let b\ — b^ and otherwise 
let b'z = g(a + ). Then the sequence 

b' = <^:£<y>e(0|>l]) v . 

For each c <y let a, be g 1 (b^). Since [9I]-<©, by theorem 4.1.10, 

OH:,«)=(»,&') [*] 

where a is the sequence 

Now suppose (pel. Let c^ 0 ,...,c^ k be those constants occurring in (p such 
that the corresponding elements of B , b^ 0 ,... 9 b^ k are not in g \_Al\. Let <p' be 
the formula of L y obtained from <p by replacing, for i^k 9 each c^ by a 
variable v ji9 not occurring in (p . Since (23,6) N</>, 

and so by [*], 

(*,a)h(3»J...(3rJ*\ 

Hence there is some sequence 


a <t>—( a 4>$' i <yy 

of elements of A such that 

Off,a*) I = 4 > 

where, if £ is not one of the ^ with /<&, a^ = a^ 

Thus we can find such a sequence a$ for each (pel . Just as in Frayne’s 
lemma, if 

J lP = {\peI:(%a 4l )\=(p}, 

then J = { J #: (pel} has the finite intersection property and so can be extended 
to an ultrafilter F on 7. We define the map h: 23-►2l77 , as in the previous 
lemma. Again h is an elementary embedding, so it remains only to show 
that diagram l.a is commutative, that is, that d = Jvg. 

Suppose o'eA , then g(a')eB , say g(a') — b Hence 

h-g(a')=fslF 9 

where f^{(p)^a^ 

bfeg [. A ] 

and so 

fz((p) = a <pz = a z — g 1 (b$) = a • 

Thus fJF = d{a') and we have shown that hg = d . 
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§2. Ultralimits 

We have already seen that a relational structure 91 can be embedded in any 
of its ultrapowers, so that we can regard 91 J /F as an elementary extension 
of 91. Similarly the ultrapower (91 1 jF) J jG can be regarded as an extension 
of 91VF. So by reiterating the ultrapower construction we obtain essentially 
an increasing elementary chain of relational structures. If we repeat the 
process K 0 times and take the union of the chain the resulting structure is 
called an ultralimit of 91. We now give a more formal definition which takes 
into account that 91 *jF is an elementary extension of 91 only up to isomor¬ 
phism. It is this fact which causes the complication in the definition that 
follows. 

By an ultrafilter sequence we mean a sequence 

«JnvF w >:n<<0>, [*] 

where for each n<a>, </„,F n > is an ultrafilter pair. 

Now suppose 9I = <^4,F> is a relational structure and that U is an ultra¬ 
filter sequence of the form [*]. We define the sequence <9l„:«<a>> of re¬ 
lational structures as follows: 


9I 0 =9I = <^o^o>» say, 

and for each nsco, 

yin+i=W n In lF n = <A n+ U R„ +I y 9 say. 

For each nea>, let d n be the canonical embedding d n : 9I n ->9l w+1 . Let 
^:9l n -^9I„ be the identity map, and for m^n let d* be the composition 

d m — d n -i‘d n _ 2 'd m+1 -d m . 

It is clear that d” is an elementary embedding of 9l m into 9I„. 

Clearly, also, if fc^m^n, 

dl = d n m -d”. 

Let 

A'={jA n . 

n e to 

We define the relation ~ on A' as follows: 

If a m eA m and a„eA„, 

a m ~a n iff for some peco, d p m {a m ) = d p n (a n ). 

Obviously in this case p^m,n. 
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Lemma 2.1. ~ is an equivalence relation on A\ 

Proof. Since 

d n „(a n )=a n = d n n (a„), 

a„~a„ and so ~ is reflexive. ~ is obviously symmetric. We show that ~ is 
also a transitive relation. 

Suppose a,eA h cijeAp a k eA k , a t ~a, and dj~a k . Then for some m ^ i,j and 
n>j,k 

- df (a,) = df (dj) (1) 

and 

d n j(aj)=dl(a k ). (2) 

Let peco be greater than m and n , then 

df (a.) = dl-d 1 ? (a,) = d^-dj (dj), by (1) 

= d p j(aj) 

= d p n d n j (a j ) = d p -d n k (a k ), by (2) 

= d p k (a k ) 

and therefore ai~a k . Diagram 2.a illustrates the situation. 



This completes the proof. 

We let A m be the set of equivalence classes of elements of A' under the 
relation ~. 


Lemma 2.2. If {ap.i^k} is a finite subset of Athere is some neco such that 
for i^k there is an element a ni eA n which is in the equivalence class a t . 

Proof. For each i^k, there is some n t eco and an a n .eA n . such that a ni ea v 
Let neco be greater than any of the n h and let 

a ni = <(«„,)• 

a ni eA n and since 

d ni =a ni — d n (n ni ) 

a ni ~a ni and therefore a ni ea v This completes the proof. 
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Lemma 2.3. Suppose m,neco, a m ,b m eA m , a„,b„eA„, a m ~a n and b m ~b n , then 

B R m iff ^tt n ,b„y £ R„ . 

Proof. There exist p,q^m,n such that 

d P M=d p n (a n ) and d* (b m ) = d< n (b„). 

Let re a) be greater than both p and q, then clearly, 

d r m {a m ) = d' n {a n ) and d r m (b m ) = d r „(b n ). 

d r m and d' are elementary embeddings and hence 

(a m ,b m yeR m iff <.d r m (a m ),d T m (b m )yeR r 
iff (d r n {a n ),d r n {b n )YeR r 
iff (a n ,b n yeR n . 

This completes the proof. 

We now define the relation R {a on A m as follows. Suppose a^beA^. By 
lemma 2.2 there is some neco such that there is an element a n eA n na and 
an element b n sA n nb. Now we put 

<0,6)6^ iff (a ni b n y e R n . 

By lemma 2.3 this definition is independent of the choice of n and of a n 
and b n and so is a sound definition. 

The relational structure 

%,=<A m9 R a y 

is called the ultralimit of 31 with respect to the ultrafilter sequence U. There 
is nothing in our notation to show with respect to which ultrafilter sequence 
a particular ultralimit is defined, but this will not matter as this will always 
be obvious from the context. 

For each neco , let d n be the map which sends each element of A n 
onto its equivalence class in A 

Lemma 2.4. Each d n is an elementary embedding . 

Proof. The proof of this lemma is by induction on the number of logical 
symbols in formulas and is essentially the same as the proof of theorem 4.2.1 
on the union of elementary chains. We leave the details to the reader. 

The map d n is called the projection of into 31^,. 
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We now come to the main result about ultralimits. 

Theorem 2.5. Kochen’s ultralimit theorem 

31 is elementarily equivalent to 23 iff 31 and S have isomorphic ultralimits. 

Proof. Let 3^,©^ be isomorphic ultralimits of 31 and © respectively. 
By the previous lemma 31 is elementarily embeddable in 31^ and so 3l = 3l w . 
Similarly © = ©„. Since 31* ^ ©«,, it follows that 31 = S. This proves one half 
of the theorem. 

For the converse assume 3I = S. Let 3l 0 =3I and © 0 = S. By Frayne’s 
lemma there is an ultrafilter pair </ 0 ,F 0 > and an elementary embedding h 0 
of S 0 into 3I 0 / 7F 0 = 3I 1 , say. Hence, by Scott’s lemma, there is an ultrafilter 
pair << J 0 ,G 0 } such that diagram 2.b is commutative, where ©! =$5 0 Jo / G 0’ 
g 0 is an elementary embedding, and d 0 , e 0 are the canonical embeddings. 



Clearly, by an obvious inductive argument, using Scott’s lemma repeatedly, 
the diagram above can be extended to the infinite commutative diagram 2.c, 
where the maps g n ,h n are elementary embeddings, the maps d„e n are canoni¬ 
cal embeddings, 3l„ + 1 =3I n Irt /F n for some ultrafilter pair <J n ,F„> and 
< $> n+1 =$5 n Jn IG n for some ultrafilter pair <J rt ,G„>. 



Diagram 2.c 


Let be the ultralimit of 31 with respect to the ultrafilter sequence 
and let SB m be the ultralimit of SB with respect to the ultra¬ 
filter sequence «J„,(/„>:nea>>. We will show that 3I ( „ is isomorphic to 23 w . 
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For each new, let d n be the projection of % into and let e n be the 
projection of 93„ into 93 w . We define the map g^'% 0 -* ©«, as follows: 

If ae 91^ then there is some new, with some a n eA n na. We let 

Q<o(a) = e n g n - iK). 

Clearly g m is well defined. 

Suppose a,a'eAn- Then by lemma 2.2 there is some new, with some 
a„eA n na and some a' n eA n na f . Then 

(a,a')eR iff (a n ,a' n }eR n , by the definition of R w , 

iff <g n -M, 9 n-i{<)y^S n , since g n , l is an embedding, 
iff <4 -i(44-i(O)^, since e” is an embedding, 

iff 

In the same way it follows that a=a' iff g (0 ( a ) = g ( o( a )• Therefore g„ is an 
isomorphism. To complete the proof it remains only to show that g^ maps 
An onto Bn. 

Suppose beBn . Then for some new there is some b n eB n nb. Let 
a=d n+l h n (b n ). Since h n (b n )eA n+l nd n+i h n (b n ), 

9 <o(a)=<? +x g n h n (b n ) 

= e n+1 e n (b n ), because 2.c is commutative, 

= <?{b n ) 

= b . 

This shows that g m maps A m onto B^ Therefore g w is an isomorphism be¬ 
tween %n and ®c>- This completes the proof of the theorem. 

The ultralimit construction is much more complicated than the ultrapower 
construction. In return for the price of greater complication we obtain the 
benefit that, while Keisler’s ultrapower theorem depends on the G.C.H., the 
analogous theorem for ultralimits, Kochen’s ultralimit theorem, depends on 
no such assumption. We exploit this result in the next section. 

§3. Elementary classes and ultralimits 

In §3 of ch. 7 we obtained set theoretic characterizations of EC and EC A 
by applying Keisler’s ultrapower theorem to theorems 7.3.4 and 7.3.6 to 
eliminate the reference to elementary equivalence. These characterizations 
depended on the generalized continuum hypothesis. We can now eliminate 
the references to elementary equivalence by making use of Kochen’s ultra- 
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limit theorem. In this way we obtain characterizations of EC and EC A which 
do not depend on the G.C.H. 

Theorem 3.1. If K^M^, then K is closed under elementary equivalence iff 
both K and cK are closed under isomorphism and the formation of ultralimits. 

Proof. One way round is trivial. Suppose then that both K and cK are 
closed under isomorphism and the formation of ultralimits. Let 21 be an 
element of K and suppose 23 = 21. By Kochen’s ultralimit theorem 21 and 23 
have isomorphic ultralimits 2I W and 23 w . K is closed under the formation of 
ultralimits and so 2I G> eK. 21^23*, and so 23 ct> eK. Hence S must be in K 
or else, since cK is also closed under the formation of ultralimits, we would 
have B^ecK. 

Theorem 3.2. For any K c M^, KeEC A iff K is closed under isomorphism, 
the formation of ultraproducts and ultralimits and cK is closed under the for¬ 
mation of ultralimits. 

Proof. This is an immediate consequence of theorem 7.3.4 and theo¬ 
rem 3.1. 


Theorem 3.3. For any K^M^, KeEC iff both K and cK are closed under 
isomorphism and the formation of ultraproducts and ultralimits. 

Proof. This is an immediate consequence of theorems 7.3.6 and theo¬ 
rem 3.1. 

§4. Ultralimits and Craig’s interpolation lemma 

Not surprisingly we can use Kochen’s ultralimit theorem to eliminate the 
use of the generalized continuum hypothesis in the proof of Craig’s inter¬ 
polation lemma that we gave in ch. 7. 

For any let 

Ult(K) = {2IeAf^:2t is isomorphic to an ultralimit of some element of K} 

Lemma 4.1. If Ke PC, then K=Ult(Prod(K)). 

Proof. Trivially, K^Ult(Prod(K)). Suppose BeUlt(Prod(K)). Then for 
some collection {21 p.iel} of elements of K , 

®*<n «*/*).- 

Since KePC , there is some extension L' of L and some sentence a of L' such 
that for i el, 2I f is the reduction to L of some model 21- of g. 



ch. 8, § 4 


ULTRALIMITS AND CRAIG’S INTERPOLATION LEMMA 


171 


Since each 51- is a model of <r, it is easily seen that (J7 WJF) m is also a 
model of a. Also it can be seen that (Y\ 5I i /F) £0 is the reduction to L of 
dl 91 'i/F) a . Therefore 53 g-K. This completes the proof. 

Lemma 4.2. For any Th(K) u Th(K') is consistent iff 

Ult ( Prod(K )) n Ult (Prod(K')) * 0. 

Proof. Clearly if 

5Ie Ult(Prod(K)) n Ult(Prod(K ')), 

then 51 is a model of Th(K)\j Th(K') which is therefore consistent. 

Conversely suppose Th(K) u Th(K') is consistent. Then by theorem 7.4.5. 
there exists 51 eProd(K) and 53 e Prod(K') with 51 = 53. By Kochen’s ultra¬ 
limit theorem therefore, there exist ultralimits 51^,53^ of 51,53 respectively, 
which are isomorphic. Therefore 

51^ e Ult ( Prod(K )) n Ult (Prod(K ')). 

Theorem 4.3. If K,K'e PC and KnK' — 9, then there is some NeEC such 
that K^N and N nK' = 0. 

Proof. If K,K'e PC and K n^T' = 0, then by lemma 4.1, 

Ult ( Prod(K )) n Ult (. Prod(K ')) = 0 

and so, by lemma 4.2, Th{K)\j Th{K') is inconsistent. The result now 
follows exactly as in the proof of theorem 7.4.7. 

Note that theorem 4.3 is exactly the same as lemma 7.4.8 except that it no 
longer depends on the generalized continuum hypothesis. Therefore just as 
in ch. 7, §4, we can immediately deduce 

Theorem 4.4. Craig’s interpolation lemma 
If (7,t are sentences of predicate calculus such that 

h <T— 

then there is some sentence 6 containing only predicate letters common to g 
and t such that both 

b(7-»0 and b 0 ->t. 

This time however the proof does not depend on the G.C.H. It should be 
noticed, though, that we have used the axiom of choice in the proof, since 
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it involves the ultraproduct construction. Craig’s original syntactic proof 
did not use the axiom of choice. The considerations we mentioned in ch. 7 
that enabled us to eliminate the reference to the G.C.H. in our first proof, 
also enable us to eliminate reference to the axiom of choice in the second 
proof, if this is thought desirable. 

Corollary 4.5. Let <j>(v l9 ... 9 v k ) 9 *l/(v l9 ... 9 v k ) be formulas of L such that 

Kv»i .,»*)]• 

Then there is a formula 6(v l ,...,v k ) containing only predicate letters common 
to (f) and \ft such that 

and 

HVv l )..fVv k )[_0(v l ,...,v k )^(v l ,..., »*)]. 

Proof. We form the language L t+1 by adding the constants c 1 ,...,c k . By 
our hypothesis, 

b 4(c 1 ,...,c k )-+tl/(c l ,...,c k ) 

and hence, by Craig’s lemma, there is some sentence 0(c l9 ... 9 c k ) containing 
only predicate letters occurring in 0 and \p such that 

cj)(c l ,...,c k )^e(c l ,...,c k ) 

and 

b6(c l ,...,c k )-*\l/(c l ,...,c k ). 

The result now follows at once. 

It should be noted that we can only assert that the free variables of 6 occur 
among v l9 ... 9 v k not that they include all these variables. A syntactic proof 
would yield more information about which variables occur free in 9. 

Let Z be a set of sentences which contains the predicate letter P which is 
of degree k 9 and possibly other predicate letters. Let L be the language 
whose predicate letters are precisely those in Z. 

We say that P is explicitly definable with respect to Z if there is a formula 
<t>(v l9 ...,v k ) of L, not containing P, and whose free variables are among 
v l9 ... 9 v k9 such that 

Zb(Vv 1 )...('iv k )[P(v l ,...,v k )~4>(v u ...,v k )-]. 

We say that P is implicitly definable with respect to Z if Z determines the 
relation P uniquely, in the following sense. Let P f be a new &-ary predicate 
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letter not occurring in I, and let I f be the set of sentences obtained from I 
by replacing all occurrences of P by P'. Then 1 determines P uniquely if 
whenever P satisfies 1 and P' satisfies T' we can deduce that P and P' 
determine the same relation. Or, to be formally precise, P is implicitly 
definable with respect to I if 

2 U r V (Vt^)...(Vtf fc )[P(i^. ,v k )<->P',v k J \. 

One can give a simple model-theoretic interpretation of the notion of im¬ 
plicit definability. Let L' be the language obtained from L by suppressing P; 
if 31 is a realization of L' and R is a A>ary relation over A, let (31,/?) be the 
realization of L obtained by adjoining the relation R to 31. Then it is easy 
to see (using the completeness theorem) that P is implicitly definable with 
respect to I iff whenever 31 is a realization of V and R,S are k -ary relations 
over A such that (31,/?) and (31,S') are both models of T, then R=S. 

Theorem 4.6. Beth’s theorem 

P is explicitly definable with respect to Z iff P is implicitly definable with 
respect to Z. 

Proof. One way round is obvious. For the converse, suppose that P is 
implicitly definable with respect to Z and hence that 

. 

By the finiteness theorem there are finite subsets Z 0 ,Z' 0 of Z and Z' respec¬ 
tively, such that 

r 0 urjh(v» 1 )...(vpO[p(» I ,... > i^i y 

Let g 0 be the conjunction of the sentences in Z 0 and let o f 0 be the conjunction 
of the sentences in Z' 0 . By the deduction theorem 

whence, clearly, 

I-(V® 1 )...(Vp*)[(*o a P(Pi>-> Vk))A°o-* p ’ (®i-■•»*))]• 

Hence, by the corollary to Craig’s lemma, there is a formula <p(v u ...,v k ) 
containing only predicate letters common to <r 0 a and 

a’ 0 ->P'(v l ,...,v k ), and hence only predicate letters occurring in I other than 
P, such that 

h (Vu j)... 0Vt>*)[(<r 0 a P (v i ,... ,»*))■ -nf> (y t ,... , 14 )], ( 1 ) 


and 


(2) 
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By (l) 

<7 0 h(Vi> 1 )...(Vt) fc )[P(p 1 ,.. 

;V k )-+4>(v I,-- 

•>»*)]> 

(3) 

and by (2) 

;V^P'(V i,.. 


(4) 

Replacing P' by P in (4) we get 

°o I - (Vfi)..-(Vt> fc )[0(t> lv . 

;V k )-*P(v u .. 

•A)]- 

(5) 


It follows at once from (3) and (5) that 

and thus P is implicitly definable with respect to I. 

For some applications of these theorems see for example Kreisel and 
Krivine [1967], ch. 6. 


§5. Historical and bibliographical remarks 

Frayne’s lemma is due to T. Frayne and Scott’s lemma to D. Scott. Proofs 
can be found in Frayne, Morel and Scott [1962]. Corollary 1.2 is a weak 
version of a result of Tarski [1954] who proved that two finite relational 
structures are isomorphic if any universal sentence holding in one also 
holds in the other. We leave the proof of this as an exercise for the reader. 
The notion of an ultralimit is due to Kochen [1962] where the results of 
§§2 and 3 can be found. Beth’s theorem was first proved in Beth [1953]. 
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In this chapter we shall be more concerned with particular mathematical 
structures than we have been up to now. We shall see how important results 
about such structures can be established by model theoretic methods. 

§1. Completeness 

We will be dealing in this chapter with structures of various different types. 
In each case we let L be the appropriate language for structures of the type 
we are considering. By a theory we mean a consistent set of sentences of L. 
By ‘property’ we will mean ‘first order property’. We assume throughout 
that L is countable. 

A question that naturally arises is that of the extent to which the properties 
of the models of some theory are determined by the sentences of the theory. 
One answer is given by the completeness theorem for predicate calculus. 
We have already seen (theorem 7.1.1) that one consequence of this theorem 
is that Th(M(Z))=Z*, or, in other words, 

Theorem 1.1. Let Z be a theory and P a (first order) property , then every 
model of Z has the property P iff the sentence which determines P is a conse¬ 
quence of Z. 

Although this result determines the properties shared by all the models of a 
given theory it gives us almost no information about the extent to which 
the properties of a particular model of Z are determined by Z. In general 
the models of a given theory can be very different, for example, there are 
all sorts of groups, finite and infinite, commutative and non-commutative 
etc.. We are going to be interested in theories which determine their models 
more precisely than the group axioms do, and in how we can test a theory 
to see how precisely it determines its models. 

The most extreme case that arises is when all models of a theory are 
isomorphic; such a theory is said to be categorical For an example of a 
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categorical theory consider 3!”, the sentence described in exercise 5.3.2. 
The theory {3!"} is categorical since any two sets of the same cardinal are 
isomorphic (as sets). 

Exercise 1.2. Find another example of a categorical theory. 

Two models of a theory cannot be isomorphic unless they have the same 
cardinal. It follows from the Lowenheim-Skolem theorem that if a theory 
has an infinite model then it has a model of more than one cardinal and so 
cannot be categorical. Thus very few theories are categorical. However if 
we impose a less stringent condition and call a theory m -categorical if all 
models of the theory of cardinal m are isomorphic then we find that it is 
met by a number of interesting theories. We list some of these now. 

Example 1.3. Densely ordered sets without first or last element 
Let <t DO s be the sentence described in example 5.3.10 and let 

z = {<7 D os,(Vi>o)[(3t>i) P(v o,Vi) A ( 3f; i) n^o)]}. 

I is the theory of densely ordered sets without first or last element. A well 
known theorem of Cantor [1895] says that this theory is K 0 -categorical. 
We give a proof of this result now. 

Let 31 = < A , < > and 23 = < B , < > be two countable models of T. Thus each 
is a densely ordered set without first or last element. Let < a n :n<a> ) be an 
enumeration of A and let < b n :n<coy be an enumeration of B . We define 
the sequences <c n :u<co> and (d n \n< co> by recursion as follows: 

Cq = ciq and do = bo . 

Now suppose 0 < k < co; there are two cases to consider: 

(i) k = 2m is even. In this case we put 


C k~ a m' 

If for some j<k , c k = c j3 then we put d k = dj. Otherwise we let d k be some 
element of B which bears the same order relations to the elements of 

{d 0 ,...,d k - x } 

as does c k to the elements of 

{c 0 ,...,c fc _ i}, 

that is, for each j<k , if c k <c } then d k <dj and if Cj<c k then dj<d k . 
Since B is densely ordered by < without first or last element such an 
element d k can always be found. 
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(ii) k = 2m + l is odd. In this case we put 

dk = . 

Tf for some j<k, d k = d p then we put c k = Cj. Otherwise we let c k be some 
element of A which bears the same order relations to the elements of 

{c 0 ,1} 

as does d k to the elements of 

{d 0 ,...,d k -1 } • 

Again such a c k can always be found. 

Thus our recursive definition is completed. 

We define the map h:A->B , as follows: 


h(c n ) = d n , for each n<co. 

It is clear from our construction that h is an order isomorphism between 
{c n :neco} and {d n :nea>}. Also it is clear from our construction that 

{c n : neco} = {a n : neco} = A 


and 


{d n : neco} = {b n : neco} = B. 

Thus h is an order isomorphism of A onto B. This completes the proof. 


Exercise 1.4. Show that the theories of densely ordered sets 

(1) . with first and last elements, 

(2) . with first but without last element, 

(3) . with last but without first element, 
are all K 0 -categorical. 


Example 1.5. Algebraically closed fields of specified characteristic 
It has been shown by Steinitz [1910] that for any uncountable cardinal tn 
and any p , all algebraically closed fields of cardinal m and characteristic p , 
are isomorphic. Thus, using the notation of examples 5.3.16 and 5.3.20, 
each of the theories 


and 


I p = {cr£} u {v.2^n<co} , f° r P prime, 
I 0 — A 0 u {t„:2<u<co} 


is m-categorical, for each uncountable cardinal m. 
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Example 1.6. Infinite sets 

Clearly the theory {=P": new} is m-categorical for each infinite cardinal m, 
since all sets of the same cardinal are isomorphic as sets. 

It is possible to show that the theory of densely ordered sets is not 
m-categorical for any uncountable m, and that the theories of example 1.5 
are not X 0 -categorical. Example 1.6 provides an example of a theory which 
is m-categorical for all infinite cardinals m, and the theory of groups that 
of a theory which is not m-categorical for any infinite m. It is natural to 
enquire whether these are the only possibilities. Morley [1964] has shown 
that a theory which is m-categorical for some uncountable tn is m-cate¬ 
gorical for any uncountable m. Thus these are the only possibilities. Morley’s 
proof is too difficult to be given here. 

We give some more examples of theories which are m-categorical for 
some m later in this section. 

We have seen that a theory is said to be categorical if all its models are 
isomorphic. Another relation which might hold between all models of a 
given theory is that of elementary equivalence. We say that a theory is 
complete if all its models are elementarily equivalent. Thus the models of a 
complete theory cannot be distinguished by sentences of the language L 
since they all have the same first order properties. An important property 
of complete theories, which is often used to define them, is given by the 
next result. 

Theorem 1.7. A theory 1 is complete iff for any sentence a ofL, either IV a 
or IV ~](j. 

Proof. Suppose I is complete. Then for any sentence cr, either o or ~lo 
holds in all models of I, Hence by theorem 1.1 either a or ~l a is a conse¬ 
quence of I. 

Conversely suppose I is not complete. Then there are models 31,93 of I 
such that 91 #93. Hence for some sentence a, 911= <7 but 931= Her. Thus, using 
theorem 1.1, neither o nor Ha is a consequence of I. 

Exercise 1.8. If 91 is a relational structure and I — 77? (9t) show that I is 
complete. 

The importance of completeness is twofold. First, if we know that a theory 
is complete and that some model of it has a certain first order property then 
we immediately know that all its models have the same property. Thus we 
can investigate the properties of all the models by looking at just one par¬ 
ticular model which we can choose to be as simple as possible. 
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Second, readers familiar with the elements of recursive function theory 
will notice that complete, recursively axiomatizable theories are decidable. 
This second fact about completeness is very useful. To see why it is so, 
observe that the theorems of a recursively axiomatizable theory (that is, the 
consequences of the axioms) form a recursively enumerable set, as also do 
the refutable sentences of the theory (the negations of the theorems). But 
if a theory is complete each sentence is either a theorem or is refutable. 
Hence the set of theorems and its complement are both recursively enumer¬ 
able and so they are both recursive sets. So the theory is decidable. 

It will be seen that all the theories that we show to be complete are 
recursively axiomatizable, and so are decidable. 

The next theorem provides a useful test for completeness. 

Theorem 1.9. Vaught’s test 

Let L be a theory with no finite models and which is m-categorical for some 
infinite cardinal m, then I is complete . 

Proof. Suppose I is not complete. Then for some sentence a neither o 
nor "1 o is a consequence of T. Therefore T u {o} and lujlu} are both 
consistent and so have models. Since 1 has no finite models, these models 
are infinite. Hence, by the Lowenheim-Skolem theorem, I u {or} and 
I u { “I o) have models of cardinal m. Since o holds in one of these models 
but not in the other, these models of I are not isomorphic. This contradicts 
that 1 is m-categorical and this contradiction proves that I is complete. 

The applications of this theorem depend on various algebraic results. We 
will not give proofs of these results, but just give references to where proofs 
may be found. The first three applications are consequences of results we 
have already mentioned. 

Corollary 1.10. The theory of densely ordered sets without first or last 
elements is complete . 

This is a consequence of the result of example 1.3. It gives us another 
proof that the rationals, considered as an ordered set, are elementarily 
equivalent to the reals, also considered as an ordered set. Similarly all the 
theories mentioned in exercise 1.5 are complete. 

Corollary 1.11. The theory of an algebraically closed field of specified 
characteristic is complete. 

This is a consequence of the result mentioned in example 1.5. 
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Corollary 1.12. The theory of equality for infinite sets is complete. 

This is a consequence of example 1.6. 

Corollary 1.13. The theory of atomless Boolean algebras is complete. 

Proof. By exercise 1.7.3 and corollary 1.7.7 the theory of atomless 
Boolean algebras has only infinite models and is K 0 -categorical. Therefore, 
by Vaught’s test, the theory of such algebras is complete. 

Exercise 1.14. Write down a set of axioms for the theory of atomless 
Boolean algebras. 

Corollary 1.15. The theory of infinite commutative groups in which all 
non-zero elements are of the same prime order is complete. 

Proof. Let G be a commutative group of cardinal m, whose non-zero 
elements are all of order p. Let X be a set of generators of the group G. 
X must be of cardinal m since all elements of G are of order p. It is easy to 
see that G is isomorphic to the direct sum of the cyclic groups generated by 
the elements of X individually. These are all copies of the cyclic group of 
order p. 

These remarks show that all commutative groups, whose non-zero ele¬ 
ments are all of order p , of cardinal m are isomorphic to the direct sum of 
rrt copies of the cyclic group of order p. It follows that the theory of such 
groups is m-categorical for each infinite nt. The result now follows from 
Vaught’s test. 

Corollary 1.16. The theory of infinite commutative divisible , torsion free 
groups is complete. 

Proof. A group is torsion free if all its non-zero elements are of infinite 
order. It is divisible if for each element a of the group and any integer «, 
there is some element b of the group with n-b = a, where n b is the sum 
b + b-\ -b b, with n terms. 

To write down a set of axioms for commutative, divisible, torsion free 
groups, we make use of the abbreviation ^(x,^) introduced in example 
5.3.16. Recall that S n (x,y ) ‘says’ y = n-x. 

A relational structure 31 is a divisible, torsion free, commutative group 
iff it is a model of A DTF where 

^dtf={ (T cg} U {(Vx)[x = 0 v 1 S„ (x,0)] : n eco} u {(Vx)(3y) S„(y,x):neoj}. 

The theory A DTF is not X 0 -categorical, since both the real rationals and the 
complex rationals are countable, commutative, divisible, torsion free groups 
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but they are not isomorphic as additive groups. However it is known that 
all commutative, divisible, torsion free groups are isomorphic to direct sums 
of the additive group of rationals (this follows from theorem 4 of Kaplansky 
[1954], page 10) and hence A DTF is m-categorical for uncountable m. (So, 
for example, the real numbers and the complex numbers are isomorphic as 
additive groups.) Again we can now use Vaught’s test to deduce the result 
we want, namely that A DTF is complete. 

Corollary 1.17. For each integer* n and prime p, the theory of n-dimensional 
vector spaces over an algebraically closed field of characteristic p is complete. 
Proof. Using the notation of example 5.3.19, let 

= { <T VS» T Dim(/i)} • 

I n is the theory of vector spaces of dimension n. Clearly from the theory 
Icf of algebraically closed fields of characteristic p we can derive a set 
Zcf of sentences which say that the scalars of a vector space form such a 
field. Thus 

=z H v z p CF 

is the theory of n-dimensional vector spaces over algebraically closed fields 
of characteristic p. Let 91 and © be models of I n p of cardinal m, where m 
is uncountable. 

Since 9t and © are finite dimensional their fields are both of cardinal rrt 
and hence, by the result of example 1.5, are isomorphic. But any two 
vector spaces of the same dimension over isomorphic fields are themselves 
isomorphic. Thus 91 is isomorphic to ©. This shows that the theory I n p 
is m-categorical for uncountable m and therefore, by Vaught’s test, is 
complete. 

It should be noted that, using Kochen’s ultralimit theorem, this last result 
can be extended to arbitrary complete theories of fields. Suppose that A is 
any complete extension of the theory {<r F } of fields. Let A' be the set of 
sentences obtained from A by relativizing the quantifiers to the unary 
predicate letter F (this notion will be explained in ch. 12). Thus A* is the 
set of sentences which says the same things about the elements satisfying 
F as A says about all elements. Suppose n is an integer and let 

A„ = A' U {0vs> T Dim(n)} • 

A n is the theory of ^-dimensional vector spaces over fields that are models 
of A. 
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Theorem 1.18. The theory A n is complete. 

Proof. Let 

21 = V^S^P^A^M^O^O^y 


and 

23 = 

be two models of A n . Then, since A is complete 

2T = (^F^,S<sn,P^,0^y and 58'— (F^S^P^Osgy 

are elementarily equivalent fields. By Kochen’s ultralimit theorem there are 
ultralimits 21^,23^> of 21',23' respectively, which are isomorphic. Let 2I CJ ,23<» 
be the ultralimits of 21,23 respectively, with respect to the same ultrafilter 
sequences. 2l^<2l w and 58<58 a) and so 21^ and are both ^-dimensional 
vector spaces. Since 2l„ — 23^ they are ^-dimensional vector spaces over 
isomorphic fields and therefore are themselves isomorphic. It follows that 
21 = 23. 

We have thus shown that all models of A n are elementarily equivalent and 
so our proof is completed. 

Observe however that we cannot apply Vaught’s test directly to infinite 
dimensional vector spaces over algebraically closed fields of specified 
characteristic. For suppose 21 and 58 are two such vector spaces of the same 
cardinal, say Then it could be that 21 is an K 0 -dimensional vector space 
over a field of cardinal while 58 is an -dimensional vector space over 
a field of cardinal K 0 , and in this case 21 is not isomorphic to 58. However 
by using the two-cardinal results of ch. 12 we can extend theorem 1.18 to 
infinite dimensional vector spaces. We show how this can be done after we 
have developed the necessary machinery (see theorem 12.5.6). 

Although Vaught’s test is useful, it cannot be applied in all cases. There 
are theories which are complete but which are not m-categorical for any 
infinite m. We give some examples later. We develop a method which can 
be used to deal with some of these examples in the next section. We conclude 
this section with an important fact about completeness which we have 
already used in the previous chapter. 

Theorem 1.19. Lindenbaum’S theorem 
Every theory has a complete consistent extension. 

Proof. Let 1 be a theory. Since I is consistent, by the Godel-Henkin com¬ 
pleteness theorem, I has a model, say 21. Let A = 77/(21). Then I^A and 
A is complete. 
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Although, as we have just seen, Lindenbaum’s theorem is an easy conse¬ 
quence of the Godel-Henkin completeness theorem, it was originally estab¬ 
lished before the completeness theorem was proved and was in fact used by 
Henkin in his proof (Henkin [1949]) of the completeness theorem. We 
avoided using it, because we adopted the Boolean algebra method; but see 
the exercise below. 

Exercise 1.20. What is the relation between Lindenbaum’s theorem and 
the theorem which states that any set of elements of a Boolean algebra 
having the fip can be extended to an ultrafilter? Compare our proof of 
theorem 1.3.4 with Robinson’s proof (Robinson [1963], p. 88) of Linden¬ 
baum’s theorem. 

§2. Model completeness 

In § 1 we considered a theory X and the relations that might hold between 
its various models. The relations we considered were isomorphism (cate¬ 
goricity) and elementary equivalence (completeness). In this section we 
consider the case when the relation of being an elementary extension holds 
between those pairs of models of a theory of which one is an extension of 
the other. 

A theory X is said to be model complete if whenever 31 and 33 are models 
of X and 3I<=33, then 31-<33. (In future for convenience we will write 
‘3I^33eA° for ‘31 and 33 are in K and 31^ S’.) 

We first explain the use of the term ‘model complete’ for this new idea. 
We have seen that given a language L we can extend it to a language L y 
with constants. Suppose 3l = </*, {/^: £ <a}> is a relational structure and A 
can be well-ordered as a sequence a = (a 4 :£<y}. Then we denote by L(3I) 
the language with a sequence of constants that we use to talk 

about the relational structure (31, a). 

The diagram of 31, which we denote by D(3I), is the set of all atomic 
sentences of L(3t) which hold in (3t,a) together with the negations of all 
those atomic sentences that don’t hold in (31, a). This notion, as well as that 
of model completeness, is due to Abraham Robinson. The term ‘model 
complete’ is now explained by the next theorem. 

Theorem 2.1. A theory X is model complete iff' whenever 31 is a model of 
X, Xu D{ 31) is a complete theory of the language L(3I). 

Proof. Suppose there is some 31 eM(I), such that TuD(3I) is not com¬ 
plete. Then there is some sentence o of L(3I) such that neither a nor ~lo is 
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a consequence of 1 u D (31). Suppose, say, o holds in(2t,a). ZuD(3l)u {~]a} 
is consistent and so has a model; since this model is a model of 7) (21), we 
may suppose this model to be an extension of (31,a), say (23,a) with 31 
Because <7 holds in (31, a) and I cr holds in (23, a), 

(31 ,a)#($,a). 

Therefore, by theorem 4.1.10, 23 is not an elementary extension of 31. But 
3l^23eM(T) and so we have shown that I is not model complete. 

Conversely suppose that whenever 2IeAf(T), TuD(3l) is complete, and 
that 31 c 8 gM(I). Since Tu7>(2l) is complete (2I,a)^(23,a), and therefore 
3l-<23. This shows that 1 is model complete. 

Examples 

2.2. We give an example of a theory which is complete but not model 
complete. Let 31,23 be as in example 4.1.7, and let 1 = 77* (21). We show later 
in this chapter that I is complete. Since 23^21, 23 is also a model of T. 
Since 21^23 but not 2t<23, I is not model complete. 

2.3. We give an example of a theory which is model complete but not 
complete. The theory of an algebraically closed field of unspecified charac¬ 
teristic, r CF in the notation of example 5.3.20, is not complete, since for 
each p, the sentence C p which says that the field is of characteristic p , can 
neither be proved nor refuted from T CF . However, as we show below, T CF 
is model complete. 

We give some more examples of model complete theories later. The last two 
examples show that completeness does not imply model completeness and, 
conversely, model completeness does not imply completeness. However they 
are closely related as we shall soon see. 

Let I be some theory. A model 31 of Z is said to be a prime model of I 
if every model of I has some substructure which is isomorphic to 31. 

Example 2.4. An ordered set of the same order type as the rationals is a 
prime model for the theory of densely ordered sets without first or last 
element. 

Exercises 

2.5. Give an example of a prime model for the theory of a group. 

2.6. Give an example of a theory which has no prime model. 

We now have 

Theorem 2.7. The prime model test 

Let I be a model complete theory with a prime model 31*; then I is complete. 
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Proof. Let 9l,9T be any two models of I. Since 91* is a prime model of 
I, 91,91' have substructures 93,©' respectively, which are isomorphic to 91* 
and hence to each other. But ©c$f and 91 and © are models of the model 
complete theory I, and so ©<9I, whence 91 = ©. Similarly 91' = ©', and so, 
because ©~©', 91 = 91'. Thus any two models of I are elementarily equi¬ 
valent and so I is complete. 

We will give some applications of this theorem when we have shown how 
to test theories for model completeness. We set about this in the next 
section. 

§3. Universal and existential sentences 

A formula <j) is said to be in prenex normal form , if it is of the form 

(QiX l )(Q 2 x 2 )...(Q n x n ) \j/, 

where each Q { is a quantifier symbol, either 3 or V, and ^ is a formula which 
contains no quantifiers, ij/ is called the matrix of 4>. For example, the 
formula 

is in prenex normal form with matrix [P (v^v^ P (v 2 ,v 0 )f 
We state without proof the following well known result: 

Theorem 3.1. For every formula (j) there is a formula ij/ containing the same 
predicate letters and the same free variables as (j), which is in prenex normal 
form and is such that h (/><-> if/. 

A proof of this theorem can be found, for example, in Mendelson [1964] 
p. 87. 

By an open formula we mean a formula which contains no quantifiers. 
Such formulas are sometimes called quantifier free formulas. We let V be 
the set of all formulas of the form 

(\/x i )...(Vx„)\f/, 

where i j/ is an open formula. Thus V is the set of all prenex normal form 
formulas containing only universal quantifiers. The formulas in V are called 
universal formulas. Similarly 3 is the set of all formulas of the form 

(3x,)...(3x„)i I/, 

where xj/ is an open formula. The formulas in 3 are called existential formulas. 
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Notice that, provided the x t and are distinct, 

h [(V* 1 ) • -(Vx m ) a (Vyj)..•/']<-»(Vxi)...(Vx m )(Vy l )...(V>’„)[</> a i/'] 

and thus given any finite number of universal formulas </>!,...,</>„, their 
conjunction </>i a ••• a <£„ is equivalent to a universal formula. Similarly a 
conjunction of existential formulas is equivalent to an existential formula. 

Exercise 3.2. If 4> is equivalent to a universal formula, show that ~](f) is 
equivalent to an existential formula, and vice versa. 

We are now going to generalize the notions of elementary equivalence and 
embeddability by restricting our attention to universal and existential 
formulas only. 

We say that 93 covers 51 universally and we write 51 VS, if for ail sentences 
fjcV, 5lNer implies S Ntr. Thus 51VS iff 77z(5l)n 77*(53)nV. 

We say that S covers 51 existentially and we write 513 S, if for all sentences 
<7e3, 5tl=cr implies SNa. 

51 is said to be a universal substructure of 23 if 51^53 and for any universal 
formula (j) and any xeA°\ 

511 = x (j) implies 23N x </>. 

If 51 is a universal substructure of S we write 5t^ w 23. 

v 

51 is said to be an existential substructure of S, and we write 51 ^ 3 S, if 
51 ^S and for any existential formula <fi and any xeA co , 

51 4> implies S h x </>. 

As we see below, if 51 is a substructure of S then 51 is automatically an 
existential substructure of 23. 

The following facts are almost immediate consequences of the definitions. 
Lemma 3.3. (a). 5lV£zjf$35I. 

(b). 5t^ v 23 iff 51^23 and for any </>e3 and any xeA°\ 23N x (/> implies 5Ih x </>. 
Proof. From the definitions and exercise 3.2. 

Exercises 

3.4. Show that if 51^23, </> is an open formula and xeA™, then 5II=*0 
implies 53 N x </>. 

3.5. Show that 5l-<23 implies 5t^ v 23 and 5t^ 3 23. 

3.6. Show that V, 3, and ^ 3 are all transitive relations. 
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Lemma 3.7. then 21 ^ 3 S. 

Proof. Suppose 21 ^©, <\> is an existential formula and for some 
xeA 0 *, 21 \= x <j). 4> is of the form 

(3v 0 )...(3v n )\l/ 

where ij/ is an open formula. Since 21 f *</>, 21 where x' is some sequence 
in A w differing from x in at most the first n +1 places. By exercise 3.4, 
©1=*,^, and so ©1=*$. This shows that 21 ^ 3 S. 

A sentence a is said to be persistent with respect to extensions if whenever 
21 ha and 21^©, then ©ha. The previous lemma shows that existential 
sentences are persistent with respect to extensions. 

The next two lemmas are exact analogues of lemmas 8.1.1 and 8.1.3 of 
the previous chapter. 

Lemma 3.8. 21V© iff there is an ultrafilter pair </,F> such that © can be 
embedded in 21 1 /F. 

Lemma 3.9. The map g: 21-*© is an embedding such that g(2f)^ v © iff 
there is an ultrafilter pair </,F> and an embedding /i:©->2l J /7 7 such that 
diagram 3 .a is commutative , where d is the canonical embedding. 



Diagram 3.a 


Exercise 3.10. Write out proofs of lemmas 3.8 and 3.9. (Follow the proofs 
of lemmas 8.1.1 and 8.1.3, using lemma 3.3(a) and (b) respectively, instead 
of the symmetry of the relation = at the obvious places.) 

Lemma 3.9 has the following consequences. 

Corollary 3.11. 7/*2l^©, 2I^ V © iff there is an ultrafilter pair <C/,F) and 
an embedding /z:©^2l / /7 r such that h\ 21 , the restriction of h to 21 , is the 
canonical embedding d . 

Proof. This is just the special case of lemma 3.9 when g is the injection 
map. 
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Corollary 3.12. 51^ v © iff there is a relational structure £ such that 
and%<&. 

Proof. Suppose 51 c y ©, then by corollary 3.11 there is an ultrafilter 
pair </,F> such that © can be embedded in 51 I jF. Hence some extension £ 
of © is isomorphic to 5l J /F. But then 51^©c(f and since also 

5l<£. 

Conversely suppose that such a structure £ exists. Since ©eg, ©c 3 (£. 
Now suppose <£eV and 5H= x </>. Since 5l<£, £1=*</>, and since ©^g; by 
lemma 3.3, ©1=^0. Therefore 51 ^ V S. 

In the next section we are going to use these results to obtain a test for 
model completeness in terms of existential formulas. 

§4. A test for model completeness 

The main result of this section stems from the following theorem : 

Theorem 4.1. Let K be a class of relational structures closed under iso¬ 
morphism and the formation of ultrapowers, then for all 5l£©eA^, 5I<© iff 
for all 5 I^SeAT, there is an ultrafilter pair </,F> and an embedding " 
h:3$->% I IF such that h\%=d, the canonical embedding of % into [O] 
51 fF. 

Proof. The necessity of the condition [ 6 >] follows from corollary 3.11. 

Conversely suppose that [<9] holds. Since K is closed under isomorphism 
the following condition also holds: 

Whenever 5t,©eAT and g: 5I->© is an embedding there is an ultra-' 
filter pair </,F> and an embedding h : ©-►5 VIF such that diagram 4.a [A] 
is commutative, where d is the canonical embedding: 



Diagram 4.a 


Now suppose 5l^S eK; we will show that 51-<S. Let 0 o : 5 I->© be the 
injection map. Then by [d] there is an ultrafilter pair < I U F and an 
embedding : S->5I /i /F 1 =5l l5 say, such that diagram 4.b is commutative, 
where d x is the canonical embedding. 
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Diagram 4.b 


Since K is closed under the formation of ultrapowers, 2t x e AT, and so, by [d], 
since h x : 23-»2is an embedding, there is an ultrafilter pair (J u G t y and an 
embedding g x :2li->23 J 7Gi = 23i> say, such that diagram 4.c is commu¬ 
tative, where d u e t are the canonical embeddings. 



Diagram 4.c 


Clearly, just as in the proof of Kochen’s ultralimit theorem, this diagram 
can be extended to an infinite commutative diagram. Let 21^,23*, be the 
ultralimits of 21,23 respectively, with respect to the ultrafilter sequences 
<</ n ,F„):/ 2 eco>,«J n ,G„):rteco> so obtained. Again, as in the proof of the 
ultralimit theorem, we can define the map such that g^ is an 

isomorphism and diagram 4,d is commutative, where d and e are the 
projections, 

| 

So So 

I I 

23-e- 

Diagram 4.d 

That is, g^'d = e-g 0 . Thus if xeA 0 *, and </> is a formula then 

211 -A iff 21 oW 

iff 23(0 N g<0 (d(x » ^ 

iff 23 ^e(3o(*)) rf* 
iff 

iff 23 \= x (j ), since g 0 is the injection map. 

This completes the proof that 21<23 and hence of the theorem. 
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Now suppose that is that K is the class of all models of some 

theory I. Then K is certainly closed under isomorphism and also under the 
formation of ultrapowers. But the condition that whenever 31 ^$5eK, 3l-<33 
is just the condition that I is model complete. Thus we obtain the following 
corollaries of the theorem we have just proved. 

Corollary 4.2. A theory 1 is model complete iff whenever 3 

there is an ultrafilter pair </,F> and an embedding //:©^3I / /^ 7 such that 

h\% = d, the canonical embedding . 

Corollary 4.3. Let K be a class of relational structures closed under 
isomorphism and the formation of ultrapowers. Then, for all 31 ^ 33 e AT, 3I-C33 
iff for all 

Proof. This is an immediate consequence of corollary 3.11 and theorem 
4.1. 

Corollary 4.4. A theory 1 is model complete iff for all models 31,33 of I 
such that 31^33, 3I^ V 33. 

Thus we have shown that the condition that I be model complete can be 
reduced from the condition 

3I<=33eM(I) implies 31-03 

to the apparently weaker condition 

31^33 eM(L) implies 3l^ v 33. 

It follows that in order to test for model completeness we need only look 
at universal sentences. We are now going to show that the condition can 
be made even more simple. 

A formula fi is said to be primitive if fi is an existential formula whose 
matrix is a conjunction of atomic formulas and negations of atomic 
formulas. We shall obtain a test for model completeness involving primitive 
formulas only. 

Theorem 4.5. Let K be a class of relational structures closed under isomor¬ 
phism and the formation of ultrapowers. Then for all 31^33 eK, 31 ^<33 iff 
for all 31 <=33 eK, for all primitive formulas fi and all sequences xeA 03 , if 
33 N x </> then 311 z x fi. 

Proof. By lemma 3.3(b), 3I^ V 33 iff 31^33 and for all fie 3, xeA 03 , if 
33 ¥ x fi then 31 V x fi. Therefore, by corollary 4.3, it is sufficient to prove that 
the following two statements are equivalent: 
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(A) . For each formula 4>e3, and each xeAthen 91 

(B) . For each primitive formula (j), and each xeA 03 , ?/©!=*</> then 9IN X 0. 
Clearly (A) implies (B). 

Now suppose (B) holds. Let 0 gE3, xeA 0 * and suppose ©!%</>; we show 
that 91 For some open formula x , <t> is 

t W-Wz- 

Let x t> e written in disjunctive normal form (see e.g. Mendelson [1964] 
p. 27) as Xi v ••• v Xr- Let ^ be 

(3y il )...(3t)jxi for 1 

Each xj/i is a primitive formula and 
Since © !=*</), 

v-vf r 

and so for some /, 1 r, 

©K.^e 

Hence by our assumption (B), 91and so 911=^0. This proves the theo¬ 
rem. 

Corollary 4.6. Robinson’s model completeness test 
A theory I is model complete iff whenever 9I^SeM(T) then for any primitive 
formula </> and any xeA 03 , then 91 ^ x (j). 

The advantage of this last result is obvious. It makes testing for model 
completeness a very much simpler matter, as we have only to look at 
primitive formulas. We devote the next section to some applications of this 
result. 

§ 5. Applications of Robinson’s test 

In this section we give some applications of corollary 4.6, Robinson’s 
model completeness test, to some specific algebraic theories. 

(a). Densely ordered sets without first or last element 

In this case the appropriate language L has one binary predicate letter P 
to represeni the order relation. Let cr DOS be t ie sentence of example 5.3.10 
which characterizes densely ordered sets and let 

{^DOS > (Vt; 0 )[(3u,) P(v 0 , t?j) a(3d 1 ) ?(»!,<)]} • 
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1 is the theory of densely ordered sets without first or last element. We 
have already proved that this theory is complete; we now show that it is 
model complete. 

Suppose then that $1,25 are models of r, 21^23, aeA M and </> is a primitive 
formula such that 23h a 0. By Robinson’s test it will be sufficient to show 
that 211= fl <£. Let i J/ be the matrix of (j). Let v io ,...,v is be the free variables 
occurring in (f) and let v Jo9 ... 9 v jt be the bound variables occurring in (j). By 
hypothesis there exist b jo9 ...,b jt in B such that 

Our aim is to show that there exist a jo9 ... 9 a js in A such that 

If n = i k let c n = a ik and if n=j t let c n =b jr Also let < be the value of P in 23. 
The matrix if/ of (f> is a conjunction of formulas of the forms 

P(v m ,v„), ~l P(v m ,v„), v m = v n , ~\v m = v n . 

We eliminate all the formulas of the last three kinds by carrying out the 
following steps in turn: 

(i) . If ~\v m = v n occurs, c m ^c n and hence either c m <c n or c n <c m . If 

c m <c n9 we replace ~lv m = v n by P(v m9 v n ) and otherwise we replace 
it by P(v„,v m ). 

(ii) . If ~\P(v m9 v n ) occurs, c m <£c n and hence either c n <c m or c m = c n . If 

c n <c m we replace ~lP(v m9 v n ) by P(v n9 v m ) and otherwise by v m = v n . 

(iii) . If v m = v n occurs, we replace all other occurrences of v n in ij/ by v m 

and we drop the formula v m — v n . 

These steps will lead to a new open formula ij/'. \ft' will be a conjunction of 
atomic formulas of the form 

P(v m ,v n ). 

It can be seen from the method we have used to construct ifr' that 





and that if 




21N ..,Ui s ,cij o9 .. 


then also 




2IJ =1 A * * • ’^is^jo 9 * *' 

>« J • 


Clearly, without loss of generality, we can assume that 
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Suppose that in S the set {a io9 ...,a is ,b jo ,...,b jt } is ordered as, say, 

bj 0 <bji«* t o <' • • < b Jk <a u <b Jk+l <-<a is < b jt (1) 

Since 91 is densely ordered, there exist a jo ,...,a jt in A such that 

a Jo < a h < «fo < • • • < a h < a i,<“» + ,<-< a i. < a u ( 2 ) 

x//' is a conjunction of atomic formulas of the form P(v m ,v„) and the elements 
satisfying conditions (1) satisfy ij/' in 93. Hence the elements satisfying (2) 
also satisfy xj/' in 91. That is 

Therefore by the remarks above 

We have therefore proved that I is model complete. 

Let rj be the order type of the rationals. Any set of order type tj is a prime 
model of I. Therefore we can conclude from the prime model test that I 
is complete, a result that we deduced earlier from Vaught’s test. 

(b). Densely ordered sets with first but no last element 
Let 

={<^DOs,(3i’o)(Vj’i)[nP(u 1 ,t;o)],(Vu 0 )(3i; 1 ) P(fl 0 ,i>i)}. 

£* is the theory of densely ordered sets with first but no last element. I t is 
not model complete. The simple proof of this left as an exercise. We can 
make model complete by adding a new unary predicate letter F to the 
language L to form the extended language L'. Let 

i; =I 1 u P(v i,t> 0 )3 • 

Thus F(x) ‘says’ that x is the first element. We show that is model com¬ 
plete. 

Again suppose 91,© are models of Ti, 91^©, 4> is a primitive formula 
with matrix i//, aeA™ and ©N fl </>. 

This time the matrix \j/ of (f) will be a conjunction of formulas of the forms 

P ^m ~ ~1 ^ (^m)? ”3 ^ (^m) • 

91 has a first element. Without loss of generality we can assume this first 
element is a 0 and that the variable v 0 does not occur in <£. 91 tF[a 0 ~\ and 
91^©, therefore, because F(v 0 ) is an atomic formula of L', a 0 is also the 
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first element of 23. Note that we could not draw this conclusion if we were 
working with the original language L. 

We now replace any occurrence of F(v m ) in i// by v 0 = v m , and any oc¬ 
currence of "1 F(v m ) by ~]v 0 = v m and then we carry out the same replace¬ 
ments as in case (a). It can be seen that the argument used in (a) works here 
as well and therefore we can conclude that is model complete. 

Any set of order type 1+rj is a prime model for Therefore we can 
conclude that I[ is complete. From this we can deduce that is complete 
as follows: 

Let a l9 ... 9 <r H be a proof of a n from the assumptions and suppose o n 
is a sentence of L, so that <y n does not contain F. For i^n, let erf be the result 
of replacing all occurrences of F(v„) in by “1(3^) P(v u v m ). Since under 
this transformation the sentence 

(V»o)[T’(»o)«-» - l(3t>i) P(tfi,t> 0 )], 

becomes the sentence 

( Vt, o)[“l(3t>,) P(y 1 ,t) 0 )t->-|(3y 1 ) P(y 1( t; 0 )], 

which is a provable sentence of L, it can easily be seen that all the sentences 
erf are provable from the assumptions In particular <rf = a n and so b <j n . 

Thus, for sentences a n of L, b a n implies V a n . Since is complete it 
therefore follows that l x is also complete. 

(c) . Densely ordered sets with last but not first element 

(d) . Densely ordered sets with first and last element 

These two cases can be dealt with just like (b) and in each case we can 
conclude that theories of such ordered sets are complete. 

(e) . Discretely ordered sets with no first or last element 

Again the appropriate language L has one binary predicate letter P. Let 
g q be the sentence (described in example 5.3.6) which says that P is a total 
ordering. Let g od be the conjunction of and the two sentences 

(V«o){(3yj)P(^^o)^(3t ; i)[P(«i^ 0 )A(VtJ 2 )-l[P(t; 1 ,y 2 )AP((; 2 ,t) 0 )]]}, 

‘every element with predecessors has an immediate predecessor’, 

( Vt, o){(3i>i) P(t\),t’i)^(3iO[P( u o> u i)A(Vt> 2 )n[P(i> 0 ,t> 2 )AP(y 2 ,r 1 )]]}, 

‘every element with successors has an immediate successor’. 
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Let 

^2 = Wod .(V» 0 )[Oi) P(»o,®x) A ( 3t; i) P(*>x,"o)]} • 

1 2 is the theory of discretely ordered sets with no first or last element. One 
example of a model of I 2 the integers with the natural ordering: 

•••<—3<—2<—l<0<+l<+2<+3<---. 

This linearly ordered set is of order type a>* + a) and can easily be seen to be 
a prime model for Z 29 let it be 2I 0 . 

Another model is given by the integers and the number with their 
natural ordering: 

• • • <c — 3< — 2< — 1 <0< < +1 < +2< + 3<**-. 

This model, say 2t x , is an extension of 9I 0 but since 1 is the immediate 
successor of 0 in 2I 0 but not in 2I 1? 2^ is not an elementary extension of 2t 0 , 
thus 1 2 is not model complete. 

Once again we can get over this difficulty by adding a new predicate letter 
to L. This time we add a new binary predicate letter S and we let 

r 2 = 1 2 u {(Vi> 0 )(Vi>i)[S(vo,»x)^n(3» 2 )[P(i; 0> « 2 ) aP^,!),)]]} . 

Thus S(x,y) says that ‘if x<y then y is the immediate successor of x’. We 
will show that Z' 2 is model complete. 

Let 91,23 be models of Z 2 with 21^23. Suppose 0 is a primitive formula 
with matrix if/, azA™ and 93h a $. Once again it will be sufficient to prove 
that 2t t= a <j>. Clearly, 

r 2 h(3i>o)...(3i;„)[(TA n S(v h Vj)] 

<->(Bv 0 )...(3v„)(3v„ +1 )[<t a P(v t ,v n+1 ) a P(v„ +1 ,vj)], 

and therefore we can assume that there is no formula of the form ~lS(v m ,v n ) 
in xj/, and thus that xj/ is a conjunction of formulas of the forms 

S(v m ,v n ), P(v m ,V„), HP( V m ,v„), V m = v„, -\v m = v n . 

Using exactly the same method as in (a) we can eliminate all formulas of 
the last three forms and hence arrive at an open formula 1 j/\ which is a 
conjunction of formulas of the forms 

S(v m ,v„), P(v m ,v„), 

such that, using the same notation as in (a), 
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and if 
then also 

Suppose that in 23, 


21N i// . 


b Jo< b h< a io<' 


< b jk < a ii< b jk +1 < * 


' < a i s < b jt 9 


( 1 ) 


It will be sufficient to show that we can find a jo ,..^a jt in A so that the same 
order relations hold when we replace each bj by the corresponding aj and, 
since x//' also contains formulas of the form S(v m ,v n ), also that whenever 
one element of (1) is an immediate successor of another, the same relation 
holds between the corresponding elements of the new sequence. 

An m-tuple x m > will be called a chain if whenever x { 

is the immediate successor of x i _ l . Since S is a predicate letter of L' and 
21^23, if (x l9 ...,x m } is a chain in 21, then it is also a chain in 23. Also if 
(x x ,... 9 x m } is a chain in 23 one of whose elements is in A , then it is easily 
seen that all the elements of the chain are in A. 

Since A has no first or last elements it is easy to replace those bj in (i) that 
occur either before all the a t or after them all by an aj so as to meet the 
desired conditions. So we need only consider those bj lying between a? s. 
Say, for example, 




Jn + p 


If a im , a im+i are end points of a chain in 21 then by the remarks above all 
the elements between them in B are in A. Thus each b jn+l , 0^ is in A 
and so we can let a } M , = b: Af . 

Jn+l Jn +I 

If a im9 a im+l are not end points of a chain in 21 it must be that there are 
infinitely many elements in A between a im and a im+l . But then there is no 
problem in finding a jn9 ...,a jn+p between a im and a im+1 to meet the desired 
conditions. 

Thus in any case we can find a Joi ...,a jt in A such that 

21N 

and therefore 

21N>. 

We can therefore conclude that 1' 2 is model complete. Since Z' 2 has a prime 
model it follows that I 2 is complete. As in (b) we can draw the conclusion 
that 1 2 is complete. 
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(f) . Discretely ordered sets with first but no last element 

If l 3 = {ffoD»(3f 0 )(Vt>i)nP(r 1 ,r 0 ),(Vy 0 )(3«; 1 )/ > (t; 0 ,i; 1 )} then I 3 is the theo- 
ry of discretely ordered sets with first but no last element. We have already 
seen, in example 4.1.7, that this theory is not model complete. However by 
using the same device as in (e) and the device used in (b) for coping with 
first elements we can find an extension Z 3 of Z 3 in an extended language 
which is model complete. Since any model of order type co is a prime model 
of Z 3 we can conclude that Z 3 is complete. It follows as before that Z 3 is 
complete. We can conclude from this that ordered sets of order types 

co and co 4 - co* + co 

are elementarily equivalent. This is the result promised in example 4.1.4. 

M(Z 3 ), the class of all models of Z 3 , is the class of all discretely ordered 
sets with first but no last element. It is easily seen that ordered sets of order 
type co are the only well-ordered sets in M(2’ 3 ). Since Z 3 is complete, M(Z 3 ) 
is closed under elementary equivalence but contains sets which are not well- 
ordered. This gives another proof of lemma 7.1.13. 

(g) . Discretely ordered sets with last but no first element 

This case is dealt with like (f) and so the theory of such sets is also complete. 

(h) . Infinite discretely ordered sets with first and last elements 
The theory 


£4 = {ff 0 D > (3tfi)(Vt> 0 ) ~\P(v 1 ,v 0 ), (3« jXVr,,) “IP^o.Pj)} 

of discretely ordered sets with first and last elements is not complete since 
it has models of all finite cardinals >0 and also infinite models. Thus none 
of the sentences 3!" or their negations is deducible from Z 4 . 

However, by the methods used in (f) it can be shown that the theory 

Z 5 —Z 4 u{3^ n :neco} 

of infinite discretely ordered sets with first and last elements is complete, 
(j). Algebraically closed fields 

Let Z CF be the theory of algebraically closed fields described in example 
5.3.20; we shall show that Z CF is model complete. 

Suppose 91,93 are models of Z CF , 91^93, 0 is a primitive formula, aeA* 0 
and 93 N a 0 . 

‘93N fl </>’ says that there exists in B a solution of a finite set of conditions 
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of the following sorts 

u = v, u ^ v, u -f v = vv, u + v ^ w, u • v = w, u- v =£ w (*) 

where the letters u,i\\v denote either elements of A (these will be the ele¬ 
ments a n of the sequence a , corresponding to the free variables of </>) or 
unknowns (corresponding to the bound variables of </>). Let the elements of 
A be {ay. 1 and the unknowns be {yy 1 The assumption that 

23h fl 0 is equivalent to the assumption that we can find solutions 

y. = 1 < / ^ m 

in B to satisfy the conditions (*). Our aim is to find solutions in A of these 
conditions. 

The proof that we can find such a solution will involve some knowledge 
of the theory of fields which can be obtained from, for example, van der 
Waerden [1953]. 

We first show that we can find solutions in A in the special case when 23 
is of degree of transcendence one over 21. 

Let D be the diagram of 2f. D is a set of sentences of the language L(2I). 
Let L' be the language obtained from L(2I) by adding a new constant sym¬ 
bol c. 

For each polynomial 

p (x) = a 0 + a i -x H-h a n • x", 

with coefficients in 21 let H p (v 0 ) be the following formula of L(2I), 

H p (v 0 ) = T n {a 0 ,a u ...,a n ,v 0 ,0) , 

where T n is defined as in example 5.3.20 and a 0 ,a 1? ... ,d n are the constants of 
L(2I) corresponding to the elements a 0 ,...,a n of A. H p (v 0 ) says i p(v o ) = 0\ 
Thus the set of sentences 

A = { “1 H p (c):p is a polynomial with coefficients in A) 

says that c is a transcendental element over 21. Thus any model, say (£, of 
I CF uZ)uzl is an algebraically closed field which is (up to isomorphism) an 
extension of 21 of degree of transcendence at least one over 21. It follows 
that there is a subfield of (£ which is isomorphic to 23 under a correspondence 
which leaves the elements of 21 fixed. Thus there is a solution ol (*) in (£ or in 
other words 

(£ h(3r 0 )...(3r m ) il/(a io ,...,d is ,v 0 ,...,v J. 
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Let g be the sentence 

(3d 0 )...(3dJ if/(a 

io’-* i s ,V 0 ,...,V m ) 

of L(3l). We have thus shown that any model of I CF uDu A is a model of 
g. Therefore by the completeness theorem 

I CF u Du Ah g . 

Hence, by the finiteness theorem, there is a finite subset 
4> = n H pt (c),...,nH pj (c)} 

of A, such that 

I cf uDu A 0 Vg. (1) 

Let p 0 ( x )=Pi (x) m P 2 ( x ) m P n ( x )- Then the conjunction of the sentences in 
A 0 is equivalent to ~l H Po (c). Therefore, by (1) and the deduction theorem, 

IcpuDh ~\H po (c)^a. 

Since c does not occur in T CF u Z), it follows that 

(V(; 0 )[ n H P0 (y 0 )-><7], 

and therefore that 

^cf u O h (3v 0 ) H H po (v 0 )^g. 

The sentence (3v 0 )~\ H Po (v 0 ) says that there is an element which is not a 
root of/? 0 (x)=0. Since this equation has only finitely many roots and any 
algebraically closed field is infinite (3 v 0 )~lH po (v 0 ) holds in 31. But (31,a*) is 
a model of r CF u Z), where a* is an enumeration of A, and therefore 

(31,a*) N cr 

whence, clearly, 

which is what we desired to prove. This completes the proof in the special 
case. 

In the general case, let 31* be the algebraic closure of the extension field 
3t [6 1} ...,6 m ] of 31. The degree of transcendence of 31* over 31 is at most m 
and so there is a chain of / + 1 algebraically closed fields 

31 = 310^31* ^ •• ^3I / = 3l* with l^m , 

such that 3l i + 1 is of degree of transcendence one over 31,- for 1. 

Since b l ,...,b m are elements of 31*, 3I*N a 0, hence by what we have just 
proved 3I / _ 1 l= fl 0, whence 31 whence 3This completes the 
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proof that I CF is model complete. However I CF is not complete since there 
are algebraically closed fields of different characteristics and so none of the 
sentences C p or their negations is deducible from I CF . 

For each prime /?, let 

Z^ F =Z CF u {C p } 

and let 

Zq F —I cf u { "1 C p : p is a prime}. 

Thus Iqf is the theory of algebraically closed fields of characteristic 
p(p = 0 or a prime). T£ F is model complete since it is an extension of I CF . 

Let 21 p be the algebraic closure of the prime field of characteristic p. 
21 p is a prime model of Iq F . This gives another proof that Iq f is complete. 


§6. Historical and bibliographical remarks 

Example 1.3 is a famous result due to Cantor [1895]. The remark about 
the decidability of recursively axiomatizable complete theories is due to 
Janiczak [1950]. Vaught’s test is due to Los [1954] and Vaught [1954] 
where corollaries 1.10, 1.11, 1.13, 1.15 and 1.16 and the places where they 
were originally proved can be found. Lindenbaum’s theorem is due to 
Adolf Lindenbaum (see Tarski [1930i]). 

The notions of model completeness and of the diagram of a model are 
both due to Abraham Robinson (see e.g. Robinson [1963]). Theorem 4.1 
and its consequences are due to Kochen [1961]. Robinson’s model com¬ 
pleteness test was first proved in Robinson [1956]. The application of this 
test to densely and discretely ordered sets is taken from Robinson and 
Zakon [I960] and that to algebraically closed fields from Robinson [1956]. 
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This chapter is devoted to describing an important algebraic construction. 
In the next chapter we relate this to the ultraproduct construction and the 
ideas we use will find applications in ch. 12. 


§ 1. The main definitions 

Let < R, < > be the ordered set consisting of the rationals together with their 
usual ordering. Notice that (R, < y has the following properties: 

(1). If {a lt ...,a k } and {b t ,...,b k } are two sets of elements of R with 


and 




b i < £>2 ^ ‘ ” ^ bk ^ 


there is an order automorphism h of (R, < > which for 1 < i < k, maps 
a t onto b t . 

(2) . If <JT, < > is any countable, totally ordered set, there is an embedding 

of <A r ,<) into 

(1) is obvious and (2) is proved by using the method we adopted to prove 
the result of example 9.1.3. In addition the rationals are the unique ordered 
set with these properties in the sense that 

(3) . If <*S,<> is any countable totally ordered set with properties (1) and 

(2) then <£,<> is order isomorphic to </?,<>. 

We prove (3) as follows. By (2) S must be infinite. Suppose S has a first 
element a and let b be any element of S with a<b. There is no order auto¬ 
morphism of <£,<> mapping a onto b since such an automorphism must 
leave a fixed. This contradicts (1), so we can conclude that S has no first 
element. Similarly S has no last element. 

Next we show that S is densely ordered. Suppose not and that a,b are 
elements of S with a<b which have no element of S between them. S has 
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no last element and so there is some c with a<b<c. Then 


and 


a<b 

a<c 


but there is no order automorphism of S mapping a onto itself and b onto c, 
since b could not be the image of any element under such an automorphism. 
This contradicts (1). 

Therefore <*S,<> is a countable densely ordered set without first or last 
element and so by example 9.1.4 is isomorphic to < R,< >. 

(1) says that the rationals are in a certain sense homogeneous since two 
finite sets with the same cardinal cannot be distinguished. (2) says that 
among the countable totally ordered sets they form a universal system and 
(3) says that any such homogeneous universal system is unique among 
countable totally ordered sets. 

In this chapter we shall be interested in discovering whether other col¬ 
lections of relational structures contain structures with properties analogous 
to (1), (2) and (3). We shall need a number of definitions which we now list. 

Let Jt be some collection of relational structures, which we assume to 
be all of the same type, and let k be some infinite cardinal. We use Jf K to 
denote the collection of relational structures in J( of cardinal tc, and Jf <K 
to denote the collection of those structures in Jt of cardinal < k. 

If 2te~#, we say that 21 is homogeneous if given any two elements 

°f ^<*> say 23 and ©', which are substructures of 21, and an isomorphism 
/of © onto ©', there is an automorphism g of 21 which is an extension of/ 

We can represent this situation by the commutative diagram l.a. 


©-/-►©' 

isomorphism 

Diagram l.a 


Note that in all diagrams in this chapter double headed arrows indicate 
injection maps. 

21 is said to be homogeneous if 21 is of cardinal k and is (J",K)-homo- 
geneous. 

The structure 2Ie~# is said to be ,K)’Universal , if given any structure 

©e^# <fC , there is an embedding of © into 21. In particular, we say that 21 
is Jt-universal , if 21 is /universal, where k is the cardinal of 21. 
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Thus 91 is ^-universal if any relational structure in Jt whose cardinal does 
not exceed that of 31 can be embedded in 31. 

It can be seen that our remarks above show that if .Jt is the class of totally 
ordered sets, then <i?,<> is ^-homogeneous and ^-universal. Hausdorff 
showed over fifty years ago that, assuming the G.C.H., for each regular 
cardinal K a , Jt contains a structure of cardinal X a which is Jt -homogeneous 
and ^-universal. Such a set is called an rj a -set. For more about such sets 
see Hausdorff [1914], Gillman and Jerison [1960] and the next chapter. 

It also turns out that ?? a -sets are unique up to isomorphism and that the 
condition of ^-homogeneity is essential for this to be the case. For example, 
if rj is the order type of the rationals then ordered sets of order types r\ and 
rj+ 1 are both ^-universal, but they are not isomorphic. 

We now describe a set of conditions on a class Jt of relational structures 
sufficient to guarantee the existence of ^-homogeneous, ^-universal 
structures in Jt . We say that Jt is a K-class , where k is an infinite cardinal, 
if Jt satisfies the following conditions: 

I. Jt contains structures of arbitrarily large cardinality. 

II. If 31 e.Jt, and 31^33, then 93 eJt. 

III. If 9I,Se^, there is some structure $LeJt and embeddings / of 31 
into £, and g of 93 into £. 

IV. The amalgamation property . If 9l,S 0 ,©i e*^,/ 0 is an embedding of 
31 into S 0 and f x is an embedding of 91 into S 1? then there is 
some structure £e~# and embeddings g 0 of S 0 into £ and g x of Si 
into £ such that diagram l.b is commutative: 


31' 


\ 


fo 


ys 0 




0o 


Diagram l.b 


> 


£ 


V. Union of chains. The union of any chain of relational structures each 
of which is in Jt is itself in Jt . 

VI K . If 3te^ and £ is a substructure of 31 of cardinal <k then there is 
some S eJt <K such that 

£^S<=91. 

VII K . Each structure in ~tt has less than k relations. 
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We shall be particularly interested in the case when Jt is a d-elementary 
class. In this case Jt obviously satisfies I and II, and it is usually not difficult 
to check whether or not J! satisfies III,V,VI, and VII,. Indeed theorem 
4.3.1 shows that if ^eECj then VII, implies VI,+ . On the other hand, no 
satisfactory criterion is known for deciding whether an arbitrary d-ele¬ 
mentary class satisfies the amalgamation property. It is known, for example, 
that the classes of all groups, commutative groups, fields, partially ordered 
sets, lattices and Boolean algebras have the amalgamation property. Con¬ 
structions for the first two cases may be found in Neumann [1954]. The 
classes of rings and semi-groups on the other hand, do not have this property. 


§2. The uniqueness of ^-homogeneous, ^-universal structures 

This section contains some preliminary results for our discussion of the 
existence of -^-homogeneous, -^-universal structures. 


Lemma 2.1. If is a K-class, then ^ has the following property: 

IV'. //8e J', 31,51' are substructures of^&, which are also in andf is 
an isomorphism of% onto 31', then there is some deJt with ©^d and an 
embedding g of 93 into d which is an extension of f 
Proof. Let /,/' be the injection maps of 91,91' into 93, respectively. Then 
i and /'•/ are embeddings of 91 into 93 and so by IV there is a structure 
and embeddings g,h of© into d such that diagram 2.a is commutative: 


9L 

i 

/ 

1 

21 - 


►93, 


\ 






/ 


- r —~93 

Diagram 2.a 


Since, by II, is closed under isomorphism, we can choose d and h so 
that ©^d and h is the injection map of © into d. Since diagram 2.a is 
commutative, for any aeA,f(a) = g (a) and so g is an extension of/. 

Recall that the cardinals 2^ were defined in ch. 0, by D 0 = K 0 , 2 4+1 =2 2 \ 
and if 2 is a limit ordinal 


=U = I 3 4 . 

£</. 
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and that we say that a cardinal k is a beth number if for some ordinal £ 
and that k is a limit beth number if k = '2 3 , where <5 is a limit ordinal. 

Lemma 2.2. Suppose Jt is a K-class and 2 <K ~k, then the set of isomorphism 
types of structures in < < * is of cardinal at most k. In particular this is true 

if either k is a limit beth number or the G.C.H. holds. 

Proof. Suppose peco y is the type of the structures in with by VII K , 
y < k. Then for each cardinal X < k there are at most (2 A ) y isomorphism types 
of structures of cardinal <k, since in a set of cardinal X a finitary relation 
can be chosen in 2 X ways. Therefore there are at most 

X X Xy = ^ 2 k =2 <K 

X<K X<K 

isomorphism types of structures in <K . Now if k =3 d with S a limit ordinal, 

*-Z3rI3 {+J -l2 s, -2 < ‘. 

$<d s<5 £<<5 

and the G.C.H. also implies that k = 2 <k . This completes the proof. 

This is the only occasion we shall need to use condition V11 K directly. We 
could widen our definition of a K-class and insist that instead of V1I K such a 
class should always satisfy the property described in the lemma above, but it 
would, in general, be more difficult to check that this new condition held. 

A chain <9l^:<i;<a> will be said to be continuous if for each limit ordinal 

X<oc 9 

%=U%- 

Lemma 2.3. Let Jt be a K-class and suppose 9Ie^ K . Then 91 is the union of 
a continuous chain of structures from Jt <IC . 

Proof. Let X be the cofinality of k. Then we can find a chain of sub¬ 
structures of 91 each of cardinal <k , say <X} such that 

91= U®«. 

We now define the sequence by recursion as follows. Each 93 ^ 

will be a substructure of 91 which is in Jt <K . 

Suppose £<X and for £<£ we have defined 93 c . Then 

X=\jBtvA' 

is a subset of A of cardinal <k. Therefore, by VI* there is a structure 93,* 
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in Jf <K such that 


sir *£»*<=«. 


To obtain a continuous chain we define the sequence thus 

©o = ©o 

93^ = ©,,, if £ = ^4-1 is a successor ordinal, £ < A, 

©^ = U if <) < A is a limit ordinal. 

£<<5 

By V, ©^ is in Jt K . It is now clear that <©J:<i;<A> is a continuous chain of 
structures from Jt <K whose union is 91. 


Lemma 2.4. If Jl is a K-class, then for each cardinal A > k, is also a X-class. 

Proof. Suppose ^ is a K-class. It will be sufficient to prove that for each 
A>k, satisfies VI ; . We do this by transfinite induction. 

Suppose A>k, and for all cardinals ft, l, Ji satisfies VI^. We need 

to show that *Jt also satisfies VI A . 

There are two cases to consider. The first is when A is a successor cardinal, 
say X — fi + . Then, by hypothesis, Jt satisfies VI /r 

Let 91 be in and let £ be a substructure of 91 of cardinal <A, and hence 
of cardinal Then 

<E= U 

where is some chain of substructures of £ each of cardinal </i. 

We define the chain of substructures of 91, which are in Jt, 

as follows: 

©o is any substructure of 91 in which is of cardinal <ji. Such a sub¬ 
structure exists since Jt satisfies VI^. 

©^ + 1 is any substructure of 91 in which is an extension of 91f (i?*u C%) 
of cardinal <jx. Again, by VI M , such a substructure ©* +1 always exists. 

If <5 is a limit ordinal, S<n, then 


93*=U»< 

By V, © 5 is also a substructure of 91 which is in Jt <fl . Then 

©=u 


is a structure in of cardinal ^ /i < A, satisfying 


and so ^ satisfies VI A . 


£<=©<= 91 
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The second case is when 2 is a limit cardinal. In this case it is obvious that 
Jt satisfies VI A . This completes the proof of the lemma. 

It is convenient at this stage to introduce a new definition, though, merci¬ 
fully, the next theorem will show that in the case of k- classes it is not really 
necessary. 

Suppose 3le^ K . We say that 31 is Jt-homoiogeneous if whenever 
©,(Ee^f <K , with ©cgc^ and /is an embedding of S into 31, then there 
is an embedding g of (E into 31 which extends / This definition is due to 
George Wilmers. 

The situation described above is illustrated by the commutative diagram 
2.b. 



Diagram 2.b 

We are now ready for the chief result of this section. 

Theorem 2.5. The isomorphism theorem 

Suppose that is a K-class and 31,31' are ^ homoiogeneous structures in ^ K 
such that any substructure of 31 in ^ <K is isomorphic to a substructure of 31' 
and vice versa. Then if 33 is a substructure of % in <K> any embedding of © 
into 31' can be extended to an isomorphism of 31 onto 31'. 

Proof. First notice that under the conditions of the theorem the following 
condition holds: 

If X,(E' are substructures of 31,31' respectively which are in ^# <K and" 
g is an embedding of X) into (E', there is a substructure (E of 31 in Jt <K [*] 
which extends X) and an isomorphism h of (E onto (S' which extends g. 

We prove [*] as follows. Let / be the injection of X) into 31. By hypothesis 
there is some substructure (E* of 31 in Jt <K which is isomorphic to (£'. Let 6 
be an isomorphism of (£' onto (E*. Then T)* = 0-g [X)] is a substructure of 
(£* isomorphic to X), and i'g~ 1 -6~ 1 ’i* is an embedding of X)* into 31, 
where /* is the injection of X* into (E*. Therefore since 31 is -#-homoio- 
geneous, there is an embedding/ of (S* into 31 which extends r# -1 *#" 1 -/*. 
Let (£=/[(£*] and let h = 9~ 1 -f~ 1 ; it is clear from diagram 2.c that (E and 
h have the desired properties. 
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<E -© 



Diagram 2.c 


We now set about proving the theorem. Let / be the given embedding of 
© into 51. By lemma 2.3, 51 and 51' can be written as the union of continuous 
chains of structures from ^f <lc , say 51 = U^<aS^ anc * 51' = U^<aS^ where 
X is the cofinality of k. 

We define the chains <51^<2>,<5l^:£<2> of substructures of 51,51' 
respectively, from Jt <IC , and for each £<A an embeddingof 51 ^ into 51$, 
by recursion as follows: 

Let 

5t 0 = 23, 51 {,=/[»], 

and 


/o=/. 


Now suppose £ = £ + 1 is a successor ordinal, £<2, and 51^,51',/^ have been 
defined for and in particular for /; = £. By VI K there is a substructure 
(££ of 51' in Jt <K which extends 51'f By [*] there is a substructure 

(£ c of 51 in J? <K which extends 5I C and an isomorphism f* of onto (££ 
which extends/ c . Again using VI K , there is a substructure 5I C+1 of 51 in J( <K 
which extends 51 \ (C c u B^) 9 and by [*] there is a substructure 5l£ +1 of 51' in 
which extends ££ and an isomorphism/ c+1 of 5l c+1 onto 5I£ +1 which 
extends/ c *. Diagram 2.d will make the situation clearer: 


«c- 

i i 

A U 

\ 1 






fz+1 

{ 


Diagram 2.d 


Thus we have defined 5l c+ i,5I^ +1 and/ c+1 . 
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Finally we consider the case when 8 < X is a limit ordinal and and 

have been defined for all £ <8. In this case we let 

%= U \ and *i=U«c- 

£<b C<3 

By V, 3t*,3ti are in Jt and they are clearly of cardinal < k , and we let 

fb — U /? • 

s<s 

It is clear from our construction that 

«' = U % 

$<X Z<X 

and h = yjz <k fs is an isomorphism between 31 and 3T which extends /. 
This completes the proof. 

The isomorphism theorem has two important consequences. 

Corollary 2.6. Suppose Jt is a K-class and 3Ie^ K then 31 is Jt-homo¬ 
geneous iff 31 is Jt-homoiogeneous. 

Proof. If 31 is ^-homogeneous it is clear that 31 is also .^-homoio- 
geneous. 

Now suppose that 31 is ^-homoiogeneous; to see that 31 is also Jt- 
homogeneous it is sufficient to put 31'—31 in theorem 2.5. 

Corollary 2.7. If Jt is a K-class, any two Jt-homogeneous Jt-universal 
elements of Jt K are isomorphic. 

Proof. Suppose 31,31' are ^-homogeneous, .^-universal structures in 
Jt K . By the previous corollary 31,31' are both ^-homoiogeneous. Since 31' 
is ^-universal, any substructure of 31 in Jt <K is isomorphic to a substructure 
of 31' and vice versa. Therefore the conditions of theorem 2.5 apply. By 
VI k , 3I contains a substructure which is in Jt <K ^ and by theorem 2.5 the 
embedding of this structure into 31', which we know exists, can be extended 
to an isomorphism of 31 onto 31'. This completes the proof. 

Notice that this corollary is the analogue of property (3) of § 1 which we 
observed was possessed by the rationals. 

§3. The existence of ^-homogeneous, ^-universal structures 

We are now ready to set about showing that any K-class Jt contains Jt- 
homogeneous, ^-universal structures. The first step is to show that in order 
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to find an ^-homogeneous, ^-universal structure of cardinal k it is sufficient 
to find a structure which is ^-homogeneous, (~#,K;)-universal and of cardi¬ 
nal K. 

Theorem 3.1. Let Jt be a K-class. If 31 is an Jt-homogeneous , (^f,/c)- 
universal structure of cardinal k then 31 is also Jt-universal . 

Proof. We need to show that 31 is («^,fc + )-universal. Suppose 31' is an 
element of ^f <K + . By lemma 2.3, 

where X is the cofinality of k, and <31^ <X} is a continuous chain of struc¬ 

tures from ^ <K . 

Using a method similar to that used in the proof of the isomorphism 
theorem we construct a chain <3I,*:^<2) of substructures of 31 in <K 
and embeddings of 3Q into 31^. 

31 is (^,/c)-universal and so there is an embedding f Q of 3 Iq into 31. We 
let 3l 0 =/o [31 q]. 

Suppose £ = £ + 1 is a successor ordinal, £ < 2, and 3l^,/ ; have been defined. 
Then, as in the proof of the isomorphism theorem, we can find an embedding 
f +1 of 3I^ +1 into 31 which extends f. We let 31 $ = [31^]. 

Secondly, if <5 <X is a limit ordinal, then since the chain <3Q:£<2> 
is continuous 3Ii=lJ^< a 3I^ it is sufficient to put f d — \J^ <d f^ and 

Then/=U<?< a/^ is an embedding of 31' into 31. This shows that 31 is 
(T#,7c + )-universal, that is, 31 is ^f-universal. 

Theorem 3.2. Let *Jt be a K-class and suppose k = 2 <k . Then <Jt contains an 
(Jf ,K)-universal structure of cardinal k. 

Proof. By lemma 2.2, ^ <fc contains at most k structures of different 
isomorphism types. Let <3 I^:£<k:> be a sequence of elements of ~#< K 
containing at least one structure of each of these isomorphism types. We 
define the chain of elements of < K+ as follows: 

By lemma 2.4, Jt satisfies VI K+ and so, using I, Ji contains a structure 
of cardinal ?c, say 33 0 ■ 

Suppose £ = (+1 is a successor ordinal, £<k, and 33^ has already been 
defined. By III, Jt contains a structure G^ such that there are embeddings 
/ of 3I C into G^ and g of 33 c into (£,. By II we can clearly take G^ to be an 
extension of 33r and g to be the injection map. JT satisfies VI K + and so there 
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is some substructure 93^ of (£^ of cardinal k in Jt such that 

r (/ \A d u ® > 

We can represent this situation by diagram 3.a. 



Finally, if 5<k is a limit ordinal we let 
By V, S,e^ K . 

Then it is easily seen that 93 = IJ^< K 93^ is an ^-universal structure of 
cardinal k. 

We shall need the next result from set theory. 

Lemma 3.3. If k = k < k , there are at most k functions from a subset of k of 
cardinal <k into k. In particular this is true if k is regular and either is a limit 
beth number or the G.C.H. holds. 

Proof. For X<k there are k a functions from a set of cardinal X into k and 
at most k a subsets of k of cardinal /. Hence there are at most k a ■ k'~ ~k a 
functions from a subset of k of cardinal X into k and thus altogether at most 

I x X =« <K 

A < K 

functions from subsets of k of cardinal <k into k. 

Now if k is regular and either k is a limit beth number or the G.C.H. 
holds, k = k <k (see Bachmann [1967] p. 157) and this completes the proof. 

Now we can complete our construction by means of 

Theorem 3.4. The homogenization theorem 

Let Jt be a K-class and suppose that k is a regular beth number. Then any 
structure in ^ of cardinal k has an homogeneous extension of cardinal k 
which is also in ^. 

Proof. Let 9t 0 be an element of Jt K . By the previous lemma there are 
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not more than k isomorphisms between substructures of 2l 0 which are in 
<K . Let </s:£ <k) be an enumeration of these isomorphisms, possibly 
with repetitions. 

We construct an extension 2l x of 2l 0 of cardinal k, which is in such 
that any isomorphism between substructures of 2l 0 in Jt <K can be extended 
to an embedding of 2l 0 into As usual we do this by defining a chain 
of relational structures: 

W 0 =%. 

Suppose £ = £+1 is a successor ordinal, £<fc, and 2I£ has already been 
defined. Since Jt is a ?c-class, condition IV' of lemma 2.1 holds and therefore 
there is an extension 21^ of 2l£ in Jt and an embedding of 2l£ (and a fortiori 
of 2l 0 ) into 21^ which extends /*. We also know, by lemma 2.4, that Jt 
satisfies VI K +, and so we can assume that 21J is of cardinal k. 

If 3 < k is a limit ordinal, 

Z<d 

It is easily seen that 2l 1 = (Js<#c2l| is an extension of 2l 0 in such that 
any isomorphism between substructures of 2l 0 which are in Jt <K can be 
extended to an embedding of 2l 0 into 2I X . 

We now define the chain <21 f^<K) of structures from Jf K as follows: 
2l 0 and 2l A have already been defined. 

If £ = £ + l<fc, then 21^ is the structure obtained from 2l ? in exactly the 
same way that we obtained 2^ from 2t 0 . 

If 5 <k is a limit ordinal 

Now let 

21 is an element of * <K 

Suppose ©,G are substructures of 21 which are in ^ <K , ©^G and /is an 
embedding of © into 21. Since k is regular and card (C u /[/?])<*;, there 
is some £< k such that 21 ^ is an extension of both G and/[©]. 

/is an isomorphism between substructures of 21^ which are in ^< K , and 
so by construction can be extended to an embedding of 21 ? into 2I ?+1 . Thus 
/ can be extended to an embedding of G into 21. 

This shows that 21 is c^-homoiogeneous. It follows at once from co¬ 
rollary 2.6 that 21 is ^-homogeneous. 

We can now prove the main theorem of this chapter. 
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Theorem 3.5. J6nsson’s theorem 

If ^ is a K-class and k = k <k , contains an Jt-homogeneous, universal 
structure of cardinal k which is unique up to isomorphism. In particular this is 
true if k is regular and either k is a limit beth number or the G.C.H. holds. 

Proof. Clearly if k = k <k , k = 2 <k , and so by theorem 3.2, Jt contains an 
(c^,/c)-universal structure of cardinal k. The homogenization theorem implies 
that this structure has an ^-homogeneous extension of cardinal k , say 91; 
clearly this extension is also (^,^-universal. Theorem 3.1 tells us that 91 is 
also ^-universal. Corollary 2.7 to the isomorphism theorem implies that 91 
is unique up to isomorphism. 

Corollary 3.6. (G.C.H.) If k is a regular cardinal and Jt is a K-class, J( 
contains an Jt-homogeneous, Jt-universal structure of cardinal k, which is 
unique up to isomorphism. 

Corollary 3.6 cannot be extended to singular cardinals, as is shown by the 
following example due to Jonsson [1956]. Let be the class of all totally 
ordered sets. It is easy to see that is a /c-class for all k. But if X is singular, 
there is no ^-homogeneous, ^-universal structure of cardinal X. For sup¬ 
pose 91 is such a structure with domain {a^:^<X}. Let b 0 = a 0 . Now suppose 
that for £<£, with (< A, b^ has already been defined. Since 9( is ^-universal 
it has a subset, say <( +1}, of order type £+1. Since 91 is ^-homo¬ 
geneous there is an automorphism n of 91 with n(c^) = b for £<£. Let b c 
be the larger of 7i(^) and a Then {bf£<X} is a cofinal subset of 91 of order 
type X. It follows that 91 has a cofinal subset, say X , of order type cf(/l). 
cf(2)+ 1 <X, and so, since 91 is ^-universal, it also contains a subset, say Y, 
of order type cf(A)+1. Let/be the embedding which sends X onto the initial 
segment of Y of order type cf (A). This embedding cannot be extended to an 
automorphism of 91 (which element could be mapped onto the last element 
of Y?). This contradicts the assumption that 9t is ^-homogeneous. 

However it is possible to obtain an extension of corollary 3.6 to singular 
cardinals by introducing the notion of an Jt-special structure. We do not 
discuss this here. The original definition and results may be found in 
Morley and Vaught [1962]. In the next chapter we explain a similamotion 
due to Chang and Keisler [1966]. 

§4. Full expansions 

The notions of this chapter have so far all been of an algebraic nature. We 
now describe a model theoretic construction which helps us to relate them 
to model theoretic concepts. 
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Let 21 be a relational structure of type p, and let L be the appropriate 
language for structures of this type. Corresponding to each formula 
( p(v 0 ,...,v n ^f) of L, with free variables v 0 ,...,v n - l9 there is an n-ary relation 
R+ on A , given by 

(a 0 ,...,a„- 1 )eR 4> iff 21N (j >• 

The full expansion of 21, which we denote by 21*, is the structure obtained 
from 21 by adding all the relations R#, thus 

21* = (21,{i^: <f) is a formula of L}). 

All full expansions of structures of type p are of the same type, say p*. Let 
L* be the appropriate language for structures of this type. For each formula 
(f) (i? 0 ,..._j) with free variables v 0 ,...,v n ^ l , there is an n- ary predicate letter 
P of L*, such that given any structure 21 of type p, 

21* 1= (Vu 0 ). • (Vt>„ - OIX^o,- ■ • >v n _ (»oi-A-i)] • 

The next lemma is an immediate consequence of this easily verified remark. 

Lemma 4.1. If 21,23 are any two relational structures of type p, then 

(1) . 21^23 iff 21*^©*. 

(2) . 2U23 iff 2t*<23* iff 2I*<=£*. 

(3) . /: 2l->23 is an elementary embedding 

iff /:2f*-»23* is an elementary embedding 
iff /: 2t*-»S* is an embedding. 

Proof. This is left as an exercise for the reader. 

It can be seen from this that, when we are dealing with full expansions, the 
notions of extension and elementary extension, and of embedding and 
elementary embedding coincide. For many purposes it is more convenient 
to consider full expansions rather than general relational structures. For 
our purposes the interest of the notion is given by the next theorem. If Jt 
is a class of relational structures, we let -#* be the collection of full ex¬ 
pansions of the structures in Jt together with all substructures of these full 
expansions. 

Theorem 4.2. Let I be a complete set of sentences of L and let Jt be the 
collection of all models of I. If contains an infinite structure and k is an 
infinite cardinal ^ card(I), then is a k + -class. 

Proof. We check the conditions one by one: 

I. If Jt contains an infinite structure then by the upward Lowenheim- 
Skolem theorem Jt has models of arbitrarily large cardinality and hence so 
too does Jt*. 
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II. Trivially Jt and hence also Jt* is closed under isomorphism. 

III. Suppose 9T,S'e~^*. Then for some models *21,93 of T, 9l'c=9I* and 

S'^S*. Now 91 = S since I is complete. Therefore, by Frayne’s lemma, 
S can be elementarily embedded in some ultrapower 9l z /Fof 91. 9l / // r is in 
since it is elementarily equivalent to 91. It is now sufficient to observe that 
9l* 7 /F~ (91 and so (91 ! /F)* is an element of J(* into which both 91* 

and 93*, and hence both 91' and S', can be embedded. 

IV. Suppose 9T,So,Si eJ(* and / 0 ,/j are embeddings of 91' into So,Si, 

respectively. For some models S 0 ,Sj of T, Sq^S* and Si^Sf. f 0 
and j\ are also embeddings of 91' into S* and St, respectively. Hence 
if {a^£><ct) is an enumeration of A\ S* \ {f 0 < a ) is isomorphic to 

St \ {/i (a 4 ):£<<x} under the natural correspondence. S*,St are full ex¬ 
pansions and so 

®J # = (®?X/o(^):f<«»s(ST,</. (*<):{<«» = Sf'. 

Hence again using Frayne’s lemma, there is a structure 

<£*' = (£*. <&<=*<«» 

and elementary embeddings # 0 :©*'-►(£*' and g { : ST'—>(£*'. It follows 
from this that diagram 4.a is commutative, and clearly £*e-#*. 


Jo 


y 


»o- 


91'; 


Vi 


\ 


®r 


►S* 


00 


9 i 


Ni 


(£* 




S'? 0;+i 

i I 

S 2I*- 


Diagram 4.a 


Diagram 4.b 


V. Let <HJ:£«x> be a chain in J£*. Suppose /?<a and we have con¬ 
structed the chain <91 of full expansions in so that for £<£ 

there is an embedding g 5 of 9IJ into 91*. We consider first the case where p 
is a successor ordinal, say /? = ( + !. Let/ c be the injection map of 91^ into 
9l^ + i. By IV, there is a full expansion 9t*+ , in and embeddings 0 c + 1 ,/r c 
such that diagram 4.b is commutative. Since -#* is closed under isomorphism, 
we can choose l\ to be an injection map. It follows that g^g^ + l . 

If P is a limit ordinal, we let S' = 23* = U$</?21* and g = U z<p9$- 

S'^91^ and so S'e~#*. By theorem 4.2.1, for £</?, 9I*<S*. It follows 
that 9f^S, so S is a model of I whence S*e^#*. g is an embedding of 
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93' into 23* and so we can repeat the argument above with %M*,gr replaced 
by 23',23*,#. 

Having constructed the chain <21*:£<a>, we put 2l* = |J* <a 2lJ. 2l*e^#* 
and g = is an embedding of 21'= U*<«21* into 21*. Therefore 21' is 

isomorphic to a substructure of 21* and so 2l'e^#*. 

VI K + . This is trivial since ^#* is closed under substructures. 

VII K + . This is trivial by the choice of k. 

Corollary 4.3. Let L be a complete set of sentences of cardinal p. Let Jt 
be the collection of all models of I. If contains an infinite structure then 
for all regular limit beth numbers K^p + , contains an homogeneous, 
-universal structure of cardinal k. 

Proof. This is an immediate consequence of Jonsson’s theorem and the 
previous result. 

Corollary 4.4. (G.C.H.) Assuming the G.C.H. one can omit the hypothesis 
that k is a limit beth number in the previous corollary. 

The significance of the results of this section will become apparent in the 
next chapter where we relate them to the ultraproduct construction. 

§ 5. Historical and bibliographical remarks 

The notion of an ^-universal structure was introduced in Jonsson [1956] 
and that of an ^-homogeneous structure in Jonsson [I960]. In his 1956 
paper Jonsson showed that conditions I-VI K are sufficient for the existence 
of Jt -universal structures and in his 1960 paper that they also imply the 
existence of ^-homogeneous, -^-universal structures and that such struc¬ 
tures are unique up to isomorphism. Fraisse [1954] had already discussed 
this problem in the special case of countable structures. 

Jonsson’s results were only for structures with a countable number of 
relations; they were extended to arbitrary structures by Morley and 
Vaught [1962] where condition VII K occurs. This last, very important 
paper is in our opinion written in a style which makes it difficult to read and 
our account in §§ 1-3 is based on the expository work Wilmers [1967], which 
contains a much clearer explanation of their results. The notion of a full 
expansion also comes from Morley and Vaught [1962] from where the 
results of §4 are taken. 
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We introduce in this chapter the important notion of a saturated model and 
we show that it is closely related to the ideas of the previous chapter. 

§ 1. Saturated models 

We have already described the >/ a -sets; we now give another, equally 
informative, description here. 

If <X,<> is a totally ordered set and A,B are subsets of X , we write 
A<B if for all aeA and beB , a<b. Similarly if ceX, we write^4<c<i?if 
a<c<b whenever aeA and beB. 

Let a be some ordinal. < X,< > is said to be an rj a -set if whenever A,B are 
subsets of X each of cardinal <K a , with A<B , then there is some ceX , 
with A<c<B. 

Example 1.1. The rational numbers with their usual ordering form an 
*1 o-set. 

Exercise 1.2. Do the real numbers with their usual ordering form an 
y\ x - set? 

As remarked in the previous chapter Hausdorff [1914] showed that ? 7 a -sets 
have the following properties: 

(1) . Uniqueness: Any two ?y a -sets of cardinal X a are isomorphic. 

(2) . Universality: Any totally ordered set of cardinal ^K a can be em¬ 

bedded in an rj a - set of cardinal N a . 

These properties are reminiscent of those of the ^-homogeneous, J(- 
universal structures that we described in ch. 10, and they suggest an al¬ 
ternative way of characterizing such structures. Before we describe this we 
fix some notation. Throughout our discussion we shall assume that /xect/ 
is some fixed type, that all relational structures we mention are of this type, 
that L is the appropriate language for structures of this type and that for 
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each ordinal f, is the language obtained from L by adding the ^-termed 
sequence of constants <c ? :C<0* 

Let F be the set of all formulas of L having at most the variable v 0 free, 
and let F 5 be the corresponding set of formulas of L^. 

Suppose A is a set of formulas from F^ 31 is a realization of LandtfE^. 
We say that A is satisfiable in (31, a) if there is some a+eA such that for all 

<t>eA ’ CM h*[ a+ ]. 

In this case we say a + satisfies A in (31, a). A is finitely satisfiable in (31, a) if 
each finite subset of A is satisfiable in (31, a). 

We are now ready for our main definition. Let a be some cardinal. A 
relational structure 31 is said to be a -saturated, if for each ordinal £<a, and 
any aeA *, a set of formulas which is finitely satisfiable in (31, a) is itself 
satisfiable in (31, a). Notice that if 31 is a-saturated, then 31 is ^-saturated 
for all /?<a. 

We have at once the following simple facts about a-saturated structures. 

Lemma 1.3. If 31 is finite then 31 is a- saturated for each cardinal a. 

Proof. Suppose A = {a u ...,a n }, £<a, aeA* and A is some set of formulas 
of F% which is not satisfiable in (31, a); we will show that A is not finitely 
satisfiable in (31, a). 

Since A is not satisfiable in (3f,«), for each k^n, there is some <j) k eA such 
that (31,tf) f= else a k would satisfy A in (31,c). But then the finite 

subset {<j) k :k^:n} of A is not satisfiable in (31, a). 

Lemma 1.4. If 3t is ^.-saturatedeither 31 is finite or of cardinal 
Proof. Suppose 31 is a relational structure of cardinal /?, with N k 0 ^^<a. 
Let aeA p be an enumeration of A. The set A = {~\v 0 = c^:^<p} is finitely 
satisfiable in (31, a), but is not itself satisfiable in (31, a). Thus 31 is not 
a-saturated. 

In an exactly similar way we can prove 

Lemma 1.5. Let U be a unary predicate letter of L and let 31 be an a- saturated 
realization of L. U^, the value of U in 3(, is either finite or of cardinal ^ a. 

So far, the only examples of saturated structures have been the finite re¬ 
lational structures which lemma 1.3 shows are trivially a-saturated. The 
question as yet remains open as to whether there are any other a-saturated 
structures. The next lemma provides the chief step in the proof that most 
relational structures have a-saturated elementary extensions. 
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Lemma 1.6. Let a be a cardinal greater than or equal to that of the language 
L, and let 33 be a realization of L of cardinal 2 \ There exists an elementary 
extension g(23) o/23 of cardinal 2* such that if £<a + , and aeBthen any 
set of formulas of finitely satisfiable in (33, a) is satisfiable in (g (23),a). 

Proof. Let beB 2 * be an enumeration of B and let SF be the collection of 
all sets I of formulas of F 2 « of cardinal <a which are finitely satisfiable in 

(23.6) . 

Clearly card (^)^2 a . Let <2“> be an enumeration of Sf 9 and let 
L' be the language obtained from L 2 « by adding a new set {^:£<2 a } of 
constants. 

Let A be the set of all sentences of L 2 « true in (33,6), and for each £ <2 a let 

where <fi (d^) is the sentence of L' obtained from the formula <j) by replacing 
all free occurrences of the variable v 0 by d^. We show that 

<9=du u r i 

<5 < 2 a 

is a consistent set of sentences of L'. 

Suppose 0 O is a finite set of sentences from 0. Then there is some finite set 
{£ 0 of ordinals <2 a such that 

k 

o 0 ^a u u *V 

i = 0 

By the definition of SF, for O^i^k, the set 

6^ = {0:082^. and (j)(d^)e0 0 } 

is satisfiable in (23,6). Let 6^ be an element of B such that for (j)e0 l o , 

(23.6) [6J.], and for f <2 a , let 6^ be an arbitrary element of 

B. Then 

(23, 

where 6' = <6^:<J<2 a ), is a model of 6> 0 . 

Since every finite subset of 0 has a model, by the compactness theorem, 
0 itself has a model, say 

By the downward Lowenheim-Skolem theorem we can assume that 
card(B 1 ) = 2 a and since (23i,6 l5 6i) is a model of A we can assume that 
is an elementary extension of 23. 
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Now if we put ^(S) = S 1? it is easily seen that #(23) has the desired 
properties. 

Theorem 1.7. Let a be a cardinal greater than or equal to that of the language 
L. Then each infinite realization of L of cardinal ^2 a has an a + -saturated 
elementary extension of cardinal 2*. 

Proof. Let 21 be a realization of L of cardinal <2 a . We define the se¬ 
quence <2l ( «:f<a + ) by recursion as follows: 

2I 0 is any elementary extension of 21 of cardinal 2*. 

If C<a + is a successor ordinal, say £ = £+!, then we let 




where g is the function given by the previous lemma. 

If X«x + is a limit ordinal, 2.^0, then we let 

%=u%. 

By the union of chains theorem, 2l A is an elementary extension of each 21^, 
with £<2. 

It follows that <2l^:<J<a + ) is an elementary chain and hence, using the 
union of chains theorem again, if 


21'= U 

£<a + 

then 2T is an elementary extension of each 21^, with £<a + . In particular 
since 2I 0 = 21,21' is an elementary extension of 21. It is clear that card (21') = 2®. 
We conclude the proof by showing that 21' is a + -saturated. 

Suppose £ <a + , 

a = (a n :ri<OeA' i , 

and I is a set of formulas of F* which is finitely satisfiable in (21', a). For 
each q< <J, there is some £ rj «x + such that a n eA 5 . Let 

£* = sup{£ n :rj<£}. 

Since a + is regular and £<a + , £*<a + . By the choice of £*, 

ae(^.)«. 

For each finite subset I 0 of I there is some a 0 in A which satisfies Z 0 in 
(2I',a). For some ^<a + , 


a'o^A^Q'. 
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Hence if 


ffo = max {£>,£*}, 


since a' 0 satisfies I 0 in ( 9 I, 0 ,a). 

Let 

ri* = sup {77 0 : 1 0 is a finite subset of 1 }. 
Again, since card(r)<a + and a + is regular, 

rj*< a + . 


By the choice of rj *, T is finitely satisfiable in (31,,*,^). Therefore, by con¬ 
struction, T is satisfiable in (31,,*+!,#). Since it follows that T 

is satisfiable in ( 3 l',a), and our proof is completed. 


Corollary 1.8. (G.C.H.) Assuming the generalized continuum hypothesis , 
for each infinite cardinal a every consistent set of sentences with an infinite 
model has an a + -saturated model of cardinal a + . 


If the language L' is an extension of the language L and 31 is an a-saturated 
realization of L', then it is clear that the reduction of 31 to the language L 
is also a-saturated. The next result, which we shall need to use in the next 
chapter, shows that in certain circumstances the same thing is true of re¬ 
strictions of a-saturated structures. 


Theorem 1.9. Suppose L' is the language obtained from L by adding a 
unary predicate letter W, let 31,23 be realizations ofL with 33-<3t, and let B 
be the domain of 8 . Then if (31,£) is an a-saturated realization of L', 33 is an 
a-saturated realization ofL. 

Proof. Suppose £<a, aeB ^, and 1 is a set of formulas of which is 
finitely satisfiable in (33, a). For each finite subset A of T, let (j) A (v 0 ) be the 
conjunction of the formulas in A. By hypothesis, for each finite subset A 
of I, there is some b 0 eB such that 

(S,a)N^[fe 0 ]- 

Therefore, since ©-<91, 

(?f,a) 1 = <p A [bo] , 

whence 

(%B,a) 1= (3t> 0 )[(j> A (t> 0 ) a W (i> 0 )] • 

Thus — {W(v q )} is finitely satisfiable in (31, B,a). But (31,£) is a- 

saturated and ae/. Hence there is some b 0 eA which satisfies Z' in (31 ,B,a). 
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Since fV(v 0 )eZ', b 0 eB . Again using the fact that 23<2I, it is easily seen 
that b 0 satisfies Z in 23. 

This completes the proof that 23 is a-saturated. 

§2. Ultraproducts and saturated structures 

In this section we describe Keisler’s method of obtaining saturated structures 
from ultraproducts. We shall be using the facts about good ultrafilters that 
we established in ch. 6, § 1(f). We assume that Lisa language with p symbols 
and that all structures we mention are realizations of L. The main result is 

Theorem 2.1. Let {SUp.iel} be a collection of relational structures and let 
F be an a-good, co-incomplete ultrafilter on I. Then the ultraproduct 

«=r 

is a-saturated, provided a >p. 

Proof. Suppose £<a, aeA 5 and I is a set of formulas of which is 
finitely satisfiable in (21 ,a). We need to show that 1 is satisfiable in (2t,a). 

Let 23 = (2l ,a). For £<£, a{QeA = AJF. Hence a(t) = (a i (£):ieiy/F , 
where, for i el, a t (Q is some element of A { . Thus if for i el, a i = (a i (Q: C < £>> 
23 can be written as an ultraproduct, 23 = Yl (%> a i )/F=[\% i /F,say. 

Since £,p<oc, card(T)<a, and so S^^Z) also has cardinal <a. 

We define the map g:5 (O (Z)-+0 > (I) by putting 

g(A) = {ieI:Z — A is satisfiable in 23J 

for each AeS^Z). 

Clearly, if A^A', then g (A)^g (A') and so g is a monotonic function. 
For each AeS C} (Z) let 0j(z; o ) be the conjunction of the formulas in I —A, 
and let 

o A = (3 v 0 ) (j) A (v o) • 

Since Z is finitely satisfiable in 23, each sentence a A is true in 23, and therefore, 
by Los’s theorem, 

{ieJ:23;l= a A }eF 

for each JeS f a} (2'). But, obviously, 

{ieI\ < $> i ¥a A }^g(A), 
and so we can conclude that for de-S^Z), 

g(A)eF . 
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Fis (^-incomplete, and therefore, by lemma 6.1.13, we can find a descending 
chain 

of elements of F, whose intersection is empty. 

We now define the map g'lS^Z)-*^^), by putting 

g'(A) = g(A)nX„, 

where n is the number of elements in Z — A. 

Clearly g' is a monotonic function from 3^(1) to Fand g'^g. Since Fis 
a-good and card(£)<a, we can conclude that there is a multiplicative 
function 

h:S a (Z)->F, 

with h^g'. 

For iel\ let n(i) be the greatest n<a> , such that ieX n and let 

Z(f) = {4>eZ:ieh(Z-{4>})}- 

Card(r(z))^«(z), for otherwise there would be a subset Z 0 of Z(i) of car¬ 
dinal n(i )+1 and then, using the fact that h is a multiplicative function, we 
would have 


ie n h(Z-{<t>}) = h(Z-Z 0 )^g'(Z-Z 0 )czX nii)+l9 

^elo 

which contradicts the definition of n(i). In particular it follows that Z(i) is 
finite, and again using the fact that h is multiplicative, we have 

ie H h(Z-{<j>}) = h(Z-Z(i)). 

<MT(i) 

But h^g, and so for all iel, 

ieg(Z-Z(i)), 

whence, by the definition of g , Z(i) is satisfiable in 23*. 

Choose frefj F*, so that for each iel, b(i ) satisfies Z(i) in 23*. We claim 
that b/F satisfies Z in 23. Indeed for all (j)eZ we have 

{i e /: S ; N $ [6 (i)]} 2 {i e /: 0 e Z (i)} = /i (I 1 — {(/>}) e F , 

whence 

{ie/:©il=^[b(0]}^F, 

and so, by Los’s theorem 

8 N $ [b/Fj . 
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We have therefore shown that 1 is satisfiable in © and the proof of the 
theorem is finished. 

Corollary 2.2. (G.C.H.) Assuming the generalized continuum hypothesis, 
for each infinite cardinal cc any relational structure of cardinal a + has an 
ot + -saturated elementary extension of cardinal a + . 

Proof. Let 31 be a relational structure of cardinal a + . By corollary 6.1.25 
there is an a + -good, co-incomplete ultrafilter F on a. Therefore, by the 
previous theorem 

93=31 */F 

is an a + -saturated elementary extension of 31. Since 
a + <card(B)<(a + ) a = a + , 

93 is of cardinal a + . 

We have now seen how two quite different constructions lead to the existence 
of saturated structures. Although the constructions are different the results 
of the next section show that they lead to the same saturated model. 

§3. More about saturated structures 

Our first result concerns the uniqueness of a-saturated structures. 

Theorem 3.1. For all cardinals a, any two elementarily equivalent a-saturated 
relational structures of cardinal a are isomorphic . 

Proof. Let 31,© be elementarily equivalent a-saturated relational 
structures of cardinal a. Let 

a = <a^: £<a> 

be an enumeration of A and let 

h = <h^:{<a> 

be an enumeration of B. We define, by recursion, two sequences 

a' = <a^:{<a>, 

&' = <6£:£< a> 

of elements of A,B respectively, such that for all £<a, 

(AJ\S) = QB 9 b'\Q ( 1 ) 

Suppose £<a and for all £<£ we have defined a[fi[ so that (1) holds. 
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Let X be the largest limit ordinal < £; there are two cases to consider: 

(i) . For some new, £ = X + 2n. In this case we let 

a Z = a A + n * 

Now let E be the set of all sentences of L% +1 which hold in (91, a' \ £, +1), and 
let E' be the set of those formulas of which are obtained from E by 
replacing all occurrences of the constant by the variable v 0 . 

Suppose {( p 0 ,...,(j ) k } is a finite subset of E'. Then 

oA-A^n [ay 

and so 

(?r,a' [£) ¥ (3i> o )[0o a • • ■ a </>*]. 

Therefore since, by hypothesis, (1) holds, 

(93,6' r 0 t= (3t>o)[0o A •• • A <j) k \, 

and so there is some element of B which satisfies {c} in (©,6'f£)* 
Therefore we have shown that X' is finitely satisfiable in (©,6' \ {). But S is 
a-saturated and therefore E' is satisfiable in (©,Z>7£)* We let be any 
element of B which satisfies E' in (S,6'f£)* It then follows that 

(%a'\Z + l) = (& 9 b'\e + l) 

with respect to the extended language L^ +1 . 

(ii) . For some n<a>, £=X+2n+ 1. In this case we let 

and a\ is defined in the same way that we defined b\ in case (i) above. 

In this way we define sequences a'eA a and b'eB* such that (1) holds for 
all £ <a. Therefore 

(91 ,«') = (»,*')■ 

It is clear from the construction that the range of a f is A and that the range 
of b' is B. Therefore, by theorem 4.1.12, 91 is isomorphic to ©. This com¬ 
pletes the proof. 

Notice that we have not assumed in this proof that a is infinite. Thus, 
together with lemma 1.3, this gives us another proof that finite elementarily 
equivalent relational structures are isomorphic. Also observe that theorems 
2.1 and 3.1 together with corollary 6.1.25 provide an alternative proof of 
Keisler’s ultrapower theorem. 

We can now begin to describe the connection between a-saturated 
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structures and the ideas of the previous chapter. It is convenient first to 
introduce some new definitions. 

Let 31 be a relational structure of cardinal a. We say that 31 is homogeneous 
if given any set B= {b^:^<p} of elements of A with /?<a, any map/ :B^A 
such that 

with respect to the extended language L^, where 

b = <b,:Z< py 

and 

m=u(b 4 y.^<py, 

can be extended to an automorphism of 31. Also we say that 31 is universal 
if any relational structure of cardinal ^a elementarily equivalent to 31 can 
be elementarily embedded in 31. 

It is clear from our remarks about full expansions in the previous chapter 
that if is the collection of full expansions of all relational structures 
elementarily equivalent to 31, then 

31 is homogeneous iff 31* is Jt*-homogeneous, 

and 

31 is universal iff 31* is Jt*-universal. 

This shows that our new definitions are closely related to those of the pre¬ 
vious chapter. We now connect them up with the idea of an a-saturated 
structure. 

Theorem 3.2. Let 31 be an a-saturated relational structure of cardinal a. 
Then 31 is homogeneous and universal 
Proof. This theorem can be proved by using essentially the same method 
as that used to prove theorem 3.1. We give a sketch of the proof here. 

Suppose B—{b^:^<p} is a subset of A of cardinal /?<a and/is a map 
of B into A such that, with the same notation as above 

(%b)=(%m). 

Thus (31/),(31,/(6)) are elementarily equivalent, a-saturated, relational 
structures of cardinal a. Therefore, by the previous theorem, they are iso¬ 
morphic. Any isomorphism between (31/) and (31,/ (b)) is an automorphism 
of 31 which extends /. This shows that 31 is homogeneous. 

Secondly, suppose 31 = 33 and card (33) < a. Using the same method as 
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used in proving theorem 3.1 we construct a sequence aeA p such that for 

«P 

(&,b\iX%a\Z ) 9 

where b = (b^:£<l3y is an enumeration of B with /?^a. It follows that 

(®,fc)s(SU) 

and so the map/:S->21 given by f(b^ = a% is an elementary embedding of 
23 into 21. This shows that 21 is universal. 

The converse of this theorem also holds. 

Theorem 3.3. Let 21 6e a relational structure of cardinal ca^p which is homo¬ 
geneous and universal. Then 21 is oc-saturated. 

Proof. Suppose £<oc, aeA* and 2 is a set of formulas of which is 
finitely satisfiable in (21, a). We need to show that 2 is satisfiable in (21, a). 

Let A be the set of all sentences of true in 21. Let L^ be the language 
obtained from L^ by adding a new constant symbol c, and let 2' be the set 
of sentences obtained from the formulas of 2 by replacing all free occurrences 
of v 0 by c. 

Since 2 is finitely satisfiable in (21, a) every finite subset of A kjZ' has a 
model. Therefore, by the compactness theorem, AvZ' itself has a model, 
and since 

card(zl 

we can assume that this model is of cardinal < a. Say it is 

(33,6,6') 

where beB and for rj <£, b n is the value of the constant c n , and 6'ei? is 
the value of c. 

Since (23,6) is a model of A, 23 is elementarily equivalent to 21. Therefore, 
because 21 is universal, there is an elementary embedding, say f of © into 21. 

Since / is an elementary embedding, (23,6) = (21,/(6)), but (©,6) is a 
model of A and so also (©,6) = (21,a). It follows that 

Now 21 is homogeneous, and therefore we can deduce from this that there 
is an automorphism of 21, say 6, which for ri<£ maps /(bf) onto a n . Let 
a! = hf (6'). Since h and / are elementary embeddings and (©,6,6') is a 
model of 2 ', it is clear that a' satisfies 2 in (21, a). 

This completes the proof that 21 is a-saturated. 
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Because of the equivalence exhibited by the last two theorems, we can easily 
translate the results of the previous chapter into the terminology of this. In 
this way we obtain the following improvement of corollary 2.2. 

Theorem 3.4. (G.C.H.) Assuming the generalized continuum hypothesis, for 
each regular infinite cardinal a ^ p + any relational structure of cardinal a has 
an oc-saturated elementary extension of cardinal a. 

Proof. Immediate from corollary 10.4.4 and the remarks above. 

We have already remarked that many of the results of ch. 10 proved under 
the assumption that is a K-class really depend on less restrictive assump¬ 
tions. Here we remark on just one consequence of this which we shall need 
in the next chapter. 

Theorem 3.5. If k <k — p, every infinite relational structure of cardinal < k 

has an elementary extension of cardinal k which is homogeneous. 

Proof. Let 21 be an infinite relational structure of cardinal ^ k , and let 
be the collection of all full expansions of relational structures elementa¬ 
rily equivalent to 21 together with all substructures of these full expansions. 

By theorem 4.3.3, 21 has an elementary extension of cardinal k. Now 
observe that in proving the homogenization theorem we only used conditions 
II, IV and VI K+ and that in proving theorem 10.4.2 we showed that -^* 
satisfies these conditions. Hence we can deduce that 31* has an -^-homo¬ 
geneous extension of cardinal k and thus that 21 has an elementary extension 
of cardinal k which is homogeneous. 

Corollary 3.6. Every relational structure of cardinal K 0 has an elementary 
extension of cardinal N 0 which is homogeneous. 

Proof. Since K 0 =Ko K ° this is immediate from theorem 3.5. 

Theorem 3.7. Let % be a countable relational structure which is the union 
of an elementary chain of homogeneous relational structures. Then 21 is also 
homogeneous. 

Proof. Suppose that 21 is the union of the elementary chain <2t$:{<a> 
where each 21^ is homogeneous. 

Suppose that B— {b 0 ,...,b m _ j} is a finite subset of A and /is a map from 
B to A such that 

(%b 0 ,...,b m - l )=(%f(b 0 ),...,f(b m _ 1 )). U) 

We show that / can be extended to an automorphism of 21. 
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Let a = <a„ :n<co} be an enumeration of A. We define, by recursion, two 
sequences 

(b m+k :k<co >, 

<f(b m+k )‘-k<(oy 

of elements of A such that for all k<w: 

0)- b m+k =a j9 if k = 2j is even, 
and 

f(b m+k )=a j9 if fc = 2/+l is odd, 
and 

Suppose /<«, and for k^l, b m+k and f(b m+k ) have been defined so as to 
satisfy (1) and (2). There are two cases to consider. 

First assume /+l=2y is even. In this case there is some C<a such that 
all of b 0 ,..., b m+l ,f(b 0 ),...,f(b m+l ) and cij are in A ( . Since it follows 

from (2) that 

(%,b 0 ,...,b m+l )^(%,/(b 0 ),...,/(b m+l )), 

and therefore, since 21^ is homogeneous, there is an automorphism h of 21 ^ 
which extends f We put 


f(b m +i + i) = h(aj) 

and (1) and (2) are satisfied with k replaced by 1+ 1. 

In the second case when /+l=2y-j-l is odd we repeat this argument 
except that we put f(b m+l+1 ) = a j and b m+l+l =h~ l (dj). 

Thus the sequences (b m+k :k<coy,<f (b m + k ):k<a)y are defined for all k. 
Since they satisfy (1) and (2) it follows that we have succeeded in extending 
f to an automorphism of 21. This completes the proof. 


§4. Special relational structures 

In this section we describe how theorem 3.4 can be extended to singular 
cardinals. We have already raised this question in ch. 10 and the example 
we gave there shows that theorem 3.4 fails to be true for singular cardinals. 
However we are able to define a class of structures whose properties are 
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very similar to those of saturated structures, and which can be proved to 
exist even at singular cardinalities. 

The relational structure 31 of cardinal k is said to be special if for each 
cardinal Xck, there is a A + -saturated relational structure 3l A such that 
<3l A :2 is a cardinal, X<k} is an elementary chain whose union is 31. The 
chain <3 I a :A</c> is called a specializing chain for 31. For notational con¬ 
venience we shall use X as a variable ranging over cardinals in this section. 
We begin with some trivial consequences of our latest definition. 

Lemma 4.1. Let 31 be an oc-saturated, relational structure of cardinal a, then 
31 is special 

Proof. For 2<oc, let 3l A = 3I. Then <3l A :A<a> is a specializing chain 
for 31. 

Lemma 4.2. If% is of cardinal a + , for some a, then 31 is oc + -saturated iff 31 
is special. 

Proof. One way round follows at once from lemma 4.1. Now suppose 31 
is special. If <3I A :/l<a + > is a specializing chain for 31, 3I = 3l a and so is 
a + -saturated. 

Recall that if a is a cardinal 

2 <a = £ 2 a . 

A<a 

The main theorem on the existence of special structures that we shall use is 

Theorem 4.3. If a =2 <cc , and a is greater than the cardinal of the language L, 
then any relational structure of cardinal <a, has an elementary extension 
which is a special relational structure of cardinal a. 

Proof. Suppose first that a is a successor cardinal, say a=/? + . Then 
a<2 /? ^2 <a = a, and so 2 p = f] + .The result is now an immediate consequence 
of theorem 1.7 and lemma 4.1. 

Secondly suppose that a is a limit cardinal. This implies that if /? < a, + < a, 
and we also have that if pcoc , then 2^<2 <ot = a. 

Now suppose 31 is a realization of L of cardinal y<a. We define the 
elementary chain <33 A :2<a) as follows: 

By theorem 1.7, 31 has a y + -saturated elementary extension, say 31' of 
cardinal 2 y . For we let 

® a = 3I'. 

If X is a successor cardinal, y<X<oc, say A = /? + , then we let 33 A be a 
fl + + -saturated elementary extension of 33/* of cardinal 2 P + . 
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If S is a limit cardinal, y<S<ct , then we let be a <5 + -saturated ele¬ 
mentary extension of 


X<d 


of cardinal 2 s . 

The existence of these 23 A is guaranteed by theorem 1.7. Then <23 A :A<a> 
is a specializing chain for 


A<a 


Therefore 23 is a special model, which by the union of chains theorem is an 
elementary extension of 21. 


Corollary 4.4. If a is a limit beth number greater than the cardinal of the 
language L, then any set , X, of sentences of L with an infinite model has a 
special model of cardinal a. 

Proof. If X has a model, X has a model of cardinal <a. Since a is a limit 
beth number 2 <a =a. The result now follows immediately from the previous 
theorem. 


Analogously to theorem 3.1 we have 

Theorem 4.5. If 21 and 23 are elementarily equivalent special models of the 
same cardinal , then 21 is isomorphic to 23. 

Proof. By corollary 8.1.2, we need only consider the case when 21 and 
23 are infinite. Suppose they are both of cardinal a and have specializing 
chains 

<2l A : A<a> 

and 

<93 A : A<a> 

respectively. 

Our proof that 21^23 will be an extension of our proof of theorem 3.1. 
Let aeA* and beB* be enumerations of A and B respectively. Clearly we 
can choose a so that whenever £<a and card(£) = A, then a^eA k9 and simi¬ 
larly for b. We are going to define by recursion two sequences a'eA a , b'eB * 
such that for each v < a, with card (v) = A, 

(i) . a' v eA x and b’ v eB x , 

(ii) . 0tt,a'rv+l)E=(®,6'rv + l), 

and 

(iii). a' = a^ + n , if v = ^ + 2« with n<co 9 
and 

b f y = b n + n9 if v = rj + 2n+ 1 with n<co . 
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Suppose fi < a, card (n) = A, and (i), (ii) and (iii) hold for all v<fi. Then by (ii), 



(%a'\fi)=^S,b'\n), 

(1) 

and by (i) 

a'\ne(A x y 


and 

b'\ne(B x y. 

(2) 

Therefore since 2l A -<2I and 23 A -<23, it follows from (1) and (2) that 



(K x ,a'\^(% x ,b'tn). 

(3) 


Since 3I A and 33 A are both /{/-saturated and /x<A + we can conclude from (3) 
that we can find a'^b'^ in A X ,B X , respectively so that (i), (ii) and (iii) are 
satisfied when v is replaced by jn, exactly as we did when proving theorem 
3.1. This completes the recursive definition of a\ b f . 

Clearly, by (iii), a',b' are enumerations of A,B respectively, and by (ii) 

(31 ,a') = (®,h'). 

We can therefore conclude, by theorem 4.1.12, that 

31^23, 

thus completing the proof. 

It is clear that, as was the case with a-saturated models, reductions of special 
models are also special. Also it is easy to see that theorem 1.9 still holds if 
‘a-saturated’ is replaced by ‘special’. 


§5. Historical and bibliographical remarks 

Saturated relational structures have a complicated history, particularly as 
they were studied before the concept was isolated and given a name. The 
reader is referred to Keisler [1961] for the details. Here we only remark 
that the idea grew out of some independent work of Morley and Vaught. 
The theorems in §1 are mostly due to these logicians. The connection of the 
notion with the ultraproduct construction is due to Keisler [1964ii] and 
the equivalence of saturated and homogeneous universal structures comes 
from Keisler [1961] where one half of the implication is attributed to Vaught. 

The notion of a special model is due to Morley and Vaught [1962], 
although our definition is a simplified version taken from Chang and Keisler 
[1966]. 



CHAPTER 12 


APPLICATIONS OF ULTRAPRODUCTS 


We begin this chapter by showing that two classical constructions in model 
theory, Godel’s construction in his proof of the completeness theorem and 
Skolem’s construction of a countable non-standard model of arithmetic, 
can both be viewed as ultraproduct constructions. Skolem’s result leads on 
to the more powerful theorem of MacDowell and Specker on proper 
elementary end extensions of models of arithmetic, and this leads on to a 
discussion of cardinal-like models and various two cardinal theorems which 
find an application in the next chapter. 

§ 1. Godel’s completeness proof 

In this section we give a version of Godel’s original [1930] proof of the 
completeness theorem for predicate calculus using the ultraproduct con¬ 
struction to simplify the argument at one point. Our proof will only be for 
sentences not containing the equality symbol though its extension to 
arbitrary sentences is quite straightforward. 

A sentence is said to be in Skolem normal form if it is of the form 


where (l>(x l9 ...,x m ,y l9 ... 9 y n ) is an open formula. We will need to make use 
of the following well known result. 

Theorem 1.1. Skolem’s normal form theorem 

For each sentence a there is a sentence t in Skolem normal form, which is 
provable iff a is provable, and universally valid iff o is universally valid. 

A proof of this result can be found, for example, in Church [1956], 
pp. 226 and 230, or Mendelson [1964], p. 88. 

Up to now we have used ‘co’ to denote the set of finite ordinals; in this 
section however we use W’ to denote the set of natural numbers, which is 
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really the same thing, and we use ‘ Q ’ to denote the sequence of natural 
numbers. So Q = <0,1,2,3, ...>. 

A simple argument now shows that the completeness theorem holds for 
universal sentences. 

Lemma 1.2. If G=(^v l )...(iv n ) (j)(v l9 ... 9 v n ) is a universal sentence, then either 
g is provable or there is a model % of “1 a, whose domain is the set of natural 
numbers . Indeed 21 can be chosen so that ... 9 v n ), that is, so that 

2ltl0[l, 

Proof. If (j) is a substitution instance of a propositional tautology, 
h <j> 9 and so, by the rule of Generalization, h a. 

Thus if a is not provable, (f) is not a substitution instance of a tautology. 
Therefore there is an assignment, say V, of truth values to the atomic 
formulas occurring in cj) under which <j> gets the value false. 

The realization 21 is defined as follows: the domain of 21 is the set N of 
natural numbers. If P is a k- ary predicate letter of L its value P n in 21 is the 
k- ary relation given by (n u ... 9 n k yeP<% iff the atomic formula P(v„ l9 ... 9 v nk ) is 
assigned the value true in the assignment V. 

Clearly 21N ~l<j) [1,that is, 2lN fl “! <j)(v l9 ... 9 v n ) 9 and so 21 is a model 
of “la. This completes the proof. 

Theorem 1.3. Godel’s completeness theorem 
Every universally valid sentence is a theorem. 

Proof. By Skolem’s normal form theorem it is sufficient to consider a 
sentence, say 

<t = (3mi) --(3m p )(Vpi)...(Vi’ 8 ) <j)(u 1 ,...,u p ,v 1 ,...,v q ), 
in Skolem normal form. 

We shall write this sentence, for abbreviation, as 

(3h)(V») (p(u,v), 

and adopt similar abbreviations throughout the proof. 

Let < x k :keco ) be an enumeration of all ^-tuples of variables of L and let 
(y k :kea>y be a sequence of ^-tuples of variables of L such that none of the 
variables in y k occur in any y t with i<k 9 or any x t with i^k. 

For each keco let 

4>k=4>(x k ,y, i), 


and let o k be the closure of \j/ k . 
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We prove by induction on k that for all keco, G k V<j\ 

°i =(v*i)0^i) <Hx u yi) 

and so, obviously, g x Y a. Now suppose G k - t YG. None of the variables in 
y k occurs in 1 j/ k _ 1 and hence 

(Vyidbl'k -1 V <t> (x k ,y k )~\ V (Vy*) (j) (x k ,y k ), 

that is 

(Vy*) I- 1 V (Vy k ) <t>(x k ,y k ), 

whence 


Now clearly 
and so 


<7 k ^'P k -iv(Vy k )(t)(x k ,y k ). 

\-(Vyk)4>(x k ,y k )-*a, 


o'* 1- v<r. 

Hence, by generalization, 

o k Yo k - k \c. 


But, by hypothesis, and therefore o k \-o which completes our 

induction. 

One of the following two cases holds: 

(1) . For some keco, Y o k . In this case, by what we have just proved, Yg. 

(2) . For all keco , not Yg k . Then, since G k is a universal sentence with 
matrix 1 j/ k , it follows from the previous lemma that for each keco we can 
define a realization of L, whose domain is the set of natural numbers, 
such that 

5M --n^k 


Suppose j >k. Clearly, then, bipk^j and so b ~]ip j-> k . Since, by con¬ 
struction, %t Q ~\\l/j, it follows that 5I J h n “li/'*. Thus {jeoj: < m j bif/ k } is 
finite. Therefore, if F is a non-principal ultrafilter on co, 

{jeco:%jb Q \l/ k }^F, 

and hence, by Los’s theorem, for each keco, 

51 Ki(o) It/'*, 

where 51 = 31 JF and d is the canonical embedding of N into N a /F. 

It follows at once that for each keco, 

91 • 


( 1 ) 
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Let 

23 = ?lM[iV]. 

Since d{Q)ed[N~\°\ and "1 <f) k is an open formula, it follows from (1) that 
for each keco, 

® ^ d(Q > ~~• <l>k > 

that is, for each keco , 
whence for each keco , 

Now as A: runs through co, runs through all /^-tuples of variables of L. 
Also the range of d(Q) is the domain of 23. Therefore 

%HVx k )-l(Vy k )<l>(x k ,y k ), 

and so 

23Nncr. 

Thus we have shown that a is either provable or not universally valid, com¬ 
pleting the proof. 

It is not difficult to extend this result to sentences containing the equality 
symbol, but since we have already given another proof of the completeness 
theorem we leave this as an exercise for the reader. 

Corollary 1.4. Herbrand’s theorem 
<t is provable ifffor some keco, 

'I'k = <t >(*i V • • • v <p(x k ,y k ) 

is a substitution instance of a propositional tautology. 

Proof. If i j/ k is a substitution instance of a propositional tautology, 
\-\j/ k . Therefore, by generalization, \~o k and so, since c k Yo, Vo. 

Conversely, if none of the formulas \j/ k is a substitution instance of a 
propositional tautology, then, by the proof of lemma 1.2, for each keco 
there is a model of ~la k and so o k is not provable. Therefore, by the proof 
of theorem 1.3, there is a model of Her and so cr is not provable. This com¬ 
pletes the proof. 

§2. A non-standard model of arithmetic 

The appropriate language for arithmetic, L, has one binary predicate letter S 
to represent the successor relation, two ternary predicate letters A and M 
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to represent addition and multiplication and the constant symbol 0 to 
represent zero. 

The standard model of arithmetic , denoted by is the model whose 
domain is the set N of natural numbers, whose relations are the usual ones 
and in which the value of 0 is 0. By the theory of complete arithmetic we 
mean the set Th(J r ) of all sentences of L true in JT. It follows from Godel’s 
incompleteness theorem, Godel [1931], that Th(J r ) cannot be recursively 
axiomatized. However it is possible to find a recursive set of axioms which 
enable one to prove a very large collection of true sentences of first order 
arithmetic. We will not bother to specify such a set of axioms for formal 
arithmetic here. A set of axioms appropriate for the language L can be found 
in Higman [1963] and other axiomatizations can be found in most of the 
standard text books. By the theory of formal arithmetic we mean the set of 
sentences provable in some system of formal arithmetic, to be specific say 
the system described in Higman’s lecture notes mentioned above. 

It follows from Godel’s incompleteness theorem that there are non- 
elementarily equivalent, countable models of formal arithmetic and thus 
models not isomorphic to the standard model. Such models are called tton- 
standard models of formal arithmetic. 

Also we know that if F is a non-principal ultrafilter on co then J^^/F is 
an elementary extension of JT of cardinal 2 No and so is not isomorphic to JT. 
Any model of Th(J^) not isomorphic to JT is called a non-standard model 
of complete arithmetic or just a non-standard model of arithmetic. 

Both these results leave open the possibility that all countable models of 
complete arithmetic are isomorphic, that is, that Th (J^) is K 0 -categorical. 
However it was shown by Skolem [1934] (see also Skolem [1955]) that it is 
possible to have countable non-standard models of arithmetic. We now 
describe a version of Skolem’s construction, again using ultraproducts. 

We have already remarked that if F is a non-principal ultrafilter on co 
then jV'^/F is an uncountable non-standard model of arithmetic. We obtain 
a countable non-standard model by taking a suitable elementary substructure 
of jV'^jF. 

Let d be the canonical embedding of JT into jV'^jF. Let 7?(jc,y) be the 
formula 

(3z)[ “I z = 0 a A (x,z,y)] . 

It is clear that 

JTY K[m,n] iff m<n 

in the usual ordering of the natural numbers. For each model of complete 
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arithmetic 51 we will use < to denote the total ordering of the domain 
given by 

a < b iff 51N R [a,b] . 

Since JF^/f is non-standard there is some m* in N*/F such that for all 
new , d(ri)<m*. Let X — d[N^\ u {m*}. By theorem 4.3.1 J r< °IF\X has a 
countable extension which is an elementary substructure of say 51. 

Since 51 contains m*, it is not isomorphic to JF 9 and so is a countable non¬ 
standard model of arithmetic. 

In this argument we have not specified the domain of 51 very precisely. In 
fact it is possible to be more explicit and to construct a countable non¬ 
standard model of arithmetic with a known domain. This is what Skolem 
originally did and we now describe his construction, except that we use 
ultraproducts instead of Skolem’s original combinatorial argument. 

A function /of n variables is said to be definable in./V' if there is a formula 
°f L such that for all m u ... 9 m n9 meN ., 

iff . 

We let#' be the set of all functions of one variable which are definable in jV'. 
Since we are identifying N with w we can regard #" as a subset of N < °. 

Lemma 2.1. (a) For each kew, the constant function with value k is in #\ 

(b) The identity function id, where for kew, id (k) — k, is in #\ 

(c) If ${v 0 ,Vu-.;V n ) is a formula with free variables v 0 ,... 9 v n and 

are all functions in SF, then there is some function g in SF such that for all 
kew, if there is some lew, such that 

^ N <3> [/,/, (fc),... (/c)], 

then 

(/c),/! (k)„. ,,f„ (fc)]. 

Proof, (a). If 4>(v lt v 2 ) is (3!‘i> 0 ) R(v 0 ,v 2 ), where R(x,y) is the formula 
described above, then 

*AF Y 0[m,n] iff n = k. 

(b) . If (/>(y l9 v 2 ) is v l =v 2 then 

j\FY<\) [m,n\ iff m — n. 

(c) . For 1 let i//i(v l9 v 2 ) be the formula which defines/ in N. We let 
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g be the function defined as follows: 

If for some / eco , 

then g{k ) is the least such k , otherwise g{k) = §. 

Let <t>(v l9 v 2 ) be the following formula 

(Vm,)...(Vu 1> ){[^ 1 (jji,u,)a- Ail/ n (v 1 ,uJ]-+[{(3v 0 ) <P(v 0 ,u u ...,u n ) 

-+[<P (v 2 ,u A (Vt; 3 ) {R ..,«„)}]} 

A {( Vy o) _ l<P(yo,Mi,---,« n )- + ^ 2 = 0 }]}. 

It is easily seen that N</>[/rz,w] iff n=g(m). Thus and so satisfies the 
conditions of (c). 

Now let F be any non-principal ultrafilter on co. We let 
&IF = {f IF e N^/F :fe^} 9 

and we let 

%=(jr°>iF)\(&IF). 

Theorem 2.2. *31 is a countable non-standard model of arithmetic which is an 
elementary extension of 

Proof. Since there are only countably many distinct formulas of L, 3F is 
countable and hence so too is 91. By lemma 2.1(a) is a subset of the 

domain of 91. Thus we will show that 91 -<jV' a> jF and hence 

that d[*/T]<9l. 

Suppose $(v 09 v l9 ... 9 v n ) is a formula of L and fx/F 9 ... 9 f n /F are elements of 
*/[iV] such that for some f/FeN^/F, 

jr*IFt*[flFJ 1 IF,...JJF r }. 

Then, by Los’s theorem, 

X = {lce(o:J r ¥<P [/(/c),/^),.. (fe)]}eF. 

Let g be the definable function corresponding to the formula <P and the 
definable functions f i9 ... 9 f n given by lemma 2.1(c). Then whenever keX 
there is some l eN, namely / =/(&:), such that 

Therefore 

X^Y = {keoj:^¥<P[g(k)J l (k),...J„(k)']}- 

Since XeF, YeF and so 

J^°‘/F¥<I>[glF,f l !F,...,f n jF]. 
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Now g/Fe^/F and therefore, by corollary 4.1.9, 

Since d[JS'~]~<J rco /F 9 we can immediately conclude that 

31 is therefore, up to isomorphism, a countable elementary extension of the 
standard model of arithmetic. It is easily seen that id IF , which by lemma 
2.1(b) is in 31, is greater than any of the elements in d[N~\. Thus 31 is not 
isomorphic to JT, This concludes the proof. 

Let 31,93 be any two models of complete arithmetic, with 33 an extension of 
31. We say that 93 is a proper extension of 31 if B— A is not empty, and that 93 
is an end extension if for all aeA and beB—A, a<b , that is, if all the ‘new’ 
elements are bigger than all the ‘old’ elements. 

It is clear that all elementary extensions of the standard model of 
arithmetic are end extensions. Thus theorem 2.2 can be restated as: 

the standard model of arithmetic has a countable proper elementary end 
extension. 

We show in the next section that all models of formal arithmetic have 
proper elementary end extensions of the same cardinal. 

§3. MacDowell and Speaker’s theorem 

For each new, we can prove, in formal arithmetic, the sentence which says 
that there is a unique element having exactly n predecessors, namely the 
sentence 

It follows that given any model, say 31, of formal arithmetic, for each neco, 
there is a unique element, say n m , in the domain of 31 with just n pre¬ 
decessors. We call the elements in {n m :neco} the natural numbers of 31. It is 
clear that 31 f {n n : n e a>} is isomorphic to the standard model of arithmetic. 
Thus each model of formal arithmetic can be regarded as an extension of 
the standard model. We have already remarked that all elementary exten¬ 
sions of the standard model are end extensions. Clearly 31 is an end ex¬ 
tension of 31T {n m :neco}. In this section we show that any model of formal 
arithmetic has a proper elementary end extension of the same cardinality. 
We need first the following fact about the standard model of arithmetic. 
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Lemma 3.1. Let f (n l9 ...,n k9 n) be a function of k+\ variables and let X be 
an infinite set of natural numbers . Then there is an infinite subset Y of X such 
that for each k- tuple n k } of natural numbers either 

(a) , there is some number p and some m in Y such that whenever n is in 

Y and n>m, then 

f(nn k ,n) = p 
or 

(b) . for each number p there is some m in Y such that whenever n is in Y 

and n>m, 

f(n 1 ,...,n k ,n)>p. 

Proof. There is some map n mapping the set of natural numbers onto 
all /r-tuples of natural numbers. For reco , if 7i(r) = <r 1 ,...,r fc ) we write 
f r (n) for / (r 1 ,...,r k ,n). 

We define the descending sequence of infinite sets as follows: 

*o = *. 

Suppose X r has been defined. Since X r is infinite either there is some infinite 
subset of X r on which f r is constant, in which case we let X r+1 be this infinite 
set, or there is some infinite subset of X r on which f r is a strictly increasing 
function, in this case we let X r+1 be this infinite set. Now for r ea>, we let y r 
be the least element of X r greater than the elements y s for s<r. It is not 
difficult to see that the set 

Y={y r :reo)} 

has the desired properties. 

Let L be the language appropriate for formal arithmetic. If we examine 
the proof of lemma 3.1 it can be seen that the set Y is defined uniformly from 
/ and X and that the whole argument could be carried out in formal 
arithmetic. We can conclude from this that we can associate with each 
formula ij/(v 0 ) and each formula <P(v l ,...,v k ,x,y) which defines a function of 
k+ 1 variables, say f(v l9 ... 9 v k ,x), another formula ijs'(v 0 ) such that the fol¬ 
lowing sentences are provable in formal arithmetic: 

A(i). (Vx)(3 j) |> ( y ) a x< j]->(Vx)(3^) [f(j)AKj>]. 

‘If ^ holds for arbitrarily large numbers, so too does i//'.’ 

A(ii). (Vx) O' (a-)-O(x)] • 

‘The numbers for which ij/' holds are a subset of those for which ij/ holds.’ 
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A(iii). (Vx)(3y)[\l/(y)AX<y]-+ 

(Vtij). ..(Vn t ){(3/ )(3x) [i j/' (x) a (Vj)(x< y a \j/' {y)-*^>(y u ...,v k ,y,t))] v 
(V0( 3 *) W (*) A (VjO(Vz)(x< j a i //’(y) a (»!,.. .,v k ,y,z)-*z> *)]} • 

‘If \p holds for arbitrarily large numbers, then for all v u ...,v k either there 
is some number t , and some number x for which ij/' holds and such that 
if y>x and ij/' holds for y, then f (v l9 ...,v k ,y) = t; or for each number t 
there is some x for which xj/' holds and such that if y>x and ij/' holds for 
y then f(v 1 ,...,v k ,y)>t.’ 

It follows from this that all these sentences are true in any model of formal 
arithmetic. We use this fact subsequently. 

Let 21 be any model of formal arithmetic with domain A and suppose 
card(^4) = m. We say that a function f:A n ^>A is parametrically definable in 
21 if there is some formula 

of L such that for some b l9 ...,b m in A , for all a u .a n+1 in A, 
yLt<P[b 1 ,...,b m ,a u ...,a n ,a n+i '] iff f(a u ...,a„) = a n+1 . 

In this case we say that / is defined by <P with respect to the parameters 

b±,.. .,b m m 

We let & be the set of all functions from A into A which are parametrically 
definable in 21. Clearly card(J r ) = m, and the functions in & satisfy the 
analogous properties to those laid down in lemma 2.1. (Note that in proving 
the analogue of 2.1(c) we use the fact that non-empty definable sets have a 
least element, although in a non-standard model of arithmetic with respect 
to the natural ordering the domain is not well-ordered.) 

It follows from this that if we take an ultrapower 21 A /F of 21 and then 
restrict it to ^/F, we obtain, up to isomorphism, an elementary extension 
of 21 of cardinal m. In order to ensure it is an end extension we need to 
choose F with some care. 

L is a countable language and hence we can arrange the formulas of L 
in a sequence 

($ k :kea>y . 

For each keco , and each finite sequence b = (b u ...,b m y of elements of A , 
we let f k>h be the function defined by <P k with respect to the parameters 
b l9 ...,b m , if there is such a function. Otherwise we let f kyb be the constant 
function with value 0. Thus for each f there is some keco , and some 
finite sequence b of elements of A such that f k , b =fi 
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Lemma 3.2. There is a sequence < X n :neco} of subsets of A such that 

(1) . i = I 0 Dl 1 Dl 2 D..Ol n D... } 

(2) . each X n contains arbitrarily large elements of A , that is for each aeA 

there is some beX n with a<b, 

and 

(3) . for each keco and each finite sequence b of elements of A either 

(a) , there is some be A and some a 0 eX k such that if aeX k and a 0 <a, 

thenf kfb (a) = b, 
or 

(b) . for each be A there is some a 0 eX k such that if aeX k and a 0 <a, 

then b < f k b (a). 

Proof. We have already remarked that the formal analogue of lemma 3.1 
holds in 31, that is that the sentences A(i)-A(iii) are valid in 31. Lemma 3.2 
now follows immediately. 

For each aeA let X a = {beA:a<b}. It is easily seen that the collection 
{X„:neco} u {X a :aeA }, 

where the sets X n are those given by the previous lemma, has the finite inter¬ 
section property and so can be extended to an ultrafilter F on A. Let d be 
the canonical embedding of 31 into 3LVF. We will show that 

$ = 3l x /Ff jF/F 

is a proper elementary end extension of d\_ 31]. By the remarks above it 
will be sufficient to show that 23 is an end extension of d[ 31]. 

Suppose //F is in the domain of 33. Then / e^ and hence for some 
keco and some finite sequence b of elements of A,f=f k b . 

Either (3a) or (3b) of lemma 3.2 holds. If (3a) holds there is some be A 
and some a 0 eX k such that 

X k nX a ° = {aeX k :a 0 <a}<={aeA:f k>b (a) = b}. 

By construction, X k r\X ao eF, and so 

{aeA :f kb (a) = b}eF . 

Hence 

flF=f k>b /F=d(b ), 

thus f/Fed\_A ]. 

If (3b) holds, then, by a similar argument, for each be A, 

f/F>d(b ). 

Therefore either//F is in d[A~\ or is greater than all the elements of d[_A~\. 
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This proves that 23 is an end extension of rf[9I]. This completes our proof of 
Theorem 3.3. MacDowell and Specker’s theorem 

Every model of formal arithmetic has a proper elementary end extension of 
the same cardinality . 

We will give an important application of this result in the next section. 

§4. Cardinal-like orderings 

Let <A", < ) be a totally ordered set. Y is an initial segment of X\i fc x and 
for all yeY and xeX, if x<y then xeY. < is said to be a cardinal-like 
ordering if each initial segment of X is of smaller cardinal than that of X. 
In particular if X is of cardinal m, we say that < is an m-like ordering. For 
example an ordered set of order type co is K 0 -like, since all its initial segments 
are finite. It is easily seen that all K 0 -like orderings are of order type co. 
However at higher cardinalities there are more possibilities. Thus if 9 is any 
order type of cardinal <K a , then the order type 0*co a is K a -like. 

Suppose that L is a countable language which contains a binary predicate 
letter P , and that I is a set of sentences of L. We say that I has an m-like 
model if E has a model of cardinal m in which the value of P is an m-like 
ordering of the domain. I has a cardinal-like model if it has an m-like model 
for some m. 

A natural question to ask, and one that will be of especial interest in the 
next chapter, is: if 27 has an m-like model then for which other cardinals rt 
does I have an n-like model? We get some information about this as a 
consequence of MacDowell and Specker’s theorem. 

Theorem 4.1. If I is a set of sentences with an tt 0 -like model, then for each 
infinite cardinal m, I has an m-like model 
Proof. Let 91 be an K 0 -like model of I. Without loss of generality we 
can assume that the domain of 91 is the set of natural numbers and that the 
value of P, say <, is their usual ordering. Let L' be the language obtained 
from L by adding two new ternary predicate letters A,M, a new binary 
predicate letter S and a new constant symbol 0. 

Let 

91'= (9M',M',S',0), 

where A\M\S' are the relations of addition, multiplication and successor 
on the set of natural numbers. 91' is therefore the standard model of 
arithmetic with some extra relations. Since these extra relations do not 
affect the proof of MacDowell and Specker’s theorem, by making use of this 
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result we can define the sequence <21^:£em> of structures as follows: 

*i = 2T, 

if A is a limit ordinal <m, 

and if £ = rj +1 is a successor ordinal <m, 21J is the proper elementary end 
extension of 21', of the same cardinal as 21', which MacDowell and Specker’s 
theorem tells us exists. 

Let 

%n= U%. 

£<m 

It is easily seen that 2l m , the reduction of 21^ to the language L, is an m-like 
model of I. 

It is very important to notice that the above proof only works because 21' 
is the standard model of arithmetic with some extra relations. The proof of 
lemma 3.1 is unaffected by the presence of these additional relations, and so 
the sentences A(i)-A(iii) of the extended language are provable in formal 
arithmetic. Since the structures 21^ are all elementarily equivalent to 21', these 
sentences hold in all the 2Q and so MacDowell and Specker’s theorem 
applies to them. 

The following example shows that the assumption that MacDowell and 
Specker’s theorem applies to any model of formal arithmetic with extra 
relations leads to a contradiction. 

Let 21 be a countable non-standard model of arithmetic and let R be a 
relation defining a one-one map of the natural numbers of 21 onto the domain 
of 21. If we assume that MacDowell and Specker’s theorem applies to 
21' = (21,/?), and its elementary extensions, we obtain, as in the proof of 
theorem 4.1, an uncountable elementary end extension, say S' = (S,/?'), of 
21'. Since 2I'-<S' and S' is an end extension of 21', R' defines a one-one 
map between a countable subset of S and the domain of S. But S is 
uncountable and so this is a contradiction. 

We owe this remark and counter-example to F. R. Drake. 


§5. Two-cardinal theorems 

Before we give further results about cardinal-like models we need to say 
something about two-cardinal theorems. Let L be a language containing a 
unary predicate letter U and let T be a set of sentences of L. We say that 
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Z admits the pair of cardinals if Z has a model of cardinal a in which 
the value of U is a set of cardinal /?. 

We now ask: if Z admits <a,/?> then for which other pairs of cardinals 
<y,<5> does Z admit <y,<5>? Our first answer is a simple consequence of the 
Lowenheim-Skolem theorem. Throughout the rest of this section we shall 
use a,/?,y,(5 to range over infinite cardinals. 

Theorem 5.1. Let Z be a set of sentences of cardinal <5. If Z admits <a,/?> 
then Z admits <y,y> for any y><5. Further if then Z admits <y,/?>. 

Proof. We add to L the set <c,,:^<y> of constants and let 

r = 1 u {c { #c„: Z<ri<y} u { U(c t ): £ <y} . 

Z admits <oe,/?> and so Z has a model 21 of cardinal a in which U®, the value 
of £7, is a set of cardinal ft. Since a and ft are infinite it follows that each 
finite subset of Z' has a model and therefore, by the compactness theorem, 
Z' itself has a model. The Lowenheim-Skolem theorem implies that Z', 
which is of cardinal y, has a model © of cardinal y. Clearly card (17®) = y 
and so Z admits <y,y>. 

Now suppose /?^y<a. By theorem 4.3.1 there is an elementary sub¬ 
structure 23 of 21 of cardinal y, which extends 21 \ U % . It follows that U®= U®. 
© is a model of Z and so Z admits <y,/?>. 

The next result is a simple application of the ultraproduct construction. 

Theorem 5.2. If Z admits <a,/?> then for any cardinal y, Z admits <a y ,j? y >. 

Proof. Let 21 be a model of Z of cardinal a such that card(U®) = /?. Let 
F be a regular ultrafilter on y. Then the ultrapower 

<& = WIF 

is also a model of Z, since it is elementarily equivalent to 21. By theorem 
6.3.21, card(B) = a y , and since 

u»=(u*yiF, 

card (U®) = /P, by the same result. 

This completes the proof. 

Recall that if a,/? are cardinals, 

oc^Ea*. 

3<fi 

Our next result is a slightly longer application of ultraproducts. 



Ch. 12, § 5 


TWO-CARDINAL THEOREMS 


247 


Theorem 5.3. If I admits <oc,/?>, then for any infinite cardinal y, I admits 

<a <y ,r y >. 

Proof. Let 21 be a model of 1 of cardinal a, in which [/«, the value of U > 
is of cardinal /?. 

We define the elementary chain <51^:<5<y> by recursion as follows: 

Suppose n + is an infinite successor cardinal < y and 91, has already been 
defined and is an elementary extension of 91 of cardinal a < ". 

Let F, be a regular ultrafilter on fi. We let 91, + be an elementary exten¬ 
sion of 91, which is isomorphic to the ultrapower 91//F,. Then 

card (/!,+)=card (Ay, by theorem 6.3.21 

=(« < T 

= a" 

= a < " + 

Secondly suppose that n is an infinite limit cardinal < y and for 8<[i 9lj has 
been defined and is an elementary extension of 91 of cardinal a <a . Then we 

let 91,= U^- 

Clearly 91, is an elementary extension of 91 of cardinal (x <l ‘. 

It follows from this that 

9I y =U9Ia 

9<y 

is an elementary extension of 21 of cardinal a <y . Similarly the value of U 
in 2l y can be seen to be a set of cardinal /? <y . Since 2l y , being an elementary 
extension of 21, is a model of T, the proof of the theorem is completed. 

Using certain results from set theory about the exponentiation of infinite 
cardinals various consequences can be deduced from these theorems. We 
single out just one general result for mention here. Not surprisingly, since 
it involves cardinal exponentiation, it depends on the generalized continuum 
hypothesis. 

Theorem 5.4. (G.C.H.) If I admits <oc,/?>, and <y,<5> are cardinals such that 
c)^card(I') and ot^y^S^P, 

then I admits <y,<5>. 

Proof. If <5 = /?, this is an immediate consequence of theorem 5.1. Sup¬ 
pose then that ft <8, then by the G.C.H. p <d = 8 and so by theorem 5.3, 1 
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admits <a <d ,S}. But 3^y^oc <5 and so, using theorem 5.1 again, we can 
conclude that I admits <y,<5>. 

We devote the next two sections to some more difficult two-cardinal theo¬ 
rems. Meanwhile we give an application of the simplest of the two cardinal 
theorems we have just proved to extend theorem 9.1.18 to infinite dimensional 
vector spaces. We will call such a vector space normal , if its dimension is 
equal to the cardinal of the field over which it is defined. 

Lemma 5.5. Each infinite dimensional vector space over an infinite field is 
elementarily equivalent to a normal vector space of the same cardinality. 

Proof. Let 91 be an infinite dimensional vector space which is not 
normal. Suppose 2t is of dimension a and is of cardinal p . (We are adopt¬ 
ing here the notation for vector spaces that we used in ch. 9.) There are 
two cases to consider. 

(i) . P < oc . Let 1 be the set of all sentences of L true in 31. With respect to 
the unary predicate letter F of L, I admits and so, by theorem 5.1, 
I admits <a,a>. Notice that we can choose the model 23 of I of cardinal a, 
with card (F$) = a, to be an elementary extension of 21. 23 is a normal vector 
space elementarily equivalent to 21 and of the same cardinal as 21. 

(ii) . oc < p . Let B be a basis for 21 and let L' be the language obtained 
from L by adding a unary predicate letter W. If I' is the set of all sentences 
of L' true in (21, B), I' admits </?,a) and hence has a model (23,F') of cardinal 
p with card(£') = /?. Since (©,/?') = (21,F), B f is a set of linearly independent 
vectors in 23. Therefore © is a vector space of cardinal p and dimension p 
elementary equivalent to 21. 

Theorem 5.6. Let A be any complete theory of infinite fields. Then the theory of 
vector spaces either of some specified finite dimension or of infinite dimension 
over fields which are models of A is complete. 

Proof. For vector spaces of specified finite dimension the result has 
already been proved as theorem 9.1.8. 

Suppose 1 is the theory of infinite dimensional vector spaces over fields 
which are models of A. Let 21,© be two models of I of cardinal a. By the 
previous lemma we can find normal vector spaces 21',©' of cardinal a, 
elementarily equivalent to 21 and © respectively. Since A is complete the 

fiddS W = <F ir ,S v ,P w ,O v >, 

are elementarily equivalent. By Kochen’s ultralimit theorem they have 
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isomorphic ultralimits say 51",23". Let 51 be the ultralimits of 51',S' 
respectively, with respect to the same ultrafilter sequences. Since 51',S' are 
normal, 51^,S^ are vector spaces of the same dimension over isomorphic 
fields. They are therefore isomorphic. We can immediately deduce from 
this that 5t = S. 

Since any two models of I of the same cardinal are elementarily equiva¬ 
lent, it follows from the Lowenheim-Skolem theorem that I is complete. 

§6. Vaught’s two-cardinal theorem 

Our aim is to show that if I is a countable set of sentences which admits 
<a,/?> with K 0 </?<a, then I admits <X 1 ,K 0 ). This result, due to Vaught, 
is not only of considerable interest by itself but also has important conse¬ 
quences for the theory of certain generalized quantifiers, which we explain 
in the next chapter. 

Let L be some countable language and let L' be the language obtained 
from L by adding the new unary predicate letter W. We associate with each 
formula (j) of L a formula 4> {W) of L', called the relativization of to W. 
is given by the following recursive definition: 

(1) . if <j) is atomic, (j) (W) = (j ). 

( 2 ) . 

(3) . = 

(4) . ({3v n )<t>) (iy) = (3t>„)( W (v„) a <f> (W) ) . 

Exercise 6.1. Show that 

h ((VO 4>f W) ^v n ){w(v n )^4> iW) ] • 

It can be seen that <j) iW) is the formula which ‘says the same thing’ about 
the elements satisfying W as (p says about all elements. 

Suppose now that U is a unary predicate letter, and that I is a set of 
sentences of L. For each formula <j) of L, whose free variables are among 
v 0 , ...,t? w _i, let 4> w be the sentence 

(Vu 0 ). • -(V«„-,)( W(v 0 ) A • • • A w (v n _ 0- . 

Let lyy be the set of sentences of L' consisting of the sentences in T, the 
sentences 

(vauw^w'W]. 

(3v 0 )^W(v 0 ), 

and all the sentences (j ) w , where (j) is a formula of L. 
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Vaught’s two-cardinal theorem is a consequence of the next two lemmas, 
the first of which is straightforward. 

Lemma 6.2. If I admits <a,/3> with X 0 ^/?<a, then I w is consistent. 

Proof. Let 31 be a model of I of cardinal a in which £/*, the value of 
U, is a set of cardinal /?. By theorem 4.3.1 there is an elementary substructure 
93 of 31 of cardinal /? such that 

3rri/a<=93-<31. 

Let B be the domain of 93. We claim that 31' = (31,5) is a model of I w . 
Certainly 31' is a model of 1. Since 31' is a model of 

(v * 0 )iu(v 0 )-+w(v 0 y } 9 

and because card (5) < card (A), 31' is a model of (3u 0 ) ”1 W(v 0 ). 

The sentences 

{(f ) w : <f) is a formula of L} 

say that the elements satisfying W form an elementary substructure, with 
respect to the language L, of the whole model, so, because 33-<3l, 31' is also 
a model of all these sentences. Thus 31' is a model of I w which is therefore 
consistent. 

The next lemma is more complicated and its proof relies heavily on the 
results of the previous chapter. 

Lemma 6.3. If I w is consistent, then I admits (K^Xo). 

Proof. Suppose l w is consistent, then Z w has a model. It is clear that 
any model of is infinite. Therefore if a is some uncountable limit beth 
number, it follows from corollary 11.4.4 that l w has a special model of 
cardinal a, say 

(%W 9 ). 

Since (31,is a model of I w , 

9frW u <9l. 

By the obvious extension of lemma 11.1.5, 91 and 91 f W %x haye the same 
cardinality and by the remark following theorem 11.4.5 they are both 
special models, and so by theorem 11.4.5, they are isomorphic. Let R^ be 
a binary relation on 91 which is an isomorphism between 91 and 91 f W n . 
Let L" be the language obtained from L' by adding a new binary predicate 
letter P, and let A be the set of all sentences of L" which are true in 

(%WM. 



Ch. 12, § 6 


vaught’s two-cardinal theorem 


251 


A has an infinite model, and so, by the downward Lowenheim-Skolem 
theorem, A has a countable model. By corollary 11.3.6 we can choose this 
countable model of A, say 

so that 23 is homogeneous. 

Since is a model of A and I W ^A, we can conclude that i?® is 

an isomorphism between 23 and 23 \ JT® which is a proper elementary 
substructure of 23. Also U®£ B®. Thus if 23 0 = 23 \ B® and Si = 23 we have 

(1) . S 0 i s a proper elementary submodel of Si- 

(2) . S 0 is isomorphic to Si and they are both homogeneous. 

(3) . U Bo =V mi . 

We now define an elementary chain <S,*:£<cOi> of homogeneous, count¬ 
able relational structures as follows: 

S 0 has already been defined. 

If £ = £ + 1 is a successor ordinal with ^<co l7 then S<* is the relational 
structure related to S; in exactly the same way that Si is related to S 0 . 
If S < cox is a limit ordinal then 

®j= U ®«- 

£<<5 

S^ is countable and the union of a chain of homogeneous structures and 
thus, by theorem 11.3.7 is homogeneous. Also each finite substructure of S* 
is isomorphic to a finite substructure of some S^ with f <5, and hence to a 
finite substructure of S 0 - We can therefore conclude from the isomorphism 
theorem that S^ is isomorphic to S 0 . 

This completes our definition of the chain <S^:^<cux>. Now let 

U ® 4 . 

£<a>i 

Then 

and hence 17® is of cardinal K 0 , while S W1 is clearly of cardinal Xi- But 
So<S W i and so S Wl is a model of I. Hence we have proved that I admits 
<Kx,X 0 >. 


From these two lemmas we can immediately deduce 
Theorem 6.4. Vaught’s two-cardinal theorem 

If I is a countable set of sentences containing the unary predicate letter U, 
which admits the pair of cardinals <a,/?> with N 0 ^ /? < a, then I admits <Nx,X 0 >. 
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The reason for splitting the proof of this theorem up in the way we have 
done will become apparent in the next chapter. 

In a similar way we can deduce 

Theorem 6.5. Let K a be a regular cardinal and let 1 be a countable set of 
sentences containing the binary predicate letter P which has an H a -like model 
Then I has an like model. 

Proof. By theorem 4.1 we need only consider the case a>0. Let 3l x be 
an N a -like model of T, and for simplicity suppose that < is the value of P 
in 

By theorem 4.3.1, 3l x has a countable elementary substructure, say 33 0 , 
with domain B 0 . Since X a is regular, there is a proper initial segment, say 
X 09 of A 1 which contains B 0 . Since < is N a -like, card (X 0 ) < K a , and so, 
using theorem 4.3.1 again, 3lj has an elementary substructure of cardinal 
<K a which extends $l t \X 0 . Proceeding in this way, we construct an ele¬ 
mentary chain <33„:«<co> of elementary substructures of 3l x each of car¬ 
dinal <X a such that the domain of 33„ + 1 contains an initial segment of A x 
which includes the domain of 33„. 

Let It is clear from the previous remarks that 3I 0 is a 

proper elementary substructure of % of cardinal <K a whose domain is an 
initial segment of the domain of 3lj. 

Now let L' be the language obtained from L by adding the unary predicate 
letter W. Let 

= {<t> w :(t> is a formula of L} 

{(V®o)[»F(eo)-(V«;i)[/»(r,.»o)- W(v ,)]] , (3r 0 )n W(v 0 )}. 

Then if A 0 is the domain of 5l 0 , 

«;=(9Mo) 

can be seen to be a model of l’ w and so X w is consistent. 

We now proceed as in the proof of lemma 6.3 and conclude that we can 
find isomorphic, countable, homogeneous models °f %w suc h that 

33o<®i an d the domain of 33 q is an initial segment of the domain of Si 
with respect to the ordering given by P. We can thus construct an elementary 
chain <33 ^:^<co x y of structures as in the proof of lemma 6.3, and we can 
conclude that 

»«,= U %'s 

£<<Ol 


is an N r like model of I. 
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§7. Chang’s two-cardinal theorem 

In this section we discuss C. C. Chang’s generalization of Vaught’s two- 
cardinal theorem to larger cardinals. The basic idea of the proof is the same 
as that used in the proof of Vaught’s theorem. At one point in this proof 
we used the fact that the union of a countable chain of countable homogene¬ 
ous structures is itself homogeneous. This does not extend to larger cardi¬ 
nals, and to get over this difficulty Chang had to resort to an ingenious 
device which we describe here. 

We shall prove Chang’s result only for countable languages. Its extension 
to uncountable languages is easy and we state this extension as a corollary 
to the main theorem. So we assume that L is a countable language with a 
unary predicate letter U. Let V be the language obtained from L by adding 
the binary predicate P and let L" be the language obtained from L' by adding 
the unary predicate letter W. 

Let I be a set of sentences of L. I P is the set of sentences of V consist¬ 
ing of all the sentences of I, the sentence 

a =(V»o)(Vpi)[P0> o ,j>i)-* U ( v ») a u ( p i)] > 

and for each formula 0 of L the sentence (j) P which is the closure of 

C/(z,)a — a[/(z„)a^z,)a-a^(zJ 

->@Vk)[P(v k ,Zl) A ••• AP(p t ,Z m ) A(Vp i+1 )[P(»i,» 4 + 1 )-*-0(» t+1 )]] 

where none of the variables z l9 ...,z m , v k ,v k+l occur in </>. 

Then we let I" be the set of sentences of L" consisting of all the sentences 
of I P , the sentences 

(v«OV (»<>)-► wW], 

(3p 0 )-l!F(ro), 

and for each formula (j) of L' whose free variables are among t? 0 , ... 9 v n _ u 
the sentence 

4>W = (Vv 0 )...(Vv„. t )[ fV(v 0 ) A - A W(v n _ x )-» . 

Thus r is the set of sentences obtained from I P in exactly the same way 
that we obtained I w from I in the previous section. 

To point the similarity with Vaught’s theorem we present the proof of 
Chang’s theorem as an immediate consequence of two preliminary lemmas. 

Lemma 7.1. If I admits the pair of cardinals with then I" 

is consistent . 
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Proof. Suppose I admits <a,/?> and that 21 is a model of 1 of cardinal a, 
with card ( 14 ) = /?. 

Since 17* is infinite, there is a binary relation on U 3 , which indexes all 
the finite subsets of in the sense that for each finite subset {u u ...,u m } of 
Ugj, there is some we such that for all aeA, 

(u,a}eP n iff a e {u u ...,u m }. 

It is then clear that 

9T=(SUV) 

is a model of T P . 

The remainder of the proof of this lemma resembles the proof of lemma 6.2. 
By theorem 4.3.1 there is an elementary substructure © of 21 of cardinal ft 
such that 

2ir^e23-<2l. 

Let B be the domain of 23. Then 

21" = (2 ¥,B) 

is a model of Z", which is therefore consistent. 

Once again, the difficult part of the proof is contained in the second lemma. 
In this case this lemma depends on the generalized continuum hypothesis. 

Lemma 7.2. (G.C.H.) If Z " is consistent then for any uncountable regular 
cardinal 5, Z admits <<5 + ,<5>. 

Proof. If Z " is consistent, Z " has a model. All models of I" must be in¬ 
finite. Therefore by theorem 11.3.4, if S is an uncountable regular cardinal, 
I" has a ^-saturated model of cardinal 3 , say 

2I / o = (2lo,^o^o), 

where 2I 0 is a realization of L. Since 21 q is a model of Z ", 

%o = %\W 0 <%, 

where 21 q = ( 2 l 0 ,^ 0 )- 

From this it is clear that W 0 is infinite and so by lemma 11.1.5 is of car¬ 
dinal <5. Similarly U 0 , the value of U in 2l 0 is of cardinal 3. By theorem 11.1.9 
and the remarks preceding it, since 2 Iq is ^-saturated, so too are 2 Iq and 
23 q> and therefore, because they are both of cardinal <5, by theorem 11.3.1 
they are isomorphic. 

Notice also that since the sentences 

(V»o)[[/(t> 0 )-W>o)] 
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and 


(Vv 0 )(Vv 1 )\_P(v 0 ,v 1 )-+U(v 0 ) a U (tfj)] 


are in £", the predicate letters U and P have the same values in So as in 9lo- 
We now set about defining an elementary chain <S^: £<S + } of relational 
structures such that for all v<<5 + : 

For each t, < v, SJ is isomorphic to So and whenever r\ < £, S^ is a' 
proper elementary extension of S' in which U and P have the same [*] 
values as in So- 
So has already been defined. 

If */==£+ 1 is a successor ordinal with rj <S + and for £<rj, SJ has already 
been defined so as to satisfy [*], we let S^ be the relational structure which 
is related to S£ in exactly the same way that Si is related to So- 
We now come to the tricky part of the proof; namely the recursion step 
for limit ordinals. Suppose ju is a limit ordinal n<S + and that for £<n S^ 
has been defined so as to satisfy [*]. Let 


S'=U23*. 

Clearly S' is an elementary extension of each S^, with £<ju, and is of 
cardinal S . Further the value of U in S' is the same as in So, namely U 0 . 
We are going to show that there is an elementary embedding of S' into S[> 
which maps U 0 onto U 0 . 

Let ueU 0 6 and aeB ,d be enumerations of U 0 andB' respectively, where B' 
is the domain of S'. We are going to define, by a second recursion, two 
sequences beB 0 6 and b'eB ,d such that for allv<<5: 

(i) . (So,&fv+l) = (S',£'fv+l), with respect to the extended language 

L v+i 

and 

(ii) . b' v = a ri+n , if v=rj + 2n with n<ca , 
and 

b v = u TJ+n , if v = r\ + In 4- 1 with n<a>. 
where in each case rj is the largest limit ordinal ^v. 

Suppose 2<S 9 and the sequences b and V have been defined for v<2 so as 
to satisfy (i) and (ii). It follows that, with respect to the extended language L\ 9 

(So,hfA)^(s',h'ro* a) 

There are two cases to consider. First suppose that 2 = rj + 2n 9 with«<ci>. In 
this case we let 
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Let A be the set of all formulas $ of F k such that 

A is finitely satisfiable in (23',6' \ X) and therefore, by (1), A is finitely satis- 
fiable in (©o^T^). But ©o is ^-saturated and X<S and so A is satisfiable in 
(23,o£>r/l). We let b k be any element of B 0 which satisfies A in (93 0 ,&f2). It 
follows that 

(%o,b\X + l)=(%\b'\X + l) 9 

with respect to the extended language L' k+l and so (i) and (ii) hold with v 
replaced by X. 

Secondly, suppose X = t] + 2n+l with n«x>. This case is more difficult. 
We let 

bx = U ri + n 

and we let A be the set of those formulas $ of F k such that 

(WoMX)t<}>\b k -\. 

A is finitely satisfiable in (©q,6 f 2), and so A is also finitely satisfiable in 
(23',6'f/l). We would like to be able to conclude that A is satisfiable in 
(S ',V \ 2), but since we do not know that 23' is ^-saturated we cannot do 
this straight away. We have now reached the crux of the proof where 
Chang’s device of introducing the extra predicate letter P to index finite 
subsets of the value of U plays its part. 

Note at first that since b k eU 0 , the formula U(v 0 ) is in d, and also that 
card (d)<<5. 

Let (Ap\p<CL} be an enumeration of the finite subsets of A , and for each 
P<ol let <j>f}(v 0 ) be the conjunction of the formulas in A p and the formula 
U(v 0 ). Then for p<a 

(W,b'\X)t(3vo)M*o)- (2) 

<l>p (^o) is a formula of V k and so contains a finite number of constants of L' A , 
say c^... 9 c u with £iThus from (2) it follows that 

There is some ordinal Cp<H such that 

b ti’— b L eB <,’ 

and so, because 
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we have 

Hence there is some u p eU 0 such that 

93' t= ^/» lup,b' Cl ,..., b l']. 

Observe that if A p ^A y , then 

and so, since u y eJJ 0 ^B[^ 

Now for each /?<a, let 


Using the fact that ©^ is a model of and hence of all the sentences (f > P , 
it can be seen that r p is finitely satisfiable in ©^ when the constants d y are 
interpreted as referring to the elements w y , and c ?1 ,...,c Ck are interpreted as 
referring to b^ i9 ... 9 b^ k . But ©£ is ^-saturated and so is satisfiable in ©£ , 
say by the element w p e U 0 . Thus for each p <a we can find some w p eU 0 such 
that 

1= (V»,X^(o 0.®i)- > ^(0i))[^,6{ I ,...,6 fo ] (3) 

and 

©^ N P |>„«, y ] whenever ^ s . 

Let : P < a} be a new set of constant symbols and let 

r = {P(e fi ,v 0 ):P<a}. 

r is a set of sentences of the language obtained from L' by adding the 
constants 

Suppose {P(e p ,v 0 ): 1 ^ isafinitesubset ofT. Lety<abetheordinal 
such that 

A y = A Pl u--*u A fim . 

Then for 1 < / <m, 

Therefore, because 

and w Pi ,u y eU 0 ^B' 09 for 1 ^ 

®' 0 NP[w^,mJ. 
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This shows that r is finitely satisfiable in 

where w = <w^:^<a>el/ 0 a . But So is ^-saturated and oc<S. Hence r is 
satisfiable in (Sq,w) an d so there is some ueU 0 such that for all /?<oc, 


We show that u satisfies A in (JB\b'\X). Clearly it is sufficient to show that 
for all fi< a, f X) ¥ 4> t [«]. 

So suppose /?<a. Then Sq^ P [h^,w] and therefore, since Sq^S^ 

% t=p [ w ’^ u ]> 

whence by (3), 

15 ^ [“Al--*?J» 

and since S^-<S', 

93'l=4v 

that is, 

(S',&'fA)^[V|. 


Hence, at long last, we have shown that A is satisfiable in (S',6'f A). So if 

we put ,, 

b x = u, 


(i) and (ii) will hold with v replaced by X. 

Thus the sequences b and b' can be defined so as to satisfy (i) and (ii) for 
all v<S. It follows that 

(®'o,&) = (»',*'). 

with b' an enumeration of B f and with U 0 contained in the range of b. Thus 
the map h: S'-* So given by 

h(b' v ) = b v for v<<5, 

is an elementary embedding of 23' into So which maps U 0 onto U 0 . 

From this we can deduce that S' has an elementary extension S^ which 
is isomorphic to SJ>. This completes the recursion step for limit ordinals in 
our definition of the elementary chain <SJ:£<(5 + >. It follows that we can 
define this chain so as to satisfy [*] for all £<S + . 

Let w =(W= U SJ. 

4<d + 

Clearly 21, being the union of a properly increasing chain of S + structures 
each of cardinal S, is of cardinal S + . The value of U in 21 is U 0 and so is a 
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set of cardinal <5. 9T is an elementary extension of each 23^ and so is a model 
of I P . Therefore 2lis a model of I. 

This completes the proof that I admits <<5 + ,<5>. 

Theorem 7.3. (G.C.H.) Chang’s two-cardinal theorem 

If I is a countable set of sentences which admits the pair of cardinals (oc,py 

with K 0 ^/?<a, then for each regular cardinal 3, I admits <<5 + ,<5>. 

Proof. In the case <5 = X 0 this is Vaught’s two-cardinal theorem, and in 
the case <5>X 0 this is an immediate consequence of the two preceding 
lemmas. 

The extension of the proof of theorem 7.3 to uncountable languages is 
straightforward and we have 

Lemma 7.4. (G.C.H.) If I is a set of sentences which admits the pair of cardinals 
<a,/?> with K 0 ^/?<oe, then for any regular cardinal 3 > card (I), I admits 
<<5 + ,< 5 >. 

Proof. The proof of this lemma is immediate from the proof of the 
preceding theorem. 

§8. Historical and bibliographical remarks 

Gddel’s proof of the completeness of predicate calculus can be found in 
Godel [1930]. The suggestion that his proof could be viewed as an ultra¬ 
product construction was made to us by J. N. Crossley. Herbrand’s theorem 
can be found in Herbrand [1930]. The syntactic proof given there contains 
errors but it has recently been corrected (see Dreben, Andrews and 
Aanderaa [1963], Dreben and Aanderaa [1964], and Dreben and Denton 
[1966]). 

Skolem’s construction of a countable non-standard model of arithmetic 
was first presented in Skolem [1934] and again in Skolem [1965]. The re¬ 
lation between Skolem’s construction and ultraproducts is discussed by 
Scott [1961]. 

Theorem 3.3 is due to MacDowell and Specker [1961] and its appli¬ 
cation to theorem 4.1 was pointed out by Fuhrken [1964]. The two- 
cardinal theorems of §5 are due to Chang and Keisler [1962]. Vaught’s 
two-cardinal theorem is proved in Morley and Vaught [1962]. Our 
version of the proof is based on a remark by Fuhrken [1964] p. 293, as also 
is its use to prove theorem 6.5. Chang’s two-cardinal theorem is proved in 
Chang [1965]. 
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In everything we have done so far the underlying languages have been based 
on first order predicate calculus. We have seen that these languages have 
several very convenient properties. We can sum these up as follows. 

1. The completeness theorem. The importance of this result is not so much 
that some particular finite set of axioms is sufficient for proving all uni¬ 
versally valid sentences, but that this shows that the universally valid sen¬ 
tences form a recursively enumerable set. We used this fact when we showed 
that recursively axiomatizable, complete theories are decidable. 

2. The compactness theorem. The reader will already have come across 
several important applications of this theorem. It will be evident that if this 
theorem broke down completely the construction of models would be very 
awkward. 

3. Lowenheim-Skolem theorems. The usefulness of these theorems should 
also be apparent. In particular it should be noted that Vaught’s test for 
completeness depends on them. 

4. Char act erizability of many mathematical notions. There would not be 
much point in pursuing the study of first order predicate logic, if the lan¬ 
guages we were investigating could not be used to say anything interesting. 
But, as we have seen, many algebraic notions can be described by sentences 
of first order predicate logic. 

Despite all these ‘nice’ properties, first order predicate calculus does not 
quite fulfil the function of a universal language or characteristica universalis 
for all of mathematics. For example, as we have already noted, only finite 
structures can be described categorically by sets of sentences of first order 
predicate calculus, and certain notions, such as that of a well-ordering 
cannot be described at all. 

It is natural, therefore, to investigate the extent to which classical predicate 
calculus can be extended in ways which preserve as many of the ‘nice’ 
properties as possible while increasing its expressive power. We describe 
two directions such investigations have taken in the last two chapters of this 
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book. But it is not possible, in the space available, to discuss even these in 
great detail, and we will often leave it to the reader to pursue his study in 
the original publications of research in this area. 

§ 1. Generalized quantifiers 

The first thing to notice is that some of the ‘defects’ of predicate calculus are 
immediate consequences of its ‘nice’ properties. Thus we have seen that the 
compactness theorem implies the upward Lowenheim-Skolem theorem and 
that this implies that infinite structures cannot be characterized by cate¬ 
gorical axioms. So at once we have to make a choice about which properties 
we want to preserve. We now set about describing some of the choices that 
can be made. 

In this chapter we discuss the effect of adding new quantifiers to the 
language L. The possibility of doing this was originally suggested by 
Mostowski [1957]. 

We can regard quantifiers as operators which pick out certain subsets 
from among all the subsets of the domain of a given realization. Thus the 
existential quantifier picks out the non-empty sets, and the universal quanti¬ 
fier just the whole domain itself. 

Our first thought, therefore, might be to identify generalized quantifiers 
with functions which associate with each realization a collection of subsets 
of its domain. Let A be such a function. We let V be the language obtained 
from L by dropping the existential quantifier and replacing it by the general 
quantifier symbol Q. Then we interpret Q as the generalized quantifier A, if 
we replace the satisfaction clause for 3, by the following clause for Q: 

21MQ v n)(p iff {asA-M\= x( „ /a) (l)}eA(%). 

A moment’s reflection will however show that in order to meet our intuitive 
idea of what a quantifier is we must place some restrictions on the function A. 

First, since quantifiers operate on sets the values of A should be independ¬ 
ent of the structure 51 and should depend only on the set A which is the 
domain of 51. Secondly, quantifiers should not distinguish between elements 
but should pick out sets only according to their ‘size’ compared with that 
of the domain. Thus if n is a one-one map of A onto B , and XsX(A) then 
we require that 7i [Af]eA(Z?). 

These considerations lead us to give the following somewhat cumbersome 
definition of a generalized quantifier or interpretation of a quantifier symbol. 
An interpretation of a quantifier symbol Q is a map p Q defined on all ordered 
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triples <rrt,n,p> of cardinals, such that m + n = p and taking the values 0 
and 1, Corresponding to this interpretation we have the following satis¬ 
faction definition for the quantifier symbol Q: 


where 


and 


9lN x (Q v n)(t> iff P Q (m,n,p) = 1 > 

m = card ({a e A : N x(n/a) <j>}), 
n = card ({a e A : itt t= x(n/a) 1<j)}) 

p = card (A). 


It can be seen that this definition corresponds with our intuitive idea and 
that it is the broadest definition which does so. 


Examples 

1.1. If 

p Q (m,rt,p)=l iff mSsl, 


then Q is the existential quantifier. 

1.2. If 

p Q (m,rt,p) = l iff n=0, 

then Q is the universal quantifier. 

1.3. If 


p Q (m,n,p) = l iff m = k, withfceco, 

then Q is the quantifier 3!* which says ‘there are exactly k\ Clearly this 
quantifier can be defined in terms of the existential quantifier. 


We give further examples in the next section. 


§2. The quantifiers Q„ 

The quantifier Q x is interpreted as saying ‘there exist at least K a ’ Q a is thus 
the quantifier corresponding to the function f.i Qx given by 

p Q<t (m,n,p)=l iff m>X x , 

or, more straightforwardly, it is the quantifier defined by the satisfaction 
clause 

91 t x (Q a v„)4> iff card ({a eA:% l= x( „ /a) <£}) > K a . 

We let L Qs be the language obtained from L by adding the quantifier Q a . 
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In a realization of L Qa of cardinal < K a the quantifier Q a acts trivially and 
(Q a x)(j)(x) is always false. To eliminate trivial complications, therefore, 
when we are talking about the language L Qa we assume that all realizations 
are of cardinal 

A simple argument shows that the compactness theorem, in its full 
generality, does not hold for any of the languages L Qa . 

Theorem 2.1 . For each a, there is a set I of K a sentences of L Qx , such that 
each finite subset of 1 has a model, but I itself does not have a model. 

Proof. Let {P^fcK*} be a collection of K a unary predicate letters. 
We let 

* = {(3»o )|\Po (v 0 ) a P, (®o)]: 0 < { < K a } 
u{n(3i) 0 )[^K)AP,(i; 0 )]:0<^<> 7 <X a } 
^{"l(Q„» 0 )Po(»o)}. 

The first two sets of sentences making up I imply that the value of P 0 is a 
set of cardinal contradicting ~l(Q a v 0 )P 0 (v 0 ), thus I does not have a 
model. However, since only finitely many of the predicate letters P ? occur 
in any finite subset of I, it is easily seen that each finite subset of I has a 
model. 

Although this shows that the full compactness theorem does not hold for 
any of the languages L Qa it still leaves open the possibility that it might hold 
for comparatively small sets of sentences. Let us say that a language is 
m -compact if whenever E is a set of sentences of the language of cardinal 
such that each finite subset of 1 has a model, then I itself has a model. 
The previous theorem shows that L 0a is not N a -compact; it leaves the 
possibility that L Qa is m-compact for some m<N a . Not surprisingly, we 
can use the ultraproduct construction to obtain some results in this direction. 

If n is an infinite cardinal, we say that n is small for N a if whenever 
{rrtjW'e/} is a collection of cardinals each less than N a and card(/)<n, we 
have 

n 

iel 

Theorem 2.2. Los’s theorem for L Qa . 

Let {91,.:/ e/} be a collection of relational structures, and let F be an ultrafilter 
on /. If card {I) is small for N a then for any formula (f) of L Q and any sequence 

//FetflW 


nWtfir* ^ {ieI:%¥ ni)< l>}eF. 
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Proof. The proof is by induction on the number of logical symbols in </>. 
The proof for atomic formulas and of the induction steps for the connectives 
”1 , a and the quantifier 3 are exactly the same as in the proof of Los’s 
theorem for L (ch. 5, §2). 

Suppose now that the theorem holds for the formula \f/. We will show that 
it holds also for the formula (j>~(Q a v n ) i/l 

For iel, let B i = {aeA t N /( 0 (n/fl) i/'}. Clearly, by the induction hypothesis 

n Bj/F = {fl e n AJF : U %/F ¥ flP(nla) 4>} . 

Let X = {iel:%^ f(i) (Q a v n ) ij/}. If XeF, then by theorem 6.2.2, 
cardQl B i /F) = card(n BJF\X). 

ie I ieX 

By the definition of X, for i e X, card (B f ) 7? and hence card (FI B,jF \ X) > 

and therefore card (J ] B i /F)^S\ x . Thus 

n %/ f i=//f(q«o») ^ • 

Now suppose X£F. Then I—X= TeFand 

card (ne,/F)=card (fl BJF\Y). 

For i e Y, card (B t ) < and so 

card (n Bj/F) = card (Hi B i! F \ y )< II card ( B d < > 

ie Y 

since card (7), and a fortiori card (7), is small for K a . Thus 
not H%IF¥ flF (Q x v„)il/. 

This completes the proof of the theorem. 

Theorem 2.3. If n is small for K a , L Qge is n-compact. 

Proof. We have just seen that if n is small for N a , Los’s theorem applies 
to ultraproducts containing not more than n factors. Therefore, using ultra¬ 
products, we can prove theorem 2.3 in exactly the same way as we proved 
the compactness theorem for L (ch. 5, §4). 

Corollary 2.4. If N 0 is small for X a , L Q<x is tt 0 -compact. 

Clearly K 0 is not small for any cardinal <2^° and, in particular, K 0 is not 
small for K A . Thus theorem 2.3 cannot be used to show that L Qi is N 0 - 
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compact. This result can however be proved by a method we indicate later 
in this chapter. The general question of which cardinals are small for N a is 
a problem in set theory and we do not discuss it here. The reader can find 
what is known about this question in Bachmann [1967]. 

The downward Lowenheim-Skolem theorem for the languages L Qa is 
proved by a natural extension of the method that we used to prove the 
result for L. 

Theorem 2.5. Let % be a realization of L Q% of cardinal rt, and let C be a 
subset of A of cardinal p. Ifm is a cardinal ^ the cardinal of the language 
L Qoc and ^K a such that p^m^n then 91 f C has an extension 93 of cardinal 
m which is an elementary substructure of 91. 

Proof. Let A <to be the collection of all finite sequences of elements of A 
and let be the set of all formulas of L Qot . We define a function 

h:^xA <( °^(A) 

as follows: 

Suppose (f)(v 0 ,...,v n ) is a formula of L Q<x with free variables among 
v 0 ,...,v n and a = <a 0 ,...,a n _ 1 ) is a sequence of elements of A. There are three 
cases to consider: 

(1) . WKQaO0t>Ov -A,-l]- 

In this case the set {aeA'Mtfj) [a 0 ,.„,a n ~ x ,a~]} is of cardinal and 
we let h (</>,a) be any subset of this set containing exactly K a elements. 

(2) . not 91N (Q„v n ) 4> K,... ,a„ _,] but 911= (3u„) <£ [a 0 , ... ,a„ _ ,]. 

In this case {aeA'Mtcj) [a 0? ... ,a n _ u a\} is non-empty and we let /*(</>,a) 
be any one-element subset of this set. 

(3) . not 911= (3t>„) <£[a 0 ,. 

In this case we let h be the empty set. 

Now we define the sequence (B n :ne a>> of subsets of A as follows: 

B 0 is any subset of A of cardinal m which contains C. 

B n +i = U {h (0,a): <j) is a formula of L Qa with free variables among v 0 ,...,v n 
and a = <a 0 ,...,a M _ 1 ) is a sequence of n elements from 

Just as in the proof of the analogous result for L (theorem 4.3.1) it can be 
seen that for neco, B n ^B n+l and card(£„) = m. Therefore if B=U„ e(0 B n , 
card(£) = m and by construction C^B. 

If we let 93=9lfi?, then an argument similar to that used in proving 
theorem 4.3.1 shows that 93-<9I. 
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Corollary 2.6. The downward Lowenheim-Skolem theorem for L Qa . 
Let I be a set of sentences of L Qa of cardinal m. If 1 has a model of cardinal 
^m + K a then I has a model of cardinal rrt + N a . 

Just as the case with L, we can use this result to prove an analogue of 
Vaught’s test for L Qa . 

Theorem 2.7. Vaught’s test for L Qa . 

Let I be a countable set of sentences of L Qol which is K a - categorical, then I is 
complete . 

Proof. Note, that since we are adopting the convention that all reali¬ 
zations of L Qa must be of cardinal we do not need to impose the 
restriction that I has only infinite models in the statement of this theorem. 
The proof is similar to that of the analogous result for L. 

It should be noticed that ‘complete’ here means ‘semantically complete’ in 
the sense that all models of I are elementarily equivalent, that is complete 
according to our original definition of this concept. As yet we have not 
discussed the possibility of axiomatizing any of the languages L Qa and so 
we have no analogue of theorem 9.1.7 equating semantic and syntactic 
completeness. Indeed we can use theorem 2.7 to show that in one case it is 
impossible to find a recursive set of axioms for L Qa . 

The quantifier Q 0 ^says ‘there exist at least X 0 ’ or equivalently ‘there exist 
infinitely many’ and so ~lQ 0 says ‘there are only finitely many’. The fact 
that we can in this way express the notion of a finite set in L Qo shows how 
much more powerful L Qo is than L. In fact L Qo contains a categorical set of 
axioms for arithmetic. Let FA be any usual set of axioms for first order 
formal arithmetic and let 

FA* = FA u {(Vi>o) _ l(Qot> 1 )0’i <” 0 )} > 

then in any model of FA * the elements form an ordered set of order type co 
with respect to the natural ordering. Hence the model contains no non¬ 
standard elements and so is isomorphic to the standard model of arithmetic. 
This shows that FA * is a categorical set of sentences and thus, by Vaught’s 
test for L Qo , is semantically complete. We can deduce from this that there is 
no recursive axiomatization for L Qo : 

Theorem 2.8. There is no recursive axiomatization of L Qo such that for any 
set I of sentences of L Qo those sentences provable from the assumptions I 
are precisely those sentences true in all models of I. 
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Proof. If there were such a recursive axiomatization the set of sentences 
true in all models of FA* would form a recursively enumerable set, and 
hence the set A of those sentences of L Qo not containing Q 0 true in all 
models of FA* would be a recursively enumerable set. Since FA* is cate¬ 
gorical A is the set of all sentences true in the standard model of arithmetic. 
But, as is well known, it follows from Godel’s incompleteness theorem for 
arithmetic that this set of sentences is not recursively enumerable. This 
contradiction proves the theorem. 

Note that this last result leaves open the possibility that there is a recursive 
set of axioms for L Qo in the weaker sense that the axiomatization be suffi¬ 
ciently strong to prove all universally valid sentences but not necessarily 
strong enough to prove from I those sentences true in all models of I, for 
an arbitrary set I of sentences. To see that such a recursive axiomatization 
is not possible, it is sufficient to observe that by dropping the induction 
schema from FA* we obtain a finite set of categorical axioms whose con¬ 
junction is o’, say. Then a sentence t of L is true in the standard model of 
arithmetic iff g-+ t is universally valid. Thus if the universally valid sentences 
of L Qo were recursively enumerable, so also would the sentences of L true 
in the standard model of arithmetic, and we again would have a contra¬ 
diction. 

Clearly theorem 2.8 can be generalized so as to show that there is no 
language L* such that 

(a) , there is an N 0 -categorical recursive set of axioms for arithmetic in L* 

(b) . every countable set of sentences of L* with an infinite model has a 
countable model, 

and 

(c) . there is a recursive axiomatization for L*. 

This is another restriction on the possible ‘nice’ extensions of L. In the next 
section we describe a language with a generalized quantifier for which (a) 
and (c) hold but (b) breaks down. Ordinary predicate calculus is a language 
with properties (b) and (c), and we have just seen that L Qo satisfies (a) 
and (b). 

§3. The Chang quantifier 

We let Q be the quantifier corresponding to the function fi Q given by 

* 


// Q (m,n,p) = l iff m = p. 
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or more straightforwardly, it is the quantifier defined by the satisfaction 
clause 

iff card ({a e /l: 91 ^ xin / a) <t >})—card (/l). 

Q is called the Chang quantifier after C. C. Chang, and sometimes the 
equi-cardinal quantifier. 

Notice that in a finite structure Q behaves like the universal quantifier. 
To avoid trivial complications when talking about Q we shall adopt the 
convention that all structures are infinite . Also in a realization of cardinal 
Q behaves like the quantifier Q a described in the previous section. It follows 
from this that many of the results about the quantifiers Q a and the quantifier 
Q are intertranslatable although this is not true for any of the results 
mentioned in the previous section. It is however also possible to obtain a 
variant of Los’s theorem for the language L Q obtained from L by adding the 
quantifier Q. This we now do. 

We say that the cardinal m is n-normal if for any collection {m$:£<n} 
of cardinals each less than m, we have 

fl rrt 5 <m tt . 

Theorem 3.1. Los’s theorem for L q 

Let {5t f -: / el} be a collection of relational structures each of cardinal m. If m 
is card (If normal and F is a regular ultrafilter on I, then for any formula <j) 
of Lq and any sequence fjFe cn A it F Y 

I] %IFY flf 4> iff {ieI:%¥ m <t>}eF. 

Proof. Notice that by theorem 6.3.21, since Fis regular card (fj A-JF) = m". 
With this observation in mind it is now easily seen that the theorem can 
be proved by adopting a method similar to that used to prove theorem 2.2. 

Theorem 3.2. Let I be a set of sentences of L Q each finite subset of which 
has a model of cardinal m. If va is card {If normal then I has a model. 

Proof. We can assume L is infinite. Let / = 5 C> (Z); since I is infinite 
card (/) = card (Z). By hypothesis for each A el, there is a model of A 
of cardinal m. 

For AeS a (Z), let 

A^iA'eS^iy.A^A'}. 

It is easily seen that {A*:AeS 0) (Z}} has the finite intersection property and 
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so can be extended to an ultrafilter F on /. We will show that F is a regular 
ultrafilter. 

Let g be any one-one map of I onto S«,(£)=I. We define the map 
f:I->S a (I) by 

f(A)={g{o)-°eA}- 

Clearly /is one-one onto. Suppose A el and let 

A + = {A'eI:Aef(A')}. 

Since/is onto, for some A 0 el , de/(d 0 ). If 

/(^o)S/(^') 

and so d g/(zT). Thus 

d 0 * = {d'G/:d 0 cd , }£{d , G/:de/(d')}=d + 

By construction A 0 *eF , therefore d + eF. This shows that Fis regular. 

It follows from this that theorem 3.1 applies to the ultraproduct Y[ 51 aIF- 
Suppose oel, then {<t}g/, say {o} = A 0 . 5l Jo Ncr and clearly if A 0 ^A' then 
91 A 'Vo. Hence 

A 0 * = {A'eI:A 0 <=A'}^{A'eI: < llj't(j}. 

Since A 0 *eF it follows that 

{A'el-M A 'ta}eF 

and therefore, by theorem 3.1, that Y[ 51 JFka. Thus we have shown that 
FI 51 JF is a model of I, which completes the proof of the theorem. 

The usefulness of this last result will become apparent in the next section 
when we have described Fuhrken’s technique for obtaining Lowenheim- 
Skolem theorems for the language L Q . We will not discuss the general 
question of when a cardinal m is n-normal; once again the reader can find 
information about this in Bachmann [1967]. However we shall want to use 
the next result. 

Lemma 3.3. For each infinite cardinal n, (2 n ) + is n-normal. 

Proof. Suppose is a collection of cardinals each less than 

(2 n ) + . Then for £<n, m ( «<2 n and so 

I] m^(2 n ) n = 2 n <(2 n ) + <((2 n ) + ) n . 

Note that it can be shown that ((2 n ) + ) n = (2 n ) + . 



270 


GENERALIZED QUANTIFIERS 


Ch. 13, §4 


§4. Fuhrken’s reduction technique 

In this section we describe a method, due to Fuhrken [1964] for showing 
that questions about whether a set of sentences of L Q has a model can be 
reduced to questions about whether an associated set of sentences not 
containing the Chang quantifier has a model of a special kind. The same 
techniques can be applied equally well to the languages L Qa . 

Suppose first that 21 is a realization of L Q of some successor cardinal m + . 
Fuhrken’s idea is the following: We pick some subset B of A of cardinal 
m and for each definable subset X of A we choose a one-one map of X either 
into B or onto the whole of A. Since there are only m + definable subsets of 
A , we can index these functions by elements of A. In this way we define a 
ternary relation Y on A such that for each aeA the function g a defined by 

g a (b) = c iff <u,h,c>eY 

is one of the functions mentioned above. Then instead of saying ( Qv 0 ) </> (v 0 ), 
we say that there is some element which indexes a function mapping the 
elements satisfying 0 onto the whole domain, and instead of “! (Qt; 0 ) 0 (t> 0 ) 
we say that there is some element which indexes a function mapping the 
elements satisfying </> into B. We now make these remarks more precise. 

Let L be some first order language. We will assume L is countable; the 
extension to other cases will be obvious. 

We let L q be the language obtained from L by adding the Chang quanti¬ 
fier Q, and we let L* be the language obtained from L by adding a new 
unary predicate letter U and a new ternary predicate letter F. We associate 
with each formula <j) of L Q a formula <£* of L*, defined by the following 
recursion: 

(1) . if <j> is atomic = 

( 2 ) . (- 1 *)*=- 

(3) . (<£ai/0* = 4>*a^*, 

(4) . ((3iv)0)* = (3t\,)0*, 

(5) . ((Qv n ) <p)* = (Hv k )(Vv k+1 )(3v„)[</>* a F(v k ,v„,v k+1 )], 

where v k is the first variable in the sequence v Q ,v u ... occurring after 
all those variables in </>*. 

Next we associate with each set I of sentences of L Q a set I* of sentences 
of L*. T* consists of all the following sentences: 

(a). All the sentences cr* for ael. 
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(b) . The sentence which says that ‘F is an indexed collection of one-one 
functions’, namely 

(Vv 0 )(Vv l ){(3v 2 )('iv 3 )[F(vQ,v u v 3 )-*v 3 = v 2 \ 

a(3v 2 )(Vv 3 )[F(v 0 ,v 3 ,v 1 )^v 3 =v 2 ]}. 

(c) . For each formula of the form (Qy„) ip which is a subformula of some 
sentence in Z, the closure of 

(3»*){(V ® t+ 1 )( 3 0[</'* AF(v k ,v n ,v k+ ,)] 

v (Vv„)(3v k+ i)[}lf*-*U (v k+i ) a F(v k ,v n ,v k+ ,)]}, 

where v k is the first variable after v n and all those in \p*. 

This is the sentence which says that among the functions indexed by F 
there is one which either maps the elements satisfying \p onto the whole 
domain or into the set of elements satisfying U. 

The point of this translation is given by 

Theorem 4.1. Fuhrken’s first normal form theorem 
A relational structure 31 of cardinal m + is a model of Z iff there is some 
subset X of A of cardinal <m, and some ternary relation Y on A such that 
(31 ,X,Y) is a model of Z*. 

Proof. Suppose first that 31 is a model of Z. Let X be any subset of A 
of cardinal m. Let sY be the collection of all those subsets S of A such that 
for some subformula (Qv n ) \p of a sentence in Z, and some sequence xeA™, 

S={aeA:HV= x(n/a) ifr}. 

Thus stf is the set of those subsets of A definable by subformulas from Z 
of the form (Qi? w ) ip with parameters from A . 

Clearly card (,$/)< card (,4). For each Ses/, let h s be a one-one map 
which in case card(»S)==m + maps S onto A and in case card(*S)^m maps 
S into X, and let 

H = {h s :Ses/}. 

Again card (H) ^ card (A) and hence we can index H by elements of A . 
That is, there is a one-one map/ of H into A. 

We let Y be the ternary relation defined on A by 

<x,j,z>g Y iff for some heH,f (h) = x and h(y) = z. 

It is clear from the construction of T that 23== (31,1,r) is a model of those 
sentences of £* in (b) or (c) above. Since card(Z) = m, it remains only to 
show that 33 is also a model of those sentences of I* in (a) above. We will 
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do this by proving that for all subformulas 0 of sentences in X, and all 
xeA™, 

«N,0 ^ »h,0*. [*] 

The proof is by induction on the number of logical symbols in 0. Trivially [*] 
holds for atomic formulas and for the formulas ”1 0, 0 a 0, (3i?„) 0 whenever 
it is true for 0 and 0. So it remains only to show that it is true for ( Qv n ) 0 
if it is true for 0. Assume then that [*] holds for 0. 

Suppose 3tN JC (Qy n ) 0. Let 

S = {aeA-M¥ x(n/a) <t>}, 

then card(S) = m + . Also Sestf and so there is some h in H such that h 
maps S one-one onto A. Let/( h) = a . Then for each b in A there is some c 
inS such that (a,c,b}eY. Also, if ceS,%¥ x{n/c) 4> and so, by our hypothesis, 
33 N*(»/c)0*- ^ follows that 

93 a F(v k ,v n ,v k+ ,)] , 

that is 

Si=x((QO 4 >)*- 

Conversely suppose 33 N* ((Qt?„) 0)*. Then there is some one-one function 
mapping iS* = {^6y4:33N Jc(n/fl) 0*} onto A , because this is what ((Qz;,,) 0)* 
says. By our hypothesis, 

S* = S = {aeA:K\: x , n/a) <l>} 
and so card (S') = card (^4). That is, 

9H= x (Qi>„)4>. 

This completes the proof of [*]. In particular for each sentence a in X, 31 f= o 
and so (31, X, Y) t= a*. This concludes the proof that (31, X, Y ) is a model of I*. 

For the converse assume that 31 is a realization of L Q of cardinal m + , X 
is a subset of A of cardinal <nt + , and that T is a ternary relation on A such 
that 33 = (3I,X,F) is a model of X*. We shall prove that 31 is a model of X 
by showing that for any subformula 0 of some sentence in I and any xeA w 

iff [ + ] 

Again the proof will be by induction on the number of logical symbols in 
0 and once again the only non-trivial step is that for the quantifier Q. 
Assume then that [ + ] holds for the formula 0; we will show that it holds 
also for ( Qv n ) 0. 
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Suppose ©^((QO </>)*. Then, as before, there is some one-one function 
mapping S* = {aeA: © l= x(ll/a) 0*} onto A. Again by our induction hy¬ 
pothesis 

S* = S = {aeA:^ N x(n/fl) (j)} 

and so card (*S) = card (A), whence 9lN x (Qi?„) <p. 

Finally suppose 91N* (Qi?„) (/>. Let 

S = {a e A:%\= x{n/a) (j)} . 

Then card (S) = card (^4), whence as before, 

©M Qv n ) r- 

© is a model of Z* and so, in particular, 

© ^x(kfb) (yv k +i)@v n )[<l>* A F(v k ,v n ,v k+I y] 

v (Vt>„)(3 v k+1 )[(f>*^U ( v k+1 ) AF(ii l ,»„c ttl )] 

for some be A. Since © ^(QO </>* and X, the value of f/ in ©, is of cardi¬ 
nal <card(/4), it follows that 

23 (Vt>* + 1)(3 v n )[(l>* AF(v k ,v n ,v k+i y] , 

and so 

23 M 3y *)( Vl; *+i)( 3 d„)|>* a F(v k ,v„,v k+ 0], 

that is 

®M(Q O </>)*• 

This completes the proof of [ + ] and hence of theorem 4.1. 

Recall that a set of sentences of L* admits the pair of cardinals <nt,rt), 
if it has a model of cardinal m in which the value of the unary predicate 
letter U of L* is a set of cardinal n. 

Corollary 4.2. A set I of sentences of L Q has a model of cardinal m + iff 
I * admits <m + ,n) for some n^m. 

Proof. This is an immediate consequence of theorem 4.1. 

If I is a set of sentences of L Q we let I a be the set of sentences of L Qa obtained 
from L q by replacing each occurrence of Q by Q a . Obviously each set of 
sentences of L Qa is of the form I a for some set I of sentences of L Q . Hence 
with each set T a of sentences of L Qa we can associate the set Z* of sentences 
of L* as described above. In this way we also obtain the following conse¬ 
quence of theorem 4.1. 
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Corollary 4.3. A set I of sentences of L Qa+1 has a model of cardinal N a+1 
iff T* admits <K a + 1 ,n> for some 

We give some applications of these results in the next section. Meanwhile 
we consider how the technique we have just described can be extended to 
limit cardinals. If m is a limit cardinal, there is no cardinal n<m such that 
any cardinal less than m is less than or equal to rt and so the device used 
for successor cardinals cannot be applied. In this case we have to use cardi¬ 
nal-like orderings. 

We first give a rough sketch of the method, and then describe the formal 
details. Let 31 be a realization of L of cardinal m, where m is a limit cardinal. 
We choose a cardinal-like ordering of the domain of 31, say <, and for 
each definable subset X of A we choose a one-one function which either 
maps X onto A or into an initial segment of A, with respect to the ordering 
< . Since there are only m definable subsets of A we can index these one-one 
functions by elements of A. In this way we define a ternary relation Y on A 
such that for each aeA the function g a given by 

g a (b)=c iff < a,b,c}eY, 

is the one-one function mentioned above which is indexed by a . Then 
instead of saying ( Qv 0 ) 0, we say that there is an element of the domain 
which indexes a function mapping the elements satisfying 4> onto the whole 
domain, and instead of saying "1 (Qi? 0 ) <f>, we say that there is an element 
which indexes a function mapping the elements satisfying <j> into an initial 
segment of the domain. We now give the formal details of this translation. 

Let L + be the language which is obtained from L by adding a new binary 
predicate letter P and a new ternary predicate letter F, With each formula <f> 
of L q we associate the formula </>* of L + . </>* is defined in the same way as 
before, when we were dealing with successor cardinals. 

Next we associate with each set I of sentences of L Q a set I + of sentences 
of L + . I + consists of all the following sentences: 

(a) . All the sentences cr* for oel. 

(b) . The sentence which says that *F is an indexed collection of one-one 

functions’ namely 

(Vi; 0 )(Vi>i)(3i; 2 )(Vi>3)([F (v 0 ,v u v 3 )-^v 3 = v 2 ] 

a (3t> 2 )(Vt> 3 )[F(t;o,t>3,iO->'*’3 = ” 2 ]) • 

(c) . The sentence which says that P is a linear ordering of the domain, 

i.e. the sentence cr 0 of example 5.3.6. 
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(d). For each formula of the form (Qtf„) \// which is a subformula of some 
sentence in X, the closure of 

( 3 »*)[( Vc * + l)( 3t > n )0* A F(v k ,V„,V k+1 J] 

V (3y*+ 2 )(Vu„)(3u*+ x)|>* -+P(v k+1 ,v k+2 ) a F (v k ,v„,v k +,)]] , 

where v k is the first variable after v n and all those in i //*. 

This is the sentence which says that among the functions indexed by F 
there is one mapping the elements satisfying onto the whole domain 
or into an initial segment of it with respect to the ordering given by P . 
We now have 

Theorem 4.4. Fuhrken’s second normal form theorem 
A relational structure 31 of cardinal m is a model of I iff there is an \n-like 
ordering Z of A and a ternary relation Y on A such that Y ) is a model 

ofl\ 

Proof. This theorem is proved in a manner similar to that used to prove 
Fuhrken’s first normal form theorem. The details are left to the reader. 

Corollary 4.5. A set 1 of sentences of L Q has a model of cardinal m iff 
has an m -like model 

Proof. This is an immediate consequence of the previous theorem. 

The next section is devoted to some important applications of these results. 


§5. Lowenheim-Skolem and compactness theorems for L Q 

The results of the previous section and those of ch. 12 enable us to deduce 
at once the following Lowenheim-Skolem type theorems for L Q . 

Theorem 5.1. Let I be a countable set of sentences of L Q . If I has a model 
of cardinal K 0 then I has a model of each infinite cardinality. 

Proof. This is an immediate consequence of corollary 4.5 and theorem 
12.4.1 which says that a set of sentences with an N 0 -like model has an K a - 
like model for each cardinal X a . 

Theorem 5.2. Let 1 be a countable set of sentences of L Q . If I has a model 
of cardinal K a with K a regular, then I has a model of cardinal K x . 

Proof. This is an immediate consequence of corollary 4.2 and Vaught’s 
two-cardinal theorem. 
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Theorem 5.3. (G.C.H.) Let 1 be a countable set of sentences of L Q . If for 
some successor cardinal, say X^ + 1 , I has a model of cardinal K^ + 1 , then for 
every regular cardinal X has a model of cardinal X a+1 . 

Proof. This is an immediate consequence of corollary 4.2 and Chang’s 
two-cardinal theorem. 

Corollary 5.4. (G.C.H.) Let E be a countable set of sentences of L Q with 
a model of some regular cardinality. Then for every regular cardinal I has 
a model of cardinal K a + 1 . 

Proof. Since K, is a successor cardinal, this is an immediate consequence 
of the previous two theorems. 

Now that we have these Lowenheim-Skolem theorems for L Q at our dis¬ 
posal we can use theorem 3.2 to prove the following compactness result. 

Theorem 5.5. (G.C.H.) The regular compactness theorem for L q 
Let I be a set of sentences of L Q every finite subset of which has a model of 
regular cardinality. Then I itself has a model. 

Proof. We can assume that I is infinite, say card(T) = K a . N a + 1 , being a 
successor cardinal, is certainly regular and therefore, by corollary 5.4, each 
finite subset of T has a model of cardinal X a + 2 . But, by lemma 3.3, since 
we are assuming the generalized continuum hypothesis, X a+2 is K a -normal. 
The result now follows at once from theorem 3.2. 

Corollary 5.6. (G.C.H.) Let I be a set of sentences of L Q of cardinal N a 
with a model of regular cardinality. Then I has a model of cardinal X a + 2 . 

Proof. Since in this case every finite subset of T has a model of regular 
cardinality, this is an immediate consequence of the previous result. 

Notice that when I has a model of some successor cardinal, we could also 
deduce this corollary from corollary 4.2 and the extension of Chang’s two- 
cardinal theorem to uncountable languages. 

A simple example shows that X a + 2 cannot be replaced by X a in the previ¬ 
ous corollary. Let 

I={P (c^): f < K a } v {c^ C ? : £ < £ < KJ u { H (Qu 0 ) P(v o)} • 

It is easily seen that each finite subset of I has a model of cardinal X 0 and 
hence of all infinite cardinals whereas I itself only has models of cardinals 

The question as to whether X a+2 can be replaced by X a + 1 in corollary 5.6 
remains open. We conjecture that it can be. In the case a = 0, this is the 
content of theorem 5.2. 
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Our proof of the regular compactness theorem for L Q involved assuming 
the generalized continuum hypothesis. It is important to observe that if we 
restrict our attention to countable sets of sentences then we do not need 
this hypothesis. 

Theorem 5.7. Let I be a countable set of sentences of L Q every finite subset 
of which has a model of regular cardinality, then Z itself has a model. 

Proof. Recall first that corollary 4.2 says that a set A of sentences of L Q 
has a model of cardinal iff A* admits <K l9 N s 0 >. Also notice that it follows 
from lemmas 12.6.2 and 12.6.3 that A* admits <K 1? K 0 > iff (A*) w is consistent. 

Now suppose Z 0 is a finite subset of Z. Since Z 0 has a model of regular 
cardinality, by theorem 5.2, Z 0 has a model of cardinal Therefore 
(Z 0 *V is consistent. Now for each finite subset A 0 of {Z*) w there is some 
finite subset Z 0 of Z such that 

— C^o*V * 

Therefore each finite subset of (Z*) w is consistent. Hence (X*V itself 
consistent and we can therefore conclude that Z has a model of cardinal N x . 
This completes the proof. 

In exactly the same way we obtain 

Theorem 5.8. Fuhrken’s compactness theorem 
The language L Qi is X 0 -compact . 

Proof. The proof of this result follows that of the previous theorem, 
except that the downward Ldwenheim-Skolem theorem for L Qa is used 
instead of theorem 5.2, and corollary 4.3 instead of corollary 4.2. 

In order to be able to settle whether or not the compactness theorem in its 
full generality holds for L Q we would need to know what happens in the 
case of sets of sentences with models of singular cardinality. Some recent 
work of Keisler provides the answers to these questions. Unfortunately it 
is not possible to explain Keisler’s methods here. Essentially they depend 
on a translation like that used to obtain theorem 4.4. But Keisler’s trans¬ 
lation is much more complicated, having affinities with the work of Silver 
[1966]. Also in order to show that his translation works, Keisler needs to 
use a complicated set theoretic argument which is itself based on the polar¬ 
ized partition relations for cardinals of Erdos, Hajnal and Rado [1965]. 
This will explain why we do not describe Keisler’s method. We content 
ourselves with just stating his results. 
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Recall that a cardinal k is said to be a strong limit cardinal if for all 
cardinals a < k, 2 a < k. 

Theorem 5.9. Let k be a strong limit cardinal and let Xbe a singular cardinal. 
If I is a countable set of sentences of L Q with a model of cardinal k, then I 
also has a model of cardinal X. 

Theorem 5.10. Let I be a set of sentences of L Q each finite subset of which 
has a model of some singular strong limit cardinal. Then I itself has a model. 

Theorem 5.9 can be extended to uncountable sets of sentences providing 
that we insist that k and A are both greater than card(T). Proofs of these 
theorems are given in Keisler [1968i]. 

In order to put theorems 5.5 and 5.10 together we shall have to make the 
assumption that all singular cardinals are strong limit cardinals. We call this 
assumption the limit cardinal hypothesis (abbreviated as L.C.H.). Since all 
singular cardinals are limit cardinals the L.C.H. is implied by the generalized 
continuum hypothesis, and therefore, by the results of Godel [1940], the 
L.C.H. is consistent with set theory. 

Another way of looking at the L.C.H. is the following. Let / be the 
ordinal valued function of ordinals such that 

2 k « = K^ +/U) . 

Cantor’s theorem on the cardinality of power sets tells us that/never takes 
the value 0. The generalized continuum hypothesis is equivalent to saying 
that/always takes the value 1. The limit cardinal hypothesis is equivalent to 
saying that/is always finite (so that the operation of forming the power set 
never takes you as far as the next limit cardinal). The results of Easton [1964] 
show that it is consistent with set theory to choose / in a large number of 
ways. In particular it follows from his results that the L.C.H. is strictly 
weaker than the generalized continuum hypothesis, but that it is not provable 
in set theory with the axiom of choice. 

Theorems below that depend on the L.C.H. will be indicated by putting 
‘(L.C.H.)’ after the numbers of the relevant theorems. 

Theorem 5.11. (L.C.H.) The singular compactness theorem for L q 
Let T be a set of sentences of L Q each finite subset of which has a model of 
singular cardinality. Then I itself has a model. 

Proof. Immediate from theorem 5.10. 
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Putting these results together we now obtain 

Theorem 5.12. (G.C.H.) The compactness theorem for L q 
A set of sentences I of L Q has a model iff each finite subset of I has a model . 

Proof. One way round is trivial. For the other suppose that each finite 
subset of 1 has a model. Then either 

(1) . each finite subset of 1 has a model of regular cardinality, 
or 

(2) . each finite subset of I has a model of singular cardinality. 

For if there is a finite subset T 0 of 1 with no model of regular cardinality 
and a finite subset of I with no model of singular cardinality, then 
ToUTi is a finite subset of I with no model, contradicting our assumption. 

If (1) holds the result follows from the regular compactness theorem for 
L q and if (2) holds it is a consequence of the singular compactness theorem 
for L q . This completes the proof. 

We conclude this section by remarking that using theorem 5.7 it can be seen 
that the N 0 -compactness of L Q can be proved assuming only the L.C.H. 
and not the G.C.H. 

§6. Completeness theorem for Lq 

As is well known the question as to whether there exists a recursive set of 
axioms sufficient to generate all the universally valid sentences of some 
language L*, is equivalent to the question whether the universally valid 
sentences of L* form a recursively enumerable set (all this, of course, under 
the assumption that we have some effective Godel numbering for the 
formulas of L*). We begin by discussing this second question, and only 
towards the end of this section do we turn our attention to the problem of 
actually finding an explicit axiomatization for L Q . 

We let Val be the set of universally valid sentences of L Q . For each 
ordinal a, Val a is the set of sentences of L Q true in all realizations of L Q of 
cardinal K a . Val K will denote the set of these sentences true in all realizations 
of L q of regular cardinality and Val s will denote the set of those sentences 
of L q true in all realizations of singular cardinality. Thus 

Val=Val R nVal s =f]Val a , 

a. 

where the last intersection is taken over all ordinals. 
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Theorem 6.1. Val y is recursively enumerable. 

Proof. A sentence o of L Q is true in all realizations of cardinal Kj iff 
I o has no models of cardinal Kj. By corollary 4.2, this holds iff 
does not admit Notice now that {icr}* is a finite set of sentences 

and that given a we can effectively find a\ the conjunction of all the sen¬ 
tences in {icr}*. 

Now, by lemmas 12.6.2 and 12.6.3, {cr'} fails to admit iff {v'}w 

is not consistent. Next observe that 

{a% = {a’}uA, 

where d, which is independent of o', consists of the sentences 

(Vf 0 )[^ . (3»o)"l W (v 0 ), 

and all the sentences </>^, where (j) is a formula of L. 

Thus {er'} w n °t consistent iff A V ~}o'. Hence we have shown that 

ere Val y iff AY la'. (1) 

A is a recursive set of sentences and o' can be found effectively given a. 
Also they are all sentences of L, which is recursively axiomatizable. It there¬ 
fore follows at once from (1) that Val y is recursively enumerable. 

In a similar way we can prove an analogous result for L Ql . This result, which 
is due to Vaught, is the original version of the theorem we have just proved. 

Theorem 6.2. Vaught’s completeness theorem for L Qi 

The set of universally valid sentences of L Ql is recursively enumerable . 

Proof. The proof of this theorem is similar to that of the previous one, 
using the downward Lowenheim-Skolem theorem for L Ql . 

Keisler [1970] has shown that the following axiom schemas, when added 
to those for first order predicate calculus, form a complete axiomatization 
for L Qi , in the sense that any set of sentences of L Qt consistent with them has 
a model. 

Kl. (Vj)(Vz)n(Q 1 x)[x=jvx = z], 

K2. (Vx)(<^<AM(Qi*)<MQi*)'/')> 

K3. (Q 1 x)(j)(x)*-*(Q 1 y)(l)(}’), 

K4. (Qj y)(3x) <j>~* [(QiX)(3f) <f> v (3 x)(Qj y) </>], 
where in K3, y does not occur in Keisler’s work yields alternative 

proofs of theorems 5.2, 6.1 and 6.2. 

Using the Lowenheim-Skolem theorems for L Q obtained in the previous 
section we obtain 
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Theorem 6.3. (G.C.H.) Iftt a is a regular cardinal then 

Val a+1 = Val l , 


and is therefore recursively enumerable . 

Proof. K a+1 is certainly regular and therefore, by theorem 5.2, 


Val^Val a+1 , 

while, by theorem 5.3, 

Val a+l ^Val l9 

and this proves the theorem. 

From theorem 6.1 we can deduce that Val R is recursively enumerable. 

Val K = Pl { Va L • N a is regular} 

and so certainly Val R ^ Val x . But by theorem 5.2, if o is true in all models of 
cardinal then a is true in all models of regular cardinality. Thus Val t £ Val R , 
whence 

Val R =Val l9 

which we have just shown to be recursively enumerable. 

If in K1-K4, ‘Qj’ is replaced by ‘Q\ we obtain a set of axioms whose 
consequences are precisely the sentences in Val R . 

From theorem 5.9 we can deduce, in a similar way, that assuming the 
L.C.H., 

Val s = Va^ 

Another result due to Keisler now enables us to derive a completeness 
theorem for L Q . Once again we only quote his result. 


Theorem 6.4. If N a is a singular strong limit cardinal , then Val a is recursively 
enumerable. 

The proof of this theorem can also be found in Keisler [1968i]. 

Now 

Val= Val R n Val s = Val x n Val^, 

and by the previous results of this section both Val x and Val^ are recursively 
enumerable. The intersection of two recursively enumerable sets is itself a 
recursively enumerable set and so we have shown 


Theorem 6.5. (L.C.H.) The completeness theorem for L q 
The set of universally valid sentences of L Q is recursively enumerable. 
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It is natural to enquire whether this completeness theorem could be proved 
without assuming the L.C.H. This question remains open. We remark here 
that precisely which sentences of L Q are universally valid sentences is not 
independent of assumptions about cardinal exponentiation. That is we can 
find a sentence of L Q whose universal validity is independent of set theory 
with the axiom of choice. Indeed as we now show we can find a sentence 
of L q whose universal validity is equivalent to the limit cardinal hypothesis. 
Let a be the sentence 

-|(Qy 0 )(3t> 1 ) R(v 0 ,v t )A (Vu 0 )~i(Q^i) ^(«W , i) A (Q p i)( 3p o) r (. v o< v i) 

and suppose 91 = is a model of a with card(T) = X a . To each element 

aeA there corresponds the set 

X a = {beA-M\:R[a 9 b]} 

of elements of A. The first conjunct of a says that fewer than of these sets 
are non-empty, the second conjunct that each set X a contains fewer than 
K a elements and the third conjunct that the union of the sets X a is of cardinal 
N a . Clearly this implies that K a is singular. Conversely it is easy to see that 
if K a is singular, then a has a model of cardinal K a . That is 

Lemma 6.6. a has a model of cardinal K a is singular. 

On the other hand we can find a sentence t of L Q which only has models of 
non-strong limit cardinals, t is the sentence 

(Vy 0 )(Vt> 1 )[(Vi; 2 )[P (v 0 ,v 2 ) <-+P (t> x ,u 2 )] -*• v 0 = dJ a 1 (Qv 2 )(3v 0 ) P ( v 0 ,v 2 ). 

Again if < H = (A,P< a ) is a model of t with card(^4) = K a , to each element 
aeA there corresponds the set 

X a = {beA:U^P[a 9 b]} 

of elements of A. The first conjunct of t says that if a^b then X a ^X b and the 
second that the union of the sets X a , say X , is of cardinal less than N a , say 
with P<ol. There are at most 2 X/J distinct sets made up of elements of X 
and hence X a ^2 K/ *, or else we would not be able to associate distinct subsets 
of X with distinct elements of A. Thus is not a strong limit cardinal. 
Conversely it is easy to see that if K a is not a strong limit cardinal, then r has 
a model of cardinal X a . Thus we have proved 

Lemma 6.7. t has a model of cardinal K a iffX a is not a strong limit cardinal . 
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The last two lemmas together show that the sentence 

l(ffAl) 

is universally valid iff the limit cardinal hypothesis holds. Thus although it 
may be possible to show that L Q is recursively axiomatizable without 
assuming the L.C.H., it is not possible to provide an explicit axiomatization 
without making some assumption about cardinal exponentiation which is 
independent of set theory with the axiom of choice. From this it would 
seem that the problem of finding a ‘nice’ explicit recursive axiomatization 
for L q is very difficult and not much progress has been made towards finding 
one. Yasuhara [1966] has provided a Gentzen type axiomatization for the 
fragment Lq of L Q without equality. Yasuhara’s system is equivalent to that 
obtained from our system of axioms for predicate calculus with equality by 
dropping the axioms involving equality and adding the following axiom 
schemas: 

Ql. (yx)4>(x)-»{Qx)4>(x) 9 
Q2. ( Qx ) (j) (x)-»(3x) </> (x), 

Q3. (Qx) [0 (x) v i jj (x)] (Qx) (j) (x) v (Qx) ip (x), 

Q4. (Qx) (p (x) a (Vx) [</> (x)^nl/(xy]->(Qy) \p ( y ), 
where x,y are any variables and (j),\j/ any formulas of Lq . It should be noted 
that Q3 is only valid for infinite realizations. The change of variable in Q4 
is necessary for us to be able to prove the equivalence 

(Qx) <Hx)<->(Q y) 4>{y) 

which would not otherwise be provable. 

Yasuhara showed that a countable set of sentences of Lq which is con¬ 
sistent with respect to this axiomatization has a model of singular cardi¬ 
nality. This result can easily be extended to uncountable sets of sentences to 
show that a set of sentences of Lq of cardinal k which is consistent has a 
model of all singular cardinals whose cofinality is not less than k. 

Now let Lq be the fragment of L Q containing equality but otherwise only 
unary predicate letters. It is shown in Slomson [1968] that if we add to 
our axiom system for predicate calculus with equality the four schemas above 
and the single schema 

(Vy)-|(Qx)(x = y), 

where x,y are distinct variables, then any set of sentences of Lq consistent 
with respect to these axioms has a model. 

Thus explicit axiomatizations have been provided for both Lq and Lq. 
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These fragments of L Q have in common the fact that it is not possible to 
express the notion of a function in either of them. But if we have a quantifier 
like Q in the language we want to be able to say things about one-one 
functions and so the fragments Lq and Lq are not very interesting. Clearly 
any complete axiomatization for L Q itself will include an axiom which says 
that ‘large’ sets are preserved under one-one functions. The remarks above 
show that if we assume the L.C.H., another axiom would be required to 
ensure that is provable. It is tempting to conjecture that by adding 

an axiom about one-one functions and the axiom to the axio¬ 

matization for Lq given above we would obtain a complete axiomatization. 
for L q . But a proof of this, even if it were true, would appear to be difficult 
to find. 

We have now seen that L Q is an extension of first order predicate calculus 
with equality which, assuming the L.C.H., is recursively axiomatizable and, 
assuming the G.C.H., satisfies the compactness theorem. Also several 
Lowenheim-Skolem type theorems hold for L Q . We conclude this chapter 
with two further remarks which indicate that L Q is a weak extension of L. 

First suppose that *21 = </?,<> is the set of rationals with their usual 
ordering and that 93 = <£,<> is the set of real numbers with their usual 
ordering. We have already seen (ch. 4), that with respect to the language L, 
21 is elementarily equivalent to 95, so that L is not powerful enough to 
distinguish between the order type of the rationals and that of the reals. The 
same is true for the language L Q . We leave the proof of this to the reader; it 
can be proved using a method similar to that we used to prove the analogous 
result for L. 

Finally, suppose that FA is any recursive set of axioms for formal arith¬ 
metic in the language L. It follows from Godel’s incompleteness theorem 
(Godel [1931]) that FA is not complete. Let 

FA Q = FAv{(\/x)n(Qy)y<x}. 

It easily seen that FAq is an K 0 -categorical set of axioms for arithmetic. An 
argument similar to that used to prove theorem 2.8 shows that FA Q is also 
not complete. But it might be the case that there are sentences of L provable 
from FA q which are not provable from FA. The next result shows that this 
is not so, so that FAq is a conservative extension of FA. 

Theorem 6.8. Let a be a sentence of L which is provable from FAq, then o is 
also provable from FA. 

Proof. Suppose not FA Vo. Then FA u {"la} is consistent and therefore 
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has a countable model say 91. We define the sequence <9f 4 : <!; < > of count¬ 

able models of FA u {Ha} as follows: 

If k < is a limit ordinal 

£<A 

and if £ = £ +1 is a successor ordinal < then 91^ is the countable proper 
elementary end extension of 91^ whose existence is guaranteed by MacDowell 
and Specker’s theorem. Then 

91* = U % 

4<*i 

is an X r like model of FA u { “1 a}. Therefore it is also a model of FAq vj { ~\] cr}. 
Therefore FA Q *u {~lcr} is consistent and so not FA Q Vu. This completes the 
proof. 


§7. Historical and bibliographical remarks 

The idea of considering generalized quantifiers is due to Mostowski [1957], 
Theorems 2.6 and 2.8 as well as many of the remarks in §1 are taken from 
this paper. Theorems 2.2 and 2.3 are due to Fuhrken [1964]. The results of 
§3 come from Slomson [1968] as also does theorem 5.5 and the remarks at 
the end of §5. Fuhrken’s normal form theorems are proved in Fuhrken 
[1964], where theorems 5.1 and 5.2 can be found. Theorem 5.3 comes from 
Fuhrken [1965]. Throughout Fuhrken states his results in terms of the 
quantifiers Q a . Theorem 6.2 is due to Vaught [1964]. 
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INFINITARY LANGUAGES 


All the languages considered up to this point have one salient feature in 
common, namely, in each case the class of well formed formulas is obtained 
from the class of atomic formulas by closing up under finite applications of 
the connectives and quantifiers, so that the resulting expressions are all of 
finite length. In this chapter we consider languages whose syntactic rules 
admit the formation of infinitely long expressions. 


§1. The language L a ^ 

We define below, for each pair of infinite cardinals afi with a^/?, an in- 
finitary language whose rules allow conjunctions and disjunctions of 
length <ct and quantifications over strings of variables of length </?. 

The expressive power of an infinitary language will, in general, be in¬ 
comparably greater than that of any first order language. For instance, we 
have already remarked that infinite structures cannot be characterized by 
categorical axioms. In particular, we noticed in ch. 12 that we cannot even 
find an K 0 -categorical set of axioms which describe the standard model of 
arithmetic. In contrast, however, this model can be characterized up to 
isomorphism by the single sentence 


of where 


and 


a = <Ti A (To A A Ga 


a 1== (Vjc)nS(x,0), 

2 = (Vxyz)[S (x,z) a S (_y,z)->x = y], 
<r 3 = (Vx)(3>>)(Vz)[S (x,z)<^y = z], 

o- 4 = (Vx)Oo v ifr i v • • • v i// n v • • •] , 


where, for each n<a>,\jj n is the formula 

(3 y o ^■■ jObo = 1 0 A S O'o.j’ i) A • • • A s (y n _!, J>„) a y n = x] 

As a further example we observe that the class of relations which are well- 
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orderings can be characterized by a single sentence, namely 

(Vx>’z)[R (x,y) a R (y,z)->R (x,z)] a (Vxy)[i? (x,y) vx = yvR (y,x)] 

a(Vx 1 ...x„...)~i[R(x 2 ,x 1 )aR(x 3 ,x 2 ) a • • • a R (x„ + j, x„) a ■ • , 

whereas we have already shown (lemma 7.1.13) that there is no set of sen¬ 
tences of any first order language which characterizes well-orderings; 
indeed we showed that the collection of well-ordered sets is not even an EC AI . 

This example indicates that L 0)l(0l behaves rather like a second order lan¬ 
guage, and since in it we can make statements like ‘for all countable subsets 
X ...’ and ‘there exists a countable subset Y such that by quantifying 
over a countable sequence of variables, L OJl0>l may be regarded as a second 
order language with respect to countable structures. In view of this, it is 
not too surprising that some of the standard metatheorems of first order 
logic fail to hold for L ct)1<0l (and, more generally, for L aa with a^G^). Our 
main concern in this chapter will be to show that one of these metatheorems, 
the compactness theorem, fails to generalize to L £l)l£0l and to most of the lan¬ 
guages L aa , with a uncountable, even when a is inaccessible. Thus, in a 
sense, the infinitary languages L aa are too powerful to admit a reasonable 
model theory, or, at any rate, a model theory obtained as a simple minded 
extension of first order model theoretic ideas. 

We now proceed to an explicit formulation of the language L afi (pi), where 
a and p are infinite cardinals with a and, for some ordinal p, pe/? p . (More 
often than not we shall not bother to mention the type p explicitly and we 
just write L^.) The language L^(p) has the following basic symbols: 
individual variables for £<a 

equality symbol = 

predicate letters for £ < p 

finitary connectives ~1 and a 

infinitary connective A 

existential quantifier 3 

Atomic formulas are expressions of the form v^ — v^ or P$(v), where v is a 
sequence of variables of length p (£). The class of (well-formed) formulas is 
defined recursively as follows: 

(1) . Each atomic formula is a formula. 

(2) . If (j) and ij/ are formulas, so also are “I (j) and cj) a \]/. 

(3) . If £<a and for £<£, is a formula then 

A 


is also a formula. 
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(4) . If (j) is a formula and v is a sequence of variables of length < /?, then 

(=to)<£ is also a formula. 

(5) . An expression is a formula only if it follows from a finite number of 

applications of clauses (l)-(4) that it is a formula. 

The symbols V for infinitary disjunction and V for universal quantification 
are defined in the obvious way as abbreviations, that is 

V abbreviates 1 

£<£ C<£ 

and 

(Vr) abbreviates ~l(3r)“l</>. 

We also use the symbols v and as abbreviations in the usual way. 

Notice that it follows from these definitions that L wc) (^) is simply the first 
order language appropriate for structures of type ji. 

As realizations of the language L ap (n) we take structures of the form 

04,{* € :£<p}>, 

consisting of a non-empty set A and a collection {Rf £<p} of relations, 
where for £ < p, 

R^A^\ 

that is is a /x(£)-ary relation on We call such structures \i-structures 
(or, occasionally, L ^-structures). 

The notion of a valuation of the free variables satisfying a formula of 
L a/? in a given /^-structure can now be formulated in the customary manner. 
There is one slight technical difficulty. In formulas of the sort (3v) <f> we 
have allowed the case where the sequence v contains more than one oc¬ 
currence of the same variable. Thus when we relate the truth of (3v) 4> to 
the satisfiability of cj) we have to ensure that we interpret the same variables 
always as the same elements. This prompts the following definitions. 

Suppose A is a set, £ is an ordinal less than /?, b is a ^-termed sequence of 
elements of A, say 6 = <£ c :(<<!;> and t is a ^-termed sequence of ordinals 
less than a, that is rea^. We say that the sequence b is t -acceptable if when¬ 
ever, for (,£'<£, t(£) = t (£'), also b^ = b^. If a is a valuation of the variables 
of L aP , say a — < K a n \t\<OLyeA <x and b is T-acceptable we define the sequence 
^ as follows: 
a[r ^*7 i s not i n the range of t, 
a \j,b\ = b^ if t] is in the range of t, say t (Q — rj. 

The condition that b is r-acceptable is just the condition we need to ensure 
that this definition is unambiguous, a [r,6] is therefore the sequence which 
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agrees with a except at places corresponding to the ordinals in the range of 
t, when the values are given by the sequence b. 

Now suppose is a //-structure and 

u = £<a>ev4 a 

is a valuation of the variables of L ap . We define the relation a satisfies the 
formula (j) in 31, which we write as 3th a 0, recursively as follows: 

(1) . = iff is the same element as 

(2) . 3lN a P^(r) iff <a^ n :rj<p (£)>e7^, where » = :rj<p (£)>, 

(3) . iff not 3II= a 0, 

(4) . iA iff 3IN fl </>and3IN>, 

(5) . 2lN a A,< 5 0, iff for all//<£, 3IN fl 0,,. 

(6) . If ® = <t? t(lf) :i/<0- 

3lN a (3t?) (j) iff for some r-acceptable sequence 
It can be seen that the first four of these clauses are just the same as those 
of our satisfaction definition for L and the other two are just what would 
be expected from our intuitive understanding of infinite conjunctions and 
quantifications. 

We can now extend to L a/5 the usual model theoretic definitions of valid , 
model etc. in the obvious way. For each set I of sentences of L ap we let 
Mod{I) be the collection of all //-structures which are models of I, and if 
K is a class of //-structures, we let Th ( K ) be the set of sentences of L a ^ which 
are true in all structures in K. 

§2. The compactness property; incompactness results for accessible cardinals 

We have already seen in ch. 5 that first order predicate logic has the compact¬ 
ness property , that is, a set of first order sentences has a model if and only if 
each finite subset has a model. This notion can be extended to infinitary 
languages L a/} in the following way. Let us say that a set of sentences 1 of 
L aj8 is locally consistent if every subset of I of cardinality <a has a model. 
Then the language L ^ is said to have the compactness property if every 
locally consistent set of sentences of L aP has a model. Our object in this 
and the next section is to show that the vast majority of languages L aa with 
(x>co fail to have this property. Indeed, for all strongly accessible cardinals a, 
and most inaccessible cardinals coco we shall exhibit a locally consistent 
set of sentences of L aa of cardinal a with no model. 

Let a and ft be infinite cardinals, a is said to be /?- incompact if there 
is a locally consistent set of sentences of L aa of cardinal (3 which has no 
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model. We shall call a incompact if it is /^-incompact for some /?^a (clearly 
a is not /^-incompact if /? < a) and strongly incompact if it is a-incompact. A 
cardinal which is not incompact will be said to be compact and one that is 
not strongly incompact will be said to be weakly compact. By the compactness 
theorem for first order languages, K 0 is compact. 

Theorem 2.1. If with /3,y<oc then a is f$ y -incompact. 

Proof. Consider the language L aa with the set 

and t]<p} 

of proposition letters (i.e. zero-place predicate letters). Let I be the set of 
sentences of L aa consisting of the sentence 


and all the sentences 

A V P in , 

$<y ri<p 

(1) 


A Pif(i) ; 

(2) 

with fefi y . 

4<y 



We claim that I has no model. For suppose 91 is a model of 1. Since 91 
is a model of (1) for each {<y there is some rjcfi such that holds in 91. 
If £<y, let/(£) be the least such rj. Thus fep 7 is a function such that 91 
satisfies 

A p $m)' 

$<y 

This contradicts the fact that 91 is a model of all the sentences (2) and this 
contradiction shows that I has no model. 

On the other hand it is not difficult to see that I is locally consistent. 
For suppose that I' is a subset of I of cardinal <a (or indeed any subset 
of 1 which does not contain all the sentences (2)). Then there is some 
/e/F such that the corresponding sentence (2) is not in I’. If we now define 
9t by letting P^ be true in 91 whenever r}=f(£) and false otherwise, it is 
clear that 91 is a model of I'. 

Now I is of cardinal p y ; it follows therefore that a is /F-incompact 

Before proceeding to the next result we fix some notation. We let P 0 be a 
fixed binary predicate letter and for convenience we write x<y for P 0 (jc, y). 
Let a 0 be the sentence 

(Vuvw)[u<v aikw->w<w] a (Vuv)[u<vv u = vv v<u~\ , 
and let <r wo be the sentence 

<t 0 a n(3<t)„:n<co»[ A <u„)] . 

n< to 
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<t wo is a sentence of each of the languages L aa with a>a>. Clearly if 
= is a model of cr wo then R 0 is a well-ordering of the set A . 

Thus such a model 91 is isomorphic to a structure <tr, <,...) where a is an 
ordinal and < is the ‘less than’ relation restricted to a. Hence when we are 
considering models of <r wo we can restrict our attention to structures of this 
form. 

It will also be convenient to have for each ordinal rj a formula Or n (t; 0 ) 
characterizing the ordinal rj. We take for Or^tyo) the formula 

(3(w,,:£<?/>[ A A («£< u^) a(V w)[w <v 0 -> V (w = «*)]]. 

*<*?<£ Z<ri 

It is clear that Or n (v 0 ) is a formula of L aa whenever rj< a and that in a 
structure <<x, <,...) an ordinal t satisfies Or^(i; 0 ) if and only if t — r]. 

We are now ready for the next result. 

Theorem 2.2. Each singular cardinal is strongly incompact . 

Proof. Suppose a is a singular cardinal. Then for some cardinal /?<a 
there is a collection { 7 $ :£</?} of cardinals each less than a such that 

«= I r«- 

Let P x be a unary predicate letter and let I be the set of sentences of L aa 
consisting of the sentence cr wo , the sentence 

V (30,: rj < y { »(Vt))[Pj (v)-> V 0=t>„)], (1) 

ri<y§ 

and, for each rj < oc 9 the sentence 

(3y)[Or 7 (i;)AP 1 (i))]. ( 2 ) 

We show first that I has no model. Suppose, on the contrary, that 91 is a 
model of I. Then 91 is isomorphic to a structure < a,<,R u ...y where R x is 
a subset of a. We can suppose that 91 is actually of this form. Since 91 is a 
model of the sentence (1), for some £<P there are at most ordinals in R x 
and hence fewer than a ordinals in R x . On the other hand, since all the sen¬ 
tences (2) are in Z 1 , all the ordinals less than a are in R x . This contradiction 
proves that 1 does not have a model. 

Now suppose that Z' is a subset of Z of cardinal <a. Then for some 
£</?, Z is of cardinal and so there are at most of the sentences (2) 
in Z r . It follows at once that Z' has a model. 
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We have now shown that I is a locally consistent set of sentences with 
no model. Since I is a set of sentences of L aa of cardinal a this proves that 
the cardinal a is strongly incompact. 

Theorem 2.3. Each successor cardinal is strongly incompact. 

Proof. Suppose that a is a successor cardinal; say a = /? + . Let I be the 
set of sentences of L aa consisting of <r wo , the sentence 

(3<i> 4 :£</?»(Vi>)[ V (p = t>*)], (1) 

i<f 


and, for each ordinal rj<a , the sentence 

(3i))(0r„(i;)). (2) 

Suppose that I has a model, say <<x,<>. Once again since I contains <7 wo 
we can assume that o is an ordinal. Since <a, < ) is a model of all the sen¬ 
tences in (2), a^cr; but by (1), a is of cardinal at most /?. This contradiction 
shows that I has no model. 

On the other hand if V is a subset of I of cardinal <a then we can show 
that 1' has a model. For in this case there are at most ordinals r\ such that 
the corresponding sentence (2) is in I'. Therefore if r is the least ordinal 
greater than all these ordinals, card (t) ^ and hence <t, < > is a model of I'. 

I is of cardinal a, and so we can again conclude that a is strongly incompact. 

It is a consequence of the theorem we have just proved that every strongly 
accessible cardinal is strongly incompact and every accessible cardinal is 
incompact. Thus, assuming the G.C.H. every accessible cardinal is strongly 
incompact. If we do not make this assumption it is not known whether this 
still holds, but it should be noticed that Hanf [1964] has shown that many 
accessible cardinals are strongly incompact, without using the G.C.H. 

Theorem 2.1 implies that if a is a compact cardinal then a must be a strong 
limit cardinal, since if a <2^, with /?<a, then a is 2^-incompact and hence 
not compact. Theorem 2.2 shows that all weakly compact cardinals are 
regular and theorem 2.3 that all weakly compact cardinals are limit cardi¬ 
nals. Thus we can sum up the results of this section by saying that all com¬ 
pact cardinals are regular strong limit cardinals and all weakly compact 
cardinals are regular limit cardinals. Or, in other words, compact cardinals 
are strongly inaccessible and weakly compact cardinals are inaccessible. (Note 
that for the rest of this chapter, for brevity, we use ‘inaccessible’ in the sense 
of‘strongly inaccessible’.) 
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§3. Incompactness results for inaccessible cardinals 

We have remarked that K 0 is a compact cardinal, but apart from this 
example we have not yet shown that any compact cardinals exist. This is 
not surprising since the results of the previous section show that it is not 
possible to prove, within set theory, the existence of uncountable compact 
cardinals. We observed in this last section that compact cardinals are in¬ 
accessible and it is well known that the existence of uncountable inaccessibles 
cannot be proved within any standard system of set theory. This is because 
it can be proved within set theory, that if 0 is an uncountable, inaccessible 
cardinal then the sets of rank less than 0 form a model of the axioms of set 
theory. Therefore if we could prove the existence of uncountable inaccessibles 
we would have a proof within set theory of the existence of a model of set 
theory and thus of the consistency of set theory. This would contradict 
Gddel’s second incompleteness theorem (Godel [1931]). Since all compact 
cardinals other than X 0 are uncountable inaccessibles, it follows that their 
existence also cannot be proved within any standard system of set theory. 

However we now suppose that we have a (relatively consistent) strong 
axiom of infinity which guarantees the existence of inaccessibles and we 
suppose that 

is an enumeration of the inaccessible cardinals in order of magnitude. (Thus 
we are assuming that our strong axiom of infinity implies the existence of 
an inaccessible 0 5 for each ordinal £.) Given this assumption it makes sense 
to ask whether we can show that any of these inaccessibles is compact, or 
incompact. The result of Hanf, alluded to in the previous section, which we 
now prove, shows that, in a sense made precise in the statement of the 
theorem, most inaccessibles are strongly incompact. 

Theorem 3.1. Hanf’s incompactness theorem 

Each inaccessible oc — 6^, with 0<£<a is strongly incompact. In particular , 
ifO<n<co, then 0 n is strongly incompact. 

Proof. We consider the language L aa with the binary predicate letter 
P 0 , two ternary predicate letters P x and P 2 and two unary predicate letters 
P 3 and P 4 . We continue to write x<y for P 0 (x,y ). We let I be the set of 
sentences of L aa consisting of the sentence <7 wo , and the following: 

(1) . ( ytuvw)[P x {t,u,v)AP 1 (/,w,w)-n; = w]. 

(2) . (Vw)(3f)[*<w a (Vuv)[P t (w,w,i>)—► w <t a v< w]]. 

(3) . (Vwt)[P 3 (w)At<w-+(3uv)[P 1 (w,u,v)a (t<vv t=v)J\. 
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(4) . (V WUV ) [u < W A U < W A (Vr ) [P 2 (w,U, I t )<->P 2 (w,v,t )] -+ u = v]. 

(5) . (Vw)[P 4 (w)-»(3t)[r< w a (Vmu)[P 2 (w,u,v)^v < /]]]. 

(It will emerge from the subsequent proof that P 3 (w) expresses the fact 
that w is a singular ordinal and P 4 (w) that w is not a strong limit cardinal.) 

(6) . (Vn) [Or 0 (m) v P 3 (u) v P 4 (u) v V , < ^ Or Sii (n)]. 

(Thus this last sentence says that each ordinal is either 0, a singular 
ordinal, a non-strong limit cardinal or one of the inaccessibles < a.) 

(7) . (3m)(Vd)[u<mvi; = w]. 

(This sentence expresses the fact that there is a greatest ordinal in the 
model.) 

(8) . For each ordinal rj < a. the sentence (3m) Or, (m) . 

Z is a set of sentences of L m of cardinal a. Suppose that 'll is a model of Z. 
Since $1 is a model of <r wo we can assume that 31 is of the form 

<>,<, jR 1 ,P 2 ,P 3 ,P 4 >, 

where a is an ordinal, < is the ‘less than’ relation restricted to a, R U R 2 are 
ternary relations on cr, and R 3 ,R 4 are subsets of a. 

We first show that R 3 is a set of singular ordinals. Suppose peR 3 and let 

./,= {<£,'7>:<P>£. f 7> eR i} • 

Since 31 is a model of (1 ),/„ is a function. Since 31 is a model of (2) there is 
an ordinal A < p such that 

domain (/„)£ A and range (/J^p 

31 is a model of (3) and therefore the range of f p is cofinal in p. It follows that 
p is a singular ordinal. 

Next we show that the elements of R 4 are not strong limit cardinals. 
Suppose that p is a cardinal and peR 4 . If *]<P> let 

g P (tl)={Z'-<P’ t l>OeR i}- 

Since 31 is a model of (4), g p is a one-one function defined on p. Since 31 is 
a model of (5), there is some ordinal A < p such that the range of g p is included 
in ^(A). It follows that p<2 cardU) , and thus that p is not a strong limit 
cardinal. 

31 is a model of (6) and so, by the remarks above, each ordinal in a is 
either 0, a singular ordinal, a non-strong limit cardinal or an inaccessible 
< a. But since 31 is a model of all the sentences (8), a < a, and because 31 is a 
model of (7), a is not a limit ordinal and so oc<er. Thus the inaccessible a is 
in a. We have therefore arrived at a contradiction. This contradiction shows 
that, contrary to our original hypothesis, Z does not have a model. 



Ch. 14, § 4 


MEASURABLE CARDINALS 


295 


On the other hand it is not difficult to see that E is locally consistent. 
For suppose E' is a subset of E of cardinal <a. Let a be the supremum of 
those ordinals rj such that the formula Or n (u) occurs as a subformula of 
some sentence in E\ Since a is regular, we must have <r<a. We construct 
the structure 

?I = + l,< 9 R 1 ^R 2 ,R^R A y 

as follows: 

< is the ‘less than’ relation restricted to cr+1. For each ordinal if p 
is singular we choose the function f p so that the domain of f p is an ordinal 
less than p and the range of f p is cofinal in p. Otherwise f p is the empty 
function. We let 

If p^a is a cardinal and for some t< p, 2\ then we let g p be a one-one 

map from p into ^(c). Otherwise we let 

We let 

R 2 = {<P,ri,D--Zeg P (ri)}. 

Finally we let R 3 be the set of all singular ordinals and we let R 4 be the 

set of all non-strong limit cardinals ^cr. It is now easy to see that 31 is a 
model of I'. 

Thus we have shown that E is a locally consistent set of sentences of 
of cardinal a with no model. It follows that a is a-incompact, and therefore 
strongly incompact. This completes the proof of Hanf’s theorem. 

§4. Measurable cardinals 

We now discuss the relationship between the notion of a compact cardinal 
and that of a measurable cardinal which we introduced in ch. 6. Recall that 
a cardinal k is said to be measurable if k is uncountable and there is a non¬ 
principal ultrafilter on k which is A-complete for each 1<k . In future we 
shall say that such an ultrafilter is less than K-complete , which we shall write 
as <K-complete. 

Measurable cardinals play an important role in the model theory of 
infinitary languages because Los’s theorem can be extended to ultraproducts 
of L KK -structures whenever k is measurable. We leave the proof of the 
following result to the reader; it is a simple extension of the corresponding 
result for first order languages. 



296 


INFINITARY LANGUAGES 


Ch. 14, § 4 


Theorem 4.1. Los’s theorem for L kjc 

Let {%:iel} be a family of L KK -structures, and let F be a <K-complete ultra¬ 
filter on /. Then for each sequence f— (f x : A < k> e ^i)*» an( ^ eac h 

formula (j> of L KK 

n %IF N //f <j> iff {iel:% ¥ m </>} e F . 

iel 

As an immediate consequence we obtain 

Corollary 4.2. Each measurable cardinal is weakly compact. 

Proof. Suppose k is a measurable cardinal and that Z={<j x :X<k} is a 
set of sentences of L KIC of cardinal k such that each subset of I of cardinal 
<k has a model. We want to show that I itself has a model. For each X<k 
let 2l A be a model of and let F be a < ^-complete non-principal 

ultrafilter on k. We show that 21= ]^[ 21 JF i s the required model of I. 

Since F is non-principal and < /c-complete, it contains tne complements 
of all subsets of k of cardinal <k. Hence {£: X<£<k} eF. But since 

{£:2<£</<}c{£<k::21 4 N<j a }, 

it follows that, for each X<k, 

{£<k:2I^<t x } eF . 

Therefore, by the previous theorem, 21 for each X<k. Thus 21 is a 
model of I and our proof is finished. 

It follows from this that measurable cardinals must be exceedingly large. In 
fact, in view of theorem 3.1, we have 

Corollary 4.3. Each inaccessible cardinal gc = 6^, with 0<£<a is non- 
measurable. Thus, in particular, 0 u 6 2 ,-‘^0 (O9 6 (O+ i,...,0 oi+lo ,...,6 (Ol ,... are all 
non-measurable . 

Our next task will be to give a model theoretic characterization of measur¬ 
able cardinals. Before embarking on this, however, we introduce some new 
definitions and notation. 

Let k be an infinite cardinal. Two L KK -structures 21 and 93 are said to be 
L K k -equivalent if each sentence o of L KK which is true in 21 is true also in © 
and vice versa. 21 is said to be an L K>c -extension of 23, and © is said to be an 
L ^-substructure of 21, if © ^ 21 and for each formula <j) of L KK and each 
sequence beB K , 


©n*4> iff 2 n b 4>. 
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If 23 is an L KIC -substructure of 21 we write 23< K 2I. An extension 2t of 23 is 
said to be a proper extension if A properly contains 13. 

Theorem 4.4. Let k be an uncountable cardinal , let 2l K be the structure with 
domain k whose relations consist of all those relations on k of degree < k, and 
let 2t* be the structure with domain k whose relations consist of all unary 
relations on k. Then the following conditions are equivalent: 

(a) , k is measurable. 

(b) . 2 I k has a proper L KK -extension. 

(c) . W K has a proper L KK -extension . 

Proof. (a)=>(b). Assume (a); then there is a non-principal, <K-complete 
ultrafilter F on k. It is not difficult to see that 2I K K /F is, up to isomorphism, 
a proper L KK -extension of 2I K . 

(b) =>(c). This is trivial. 

(c) =>(a). Suppose (c) holds. Let 

23 = <B,{S*:{< 2 K }> 

be a proper L KK -extension of 

W K = <K,{Rf£<2 K }>. 

Let b be an element of B-k and let F— {R^.beS^}. We have already proved 
(lemma 6.5.3) that F is a non-principal ultrafilter on k. It remains only to 
show that if y < k then F is y-complete. 

Suppose y<K and {i^rdcy} is a collection of elements of F. We show 
that X = P)a<y ^<5 is a l so an element of F. 

There is some r\< 2 K such that X = R n . Hence the sentence 

(V®)[P,(®)«. A p u ( t>)] 

d<y 

is true in 21^. It follows that it is also true in 23 and so 

d<y 

Therefore beS v and hence X = R rf eF. 

This shows that F is a < K-complete, non-principal ultrafilter on k , which 
is therefore measurable. 

Corollary 4.5. Each compact cardinal is measurable. 

Proof. Let k be a compact cardinal. We show that condition (b) of 
theorem 4.4 holds. It will follow at once that k is measurable. 

Let L kk have a predicate letter corresponding to each relation of degree 



298 


INFINITARY LANGUAGES 


Ch. 14, § 5 


< k on k. Let L' be the language which is obtained from L KK by adding the 
constant symbols {c^:^<k}. Let Z be the set of all sentences of L' which 
hold in (21 k ,k;), i.e. when for £<k, the constant is interpreted as the 
ordinal £. 

Let L" be the language which is obtained from L' by adding a new 
constant symbol d and let 

Z" = Zu{c^d:i<K}. 

We show that each subset of Z" of cardinal < k has a model. Let Zq be such 
a subset of I". There is some £<k such that the sentence c^d does not 
occur in Zq. It follows that (21 k ,k,£) is a model of Z'q. 

By hypothesis, k is a compact cardinal, and each subset of Z" of cardinal 

< k has a model. Z" itself, therefore, has a model, say (23,*,*). Since (©,*,*) 
is a model of Z , © is, up to isomorphism, an L KK -extension of 2I K . Since d has 
an interpretation in © different from the interpretations of the c © is a 
proper extension of 2t K . This completes the proof. 


§ 5. Keisler’s ultrapower proof 


We have already shown that none of the inaccessible cardinals 9^ with 
0 < £ < Op is measurable. In this section we give a direct proof of this result, 
due to Keisler [1964], using the ultrapower construction. 


Theorem 5.1. If0<^<9^ then 9% is not measurable. 

Proof. Suppose, on the contrary, that 9% is a measurable cardinal and that 
Fis a non-principal < ^-complete ultrafilter on 9%. Let 21 = <%<>, where 
< is the usual order relation on the set of ordinals less than 9%. Let 2T be 
the ultrapower 


F is co-complete and therefore, by theorem 6.4.1, < F is a well-ordering. 
Hence there is a unique ordinal X such that 2T is isomorphic to <!,<>. Let 
h be the isomorphism from 21' onto </l,<>. 

We claim that 9%<X. Given any two constant functions f,ge9 if f^g, 
then f/F^gjF, because for each rje9^, f (rj)^g (g). The identity function 
ide9 exceeds any constant function except on a set containing fewer than 
9^ elements. Fis non-principal and < ^-complete. Therefore no subset of 
9% of cardinal < 9 5 is in F. Hence, by Los’s theorem, fjF< F id/F, for each 
constant function/. Thus h(idjF) has at least 9 ? predecessors. It follows at 
once that 9%<X and we can deduce from this that there is some ge9 such 
that 9^ = h(g/F). 
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We define the sets (K i <3, and Y c , (<£, as follows: 

X o = {tl<0t:g(Ti)=0} 9 

X } = {rj<9^:g (g) is not a cardinal}, 

X 2 = {t] < 0% : g (rj) is a singular cardinal} , 

X 3 = {rj<0^:g(g) is a regular accessible cardinal}, 

and, for £ <£, 

These sets are pairwise disjoint. Therefore, by lemma 6.1.12, precisely one 
of them is in the ultrafilter F. We show, by considering each possibility in 
turn, that this leads to a contradiction. 

If X 0 eF, then, by Los’s theorem, 9^ = h(g/F) = 0, which is obviously false. 
Before we consider the next case we observe that for each cardinal 
a < 9 5 , the set 

{flFee^lF:flF< P a*IF} 

is of cardinal a, where e(h 0< is the function given by a*(rj)=ct, for each 
rj<9^. For if f\F< F ct */F, then 

Z f = {^<9 i :f(r,)<a}eF. 

But 

Z r = Ufa<0«:/fo)=«. 

and so it follows from lemma 6.1.12 and the fact that F is < 0^-complete, 
that for some (<a, 

{rj<9,:f(r 1 ) = QeF. 

Hence f/F = C*IF. Since card ({£*/F:C<ol}) = cl 9 the result follows at once. 

This remark shows that if Y^eF for some £<{ then g/F = 9^/F, and so 
9^ — h(g/F) would have only 9^ predecessors and so would be identical with 
0 C , an absurdity. 

Suppose now that X l uI 2 eF. For each ordinal y <9^ which is either not 
a cardinal or is a singular cardinal, there is some g y <y (namely cf(y)) and a 
function G y mapping \i y onto a cofinal subset of y. Let g — h{mjF) where 
me9^ is such that for rjeX 1 u X 2 , 

Since X i kjX 2 eF, it is easy to see that g < 9 f . Let G be the function mapping 
g into 9 4 such that, whenever h(f/F)<g , we have G(h(f/F)) = h(j/F), 
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where j is such that j(ri) = G g{n) (f(t 1 )) for ^ul 2 with/(fy)<^ (l?) . (It 
is easy to see that G is well defined.) 

Now for each oc<0 4 there is some ae6°* such that a = h(a/F); using the 
axiom of choice we can construct a function b such that b(rj)<g g(n) and 
a (rj) < G g(rt) (b ( r /)) whenever t]eX 1 uX 2 and a(rj)<g (rj). 

Let p = h(b/F); it follows immediately from the properties of b that p<g 
and a<G(/?). Thus for each <x<9^ there is a p<g such that oc^G(p), which 
implies that 6\ is not a regular cardinal, which is impossible. 

The final case we have to consider is X 3 eF. For each regular accessible 
cardinal y <0^ we can find some < 7 y <y such that 2° y . Thus for each a<y 
we can find a subset H y ( a) of a y such that if oc,p<y and a#/?, then 
H y (cc)^H y (p). Let 5 be a function such that s(rj) = a gin) for all rjeX 3 and let 
cr = h(s/F). Since X 3 eF 9 a<0 4 . 

Now for each h (f/F) <9^ define H(h(f/F)) to be the set of all h(j/F)<k 
such that j(rj)eH g(r{) (f (rj)) whenever f(ti)<g(rj) and rjeX 3 . It is easily seen 
that H is well-defined. For each/such that h(f/F)<9% we have 

{t]<6 4 :f(r])<g(t])}eF 9 

so H(h(fjF))^G. If oc 9 P<6 4 and a#/?, then //(a)#//(/?); for if a = h(a/F) 
and P = h(b/F ), and/is a function such that/(> 7 ) is a member of H gin) (a(rt)) 
or H g(m( bi <n)) but not both whenever rjeX 3 , a(r])<g(rj ), 6 (/)< 0 (> 7 ) and 
a(rj)^b(rj), then h( f/F) is in //(a) or H(P) but not both. 

Thus H is a one-one map of 0% into the set of all subsets of < 7 . Hence 
we have 

a<9^2% 

which contradicts that 0% is inaccessible. 

We have now arrived at a contradiction in each case, and the proof is 
complete. 

§6. Measurable cardinals and the axiom of constructibility 

In this section we explain the proof due to Scott [1961] that the existence 
of measurable cardinals contradicts the axiom of constructibility, that is 
V-L, in the sense of Godel [1940]. 

We begin with some definitions and remarks. We shall distinguish 
between sets and classes , a set being a class which is a member of another 
class. We shall reserve upper case letters for classes and lower case letters 
for sets. The class of all sets will be denoted by V. For each class X 9 we shall 
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denote the class of all subsets of Xby &{X). A class X is said to be transitive 
if X^0*(X), or in other words, if whenever xeX and yex , then yeX. 

If x,y are sets we let 

x-y = {z:zex and z$y}, 

U x = {z : for some yex, zey}, 
x = {<y,z>: <z,y> gx} , 

x | y = {<z,w>: for some u,<z,w>ex and <u,w>ey], 

and 

E \ x = {<y,z>: y g z and z e x}. 

For our purposes we will take the axiom of constructibility to be the following: 
If M is a class such that 

(1) . \J xmM P(x), 

and 

(2) . x—y, (Jx, x, x\x and E\x are in Mfor all x,yeM, then V=M. 
The proof of Scott’s theorem may be outlined as follows: Assume both 

the axiom of constructibility and that a measurable cardinal exists. Let k be 
the smallest measurable cardinal and suppose that F is a non-principal, 
<jc-complete ultrafilter on k. One can then show that the ‘ultrapower’ 
V K /F is isomorphic to V. (Of course really V K /F is a fiction since V is a 
proper class; what we actually use is a genuine class V * which behaves in 
the same way as V K /F would, if it existed.) An application of Los’s theorem 
immediately yields the result that k = k*, where k* is the member of V K /F 
corresponding to the function with constant value k. But on the other hand, 
since F is non-principal, we must have k<k* and this is the required 
contradiction. 

Our proof will take the form of a series of lemmas, culminating in a contra¬ 
diction. Assume once and for all that the axiom of constructibility holds and 
that measurable cardinals exist. Let k be the smallest measurable cardinal 
and let F be a non-principal, < ^-complete ultrafilter on k . Define 

Q = {<f,9>-f,9 eV K and {Z<K:f(Z) = g(£)}eF}, 

and 

E = {<f,g}:f,geV K and {£,<K\f(£)<Bg{£)}eF}. 

As in the proof of lemmas 5.1.1 and 5.1.3, it is easy to show that Q is an 
equivalence relation and is a congruence relation with respect to E. And since 
F is countably complete, it is clear that E is a well-founded relation on V K . 
We now prove 
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Lemma 6.1. (i). If{heV K :hEf} = {heV K :hEg},thenfQg. 

(ii). { heV K :hEf} = {heV K : for some k , ((/«*< K /(f)u {0})*, kEf and 

hQk}. 

Proof, (i). Suppose not fQg ; then {f:/(f) 7^0 (f)}eF. Using the axiom 
of choice we can find a function /*e V K such that either 


{f: h (f ) e f (f)} e F and {f: h (f ) e # (f)} £ F, 
{f:fc(f)e/(f)}£F and {f:ft(f)e 0 (f)}eF. 


In either case we have 


(ii). Let 


{keV K : kEf} ^{keV K : kEg} . 


A = {h e V K : for some k e (1J /(f) u {0})*, /cF/and /zQfc}. 

Clearly A^{he V K :hEf }. Conversely if he V K and hEf then 
X = {f<oc:/i(f)e/(f)}eF. 

Define 

ke({Jf(Z)u{0}T 

$<K 

by putting /c(f) = /*(f) for £eX and £;(f) = 0 otherwise. Then plainly kEf 
and ZzgA:, and the reverse inclusion follows. 


A well-known consequence of the axiom of constructibility is that one can 
define a function p from sets to ordinals such that if xey then p(x)<p(y) 
and for each ordinal A, the class {x:p(x)<A} is a set. For each f eV K we 
define A(/) to be the least ordinal p such that there is somege V K with gQf 
and p (i g ) = p. Also we let 


Clearly 

Let 


fo = {g-fQg and p(g)=X{f)}. 

f Q =g Q iff fQg- 


V Q ={f Q :feV «}, 

and let e Q be the relation on V Q given by 

f Q ^ Q g Q iff f £ g- 

Since E is a congruence relation with respect to Q, this relation is well- 
defined. Since E is a well-founded relation, so also is e Q . In addition it is 



Ch. 14, § 6 MEASURABLE CARDINALS AND THE AXIOM OF CONSTRUCTIBILITY 


303 


easy to verify that the structure 

<*w 

is a model of the axiom of extensionality. That is, if then there is 

some h Q e V Q which is in the relation e Q to one of f Q ,g Q , but not to the other. 

Lemma 6.2. For each f e V, {gQ : 9q€q/q} is a set . 

Proof. By lemma 6.1, 

{fl' G :fl , Q e Q / G } = {k Q :ke{\J i<K f (£)u {0}) K and k Q e Q f Q }, 
which is certainly a set. 

Lemma 6.3. <K q ,g q > is isomorphic to a unique transitive structure <M,g>. 

Proof. In view of the previous lemma and the fact that the relation e Q 
is well-founded we can define by recursion the function T such that for all 

yev Q 

T(y) = {T(x):xeV Q and xe Q y}. 

Let M be the range of T ' It is easy to see that M is a transitive class, and that 
T is an isomorphism of <F q ,g q > onto <Af,G>. 

Lemma 6.4. M 

Proof. Since < M, e> is a transitive structure, the first inclusion holds. To 
prove the second assume Using the axiom of choice we can find 

ze^(V K ) such that 

y={T(g Q ).gez}. 

Let / e V K , be defined by 

f(i)={g(£):gez }, for each {</c. 

Then clearly y^T(f Q ), and the second inclusion follows. 

For each formula &(v 0 ,...,v n ) of set theory without bound class variables 
we let # (M) (t; 0 ,...,i; rt ) be the formula obtained by relativising all the quanti¬ 
fiers to M. Thus, intuitively, for x 0 ,...,x n eM, the formula $ (M) (x 0 ,...,x n ) 
says that the formula <P is satisfied by x 0 ,...,x n in the structure <Af,e>. 

Since <M,g> is isomorphic to an ‘ultrapower’ of V , one can prove by 
induction the following special version of Los’s theorem. We leave the proof 
to the reader. 

Lemma 6.5. Iff 0 ^^,f n eV K t then for each <P 

* (M) (T(f 0Q ),...,T(f nQ )) iff {S<K:<P(f 0 (0,...,f n (meF. 
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Lemma 6.6. The class M satisfies condition (2) of the axiom of constructibility, 
and therefore V — M. 

Proof. This is an almost immediate consequence of the previous lemma. 
To illustrate how the proof goes, we show that M is closed under the union 
operation; the other cases are dealt with similarly. 

Let be the formula 

(Vu 2 )[d 2 €!>!«-» (3u 3 )[d 3 6 V 0 A t> 2 e tt 3 ]] 
thus <P(x,y) id y= U x. 

The sentence (Vr 0 )(3i; 1 ) ( P holds in V and hence, by lemma 6.5, 
(Vt) 0 )(3t) 1 )^(n 0 ,t; 1 ) (M) = (Vi; 0 )[n 0 eM->(3i; 1 )[t) 1 6M a 4> (M) («’o,i>i)]] 
holds in M . But since M is transitive, for x,yeM , 

<P(x,y) iff <P (M) {x,y). 

Hence if xeM, there is some yeM such that <P(x,y), that is, such that 
y=\J x . Thus \JxeM , and so M is closed under the union operation. 

For each xe F, let x + be the constant function in V with value x, and let 
x*=T(x + q ). 

Lemma 6.7. If x 0 ,...,x n eV then 

<P(x 0 *,...,x„*) iff <P(x 0 ,...,x n ). 

In particular, if aeV is an ordinal, then so also is a*. 

Proof. The first part is an immediate consequence of the previous lemmas, 
the second of the fact that there is a formula of set theory characterizing 
ordinals. 

If we apply this lemma to the formula which says that k is the smallest 
measurable cardinal, we can conclude that k* is also the smallest measurable 
cardinal and so k = k*. 

Let ideK K be the identity function, that is 

id = {<£,£> :Sejc}, 

and let 

H=T(id Q ). 

By lemma 6.6, p is an ordinal. Now we have 

Lemma 6.8. If X<k then X* <p<K*. 

Proof. Suppose X<k. Then {£:X<£<K}eF and hence X + Eid , and so 
7 7 (A + Q )Gr(/c/ Q ), that is X*<p. Similarly p<K*. 
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By lemma 6.5, the map which sends the element xeV onto x* is one-one. 
Therefore {X*:X<k} is of cardinal k. Thus, by lemma 6 . 8 , \l is of cardinality 
at least k. But this contradicts the fact that k = and /i<k*. We have 
therefore at last arrived at the contradiction we promised. Thus we have 
proved 

Theorem 6.9. Scorrs theorem 

The existence of measurable cardinals is inconsistent with the axiom of 
constructibility. 


§7. Historical and bibliographical remarks 

Infinitary predicate languages were first formulated explicitly in Tarski 
[1958]. The problem of axiomatizing these languages was discussed by Carol 
Karp in her unpublished doctoral dissertation; a systematic exposition of 
her results is given in Karp [1964]. 

The results of §§4 and 5 were first obtained by Hanf [1964], where he 
shows that the members of a very extensive class M of inaccessible cardinals 
are all strongly incompact. The class M includes all inaccessibles 0 % with 
0 <£<0$ (theorem 3.1); if 0' o ,0' u ... is an enumeration of the ‘fixed points’ of 
the sequence 0 o ,0 l9 .„ (i.e. the 6% for which £ = 0$), then M also includes 
all 0^ for which £ < 0^ etc. Hanf shows, in fact, that M contains all inaccessi¬ 
bles which can, roughly speaking, be described in terms of smaller ordinals. 
The proof of theorem 3.1 already shows how one would go about establishing 
such an assertion: if <P(x) is the matrix of sentence ( 6 ) of §3 then the state¬ 
ment (Vjc)#(jc) holds in an ordinal structure < 17 , <,...> iff f/<0£. Thus 0^ 
is the largest ordinal rj for which (rj, <,...) 1= (Vx) $(x). This notion of 
describability is explicitly formulated in Hanf and Scott [1961]; a more 
detailed exposition is given in Levy [1967]. 

The concept of a measurable cardinal stems back, in principle, to Ulam 
[1930]. Tarski [1939] showed that each measurable cardinal is inaccessible. 
In fact very little else was known about measurable cardinals until 1960 
when Tarski used Hanf’s results to show that the first measurable cardinal, 
if it exists, must be of gargantuan proportions (Tarski [1962]). A consequence 
of his discovery is that, if it is consistent (with respect to the ordinary 
axioms of set theory) to assume the existence of all the 0 ^, 0 ^, 0 ^, ... etc., then 
one can add the premise that they are all non-measurable without destroying 
that consistency. 

The result of Scott [1961] that the existence of measurable cardinals 
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contradicts the axiom of constructibility provided the first indication that 
the presence of measurable cardinals affects not only the ‘length’ of the 
universe of sets, i.e. the number of strong axioms of infinity satisfied, but 
also, so to speak, its ‘width’. For Scott’s result can be extended to show that 
if F is a < K-complete, non-principal ultrafilter on an uncountable cardinal k , 
then F cannot be constructible. It follows that if 31 is a model of set theory 
together with the axiom that an uncountable measurable cardinal exists, 
then the submodel 3I L of sets constructible in 31 cannot contain the non¬ 
principal, < /c-complete ultrafilter F on the first measurable cardinal in 31. 
In some sense, therefore, 3I L is ‘thinner’ than 31. On the other hand 3l L and 
31 may be regarded as being of equal ‘length’ in view of the fact that 3I L 
contains all the ordinals of 31. Thus assuming the existence of a measurable 
cardinal provides a much more powerful and risky axiom of infinity than 
that obtained by assuming the existence of the O^O'^O^ etc. 

The surprising connection between the width of the constructible universe 
and the presence of measurable cardinals established by Scott was further 
investigated by Rowbottom and later by Gaifman. In his unpublished 
doctoral dissertation Rowbottom shows that, if a measurable cardinal 
exists, then the constructible continuum is countable, i.e. there are only 
countably many constructible real numbers. (This is a profound and 
arresting instance of the so-called ‘Skolem paradox’, in which a set un¬ 
countable in one model may yet be countable in a larger model.) Gaifman 
[1964] extends this result and proves that under the same assumption, if a 
is an ordinal definable by some formula </> of set theory, then the ordinal 
a (L) is countable, where cc w is the constructible ordinal satisfying the relati- 
vization <£ (L) of the formula </> to the constructible universe. Thus 
Ki (L) ,K 2 (L) 5 ...,K c> (L) etc., are all countable. 

The most recent discoveries in this field are those of Silver and Solovay. 
In order to state them we require a few definitions. Let us say that a second 
order formula is I * (77*) if it is in prenex normal form, all the second order 
quantifiers appear at the beginning, and there are rt — 1 alternations of these 
of which the first is existential (universal). For example, 

(V/)(3gf)(Vx)[/ (x) < g (x)] 

is a /72-formula. A set of natural numbers is X* (77*) if it is definable in 
<m, < ) by a X*- (77*-) formula. It is said to be A\ if it is both I x n and 77*. 

Now Silver [1966] and Solovay [1967] have shown that, if a measurable 
cardinal exists, then the non-constructible set of natural numbers, shown by 
Rowbottom to exist, may be taken to be A\. This should be contrasted with 
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a theorem of Shoenfield [1961] to the effect that every of natural 

numbers is constructible. It is known that the existence of a non-constructible 
A 3 -set of natural numbers is consistent with the usual axioms for set theory 
(see Mathias [1967]). 

Finally, a brief summary of the known results and unresolved problems 
about the relative sizes of compact and measurable cardinals. We know 
that every measurable cardinal is weakly compact; Hanf and Scott [1961] 
have shown that the first measurable cardinal is strictly larger than the 
first uncountable weakly compact inaccessible, if they exist. Whether the 
first uncountable compact cardinal coincides with the first measurable cardi¬ 
nal is still unknown. But Prikry (in an unpublished paper) has shown that, 
if one can prove in set theory that every uncountable compact cardinal is 
strictly greater than the smallest measurable cardinal, then one can also 
prove in set theory that each compact cardinal A>K 0 is the A-th measurable 
cardinal. Thus, under these conditions, each uncountable compact cardinal 
is a ‘fixed point’ of the sequence of measurable cardinals, just as each 
measurable cardinal is a ‘fixed point’ of the sequence of inaccessibles. 







SOME SUGGESTIONS FOR FURTHER READING 


A complete bibliography of model theory up to the end of 1963 is given in 
Addison, Henkin and Tarski [1965]. This volume contains an interesting 
and varied selection of recent contributions to model theory. Publications 
in this field are reviewed in Mathematical Reviews and The Journal of 
Symbolic Logic. 

We have covered in this book most of the applications of ultraproducts 
to model theory, but to prevent the book from becoming too large we have 
not included them all. The most notable omissions are the work of Ax and 
Kochen [1965], [1965i] and [1966], on /?-adic fields and Keisler’s work on 
limit ultrapowers [1963] and limit ultraproducts [1965]. Two useful surveys 
of the various applications of ultraproducts are Keisler [1965i] and Chang 
[1967]. 

In order to find out about those parts of model theory not treated in this 
volume, the reader should consult the books of Chang and Keisler [1966], 
Kreisel and Krivine [1967] and Robinson [1963], and also the recent 
lecture notes of Morley [1968]. 

In the bibliography that follows we have only given references to works 
cited in this book. 
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